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Abstract This paper deals with the existence of positive solutions of nonlinear dif-
ferential equation

u”(t) +at) fu(t)) =0, 0<t<l,

subject to the boundary conditions

m—2

m—2
w(0) = > aju), W(l) =" biu' &),

i=1 i=1

where & € (0, 1) with0 < & < & < --- < §,-2 < 1, and a;, b; satisfy a;, b; €
[0,00), 0 < Z;”Z_lz a; < 1, and Z;"Z_lz b; < 1. By using Schauder’s fixed point
theorem, we show that it has at least one positive solution if f is nonnegative and
continuous. Positive solutions of the above boundary value problem satisfy the Harnack

inequality
inf u(t) = yllullco.
0<r<l1
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1 Introduction

In this paper, we investigate the existence of positive solutions to boundary value
problem (BVP)

u"(t) +a(t) f(u(r)) =0, 0<t<l, (1.1)
m—2 m—2

u(0) = > aju), W(l) =" biu' &), (12)
i=1 i=1

where & € (0,1) with0 < & < & < -+ < &2 < 1, a;,b; € [0,00), with
0<Y"Pai<1,and0 < Y "2 < 1.

During the last thirty years, multi-point BVPs have been studied extensively, for
details, see [3—34,36,37] and the references therein. They describe many phenomena
in the applied mathematical sciences, which can be found in the theory of nonlin-
ear diffusion generated by nonlinear sources, in thermal ignition of gases, and in
concentration in chemical or biological problems, where only positive solutions are
meaningful.

Dogan [5] investigated the existence of positive solutions to BVP

u +Af(t,u) =0, 0<t<l,

m—2 m—2
w(0) = ) (&), W'(1) =) B &),
i=1

i=1

where & € (0,1),0 < & < & < -+ < &,-20 < 1,4, Bi € [0,00), A is posi-
tive parameter. By using Krasnosel’skii’s fixed point theorem, we proved sufficient
conditions for the existence of at least one positive solution to the above BVP.

Feng and Ge [7] considered the existence of positive solutions for a semipositone
second-order multi-point BVP

u +Af(t,u) =0, 0<t<1,
m—2 m—2
W) =" au' &), u(l) =" bu().
i=1 i=1
By using Krasnosel’skii’s fixed point theorem, they found sufficient conditions that

guarantee the existence of at least one positive solution.
Gupta [11] studied the existence of solutions for the generalized multipoint BVP

x" = f(t, x(0), x' (1)) +r (1), 0<t<l,
n—2

m—2
x(0) =Y aix(&), XD =) Bix'(m),
i=l i=1

where 0 < & < - <&, 0 <1, O0<n < -~ <nmp2 <1, @,B;i € Rand
1->", ozi) (1 -3 ,Bi) # 0. He established some existence results for the
above BVP.
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Zhou and Cao [37] studied the existence of positive solutions for the BVP

u" +q@) f(t,u,u’) =0, O0<t<l1,
m—2 m—2
W)= au' &), u(l) =" bu(&),
i=1 i=1

by using a fixed point theorem which is a generalization of the fixed point theorem of
Leggett-Williams.

Motivated on these studies, the aim of this paper is to show the existence of positive
solutions to the BVP (1.1) and (1.2). Our main results will depend on an application of
a fixed point theorem in cones. To the best of our knowledge, there are still no results
for the existence of positive solutions to BVP (1.1) and (1.2) by using the fixed point
theorem.

We will assume that the following conditions are satisfied throughout this paper:

(H1) a;, b; € [0, 00) satisfy 0 < Y72 a; < 1and Y77 b; < 1;

(H2) a : [0, 1] — [0, o0) is continuous and there exists #y € [0, 1] such that a(#y) >
0;

(H3) f:[0,00) — [0, c0) is continuous.

Then fyp = 0 and f = oo correspond to the superlinear case, and fo = oo and

Jfoo = 0 correspond to the sublinear case.

2 Some Lemmas

m—2 m—2

Lemma 2.1 Let (1 - Z ai) <1 — Z bi> # 0, h € C[0, 1]. Then the following
i=1 i=1

BVP l l

u (1) + h(t) =0, 0<t<l, .1
m—2 m—2

w(0) =Y au(), W) =" biu' (&), 22)
i=1 i=1

has a unique solution

t
u(t) = —/ (t — $)h(s)ds + Cit + Ca, (2.3)
0
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where

| 1 m—2 &
C = T”;‘f@(/o h(s)ds — g:bi/o h(s)ds),

m—2

C = Tl]az[ Za’/ & — s)h(s)ds
Yl aik (/ . /" )}
_ h(s)ds — b; h(s)d .
+1 = Z;":_lz o Uy (s)ds ; ; (s)ds

Proof From (2.1) we have
u’(t) = —h().

Now, we prove that u satisfies the boundary conditions in (2.2). On the one hand, we
get

<Z§-"=_12 ai ' sh(s)ds) (1 -y b,~> Y7 ai [ Eh(s)ds

0)=C, = ’
u(0) 2 —y 2
and

Iy sh(s)ds<1 -y bi> + [ Eih(s)ds
u(é;) = 1 Z;n;lz @
so that
m—2 <Z _1 a; fo' sh(s)ds)( — Z;"z_]z bi> _1 a; fé §ih(s)ds
aju(&;) = = ’

; 1 - Z;n:lz ai

thus,

m—2
uw(0) =Y aju().

On the other hand, we can find

Y72 b [ h(s)ds
1= Y0 b

W' (1) =

’
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and
, f; h(s)ds
u (&) = L—My
1 - Zi:l bi
so that
m-2 Y2 by [, h(s)ds
=1 Di Jg
Z biu' (&) = — ,572 =u'(1).
i=1 - Zi:l bi
Therefore,
m—2

W)=Y b &),
i=1

so that u given in (2.3) is a solution of BVP (2.1) and (2.2).

Itis easy to see that BVPu” = 0, u(0) = " aqju(g;), u'(1) = Y72 biu (&)
has only the trivial solution. Thus, u in (2.3) is the unique solution of BVP (2.1) and
(2.2). This completes the proof of the lemma. O

Lemma 2.2 Assume (HI) holds for h € C[0, 1] and h(t) > 0. Then, the unique
solution u of BVP (2.1) and (2.2) satisfies u(t) > 0, fort € [0, 1].

Proof According to Lemma 2.1, we get

m—2 X
1 Sl
u(0) = C; = IT[ — Za,fo (& — $)h(s)ds
i=1

- Zi=1 ai
Y aik (/] d - /Si >]
+ h(s)ds — b; h(s)d
1— Z?;_]Z b; \Jo ($)ds ; 0 (s)ds
1 m=2 &
= T—<mn=z | - i i —8$)h(s)d
1— Z;n=—12 a; [ ; a /(; (‘i: S) (S) N
Z(n—l2a€_ 1 m—2 1 m—2 1
+l:—m_” / h(s)ds — bi/ h(s)ds + b,-/ h(s)dsﬂ
1 - Z:i:l2 bi < 0 ; 0 ; &
: 5 . h(s)d
=il g e
Z;n:qz aii:i ( m=2 /1 m—2 /l >:|
+=om (1= bi) | h(ds+ ) bi | h(s)ds
() e X |

m—2 1
[— >ai [ @ ohes
i=1 Y0

= 2
=300 ai
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m—2 1
+Zai5i/0 h(s)ds—i—l_’ 1ma,2§;] Zb / h(s)ds:|

LES|

:1 P 1al[zaz/ sh(s)ds+ = 1m6112§; Zb/ h(S)ds] >0

i=1 =1 &i

and

1
u(l):—/o (l—s)h(s)ds—l—l_X:lllbl(/O h(s)ds—Zb/ h(s)ds)

m -2
1
Ty . [ 4 / (& — )h(s)ds

O )
_— h(s)ds — bi h(s)d
+ ST (s)ds ; s
1 1 1 m—2 &
= _/0' (1 — S)h(s)ds = 1_2:'"2b(/0 h(S)dS — ; b; /(; h(S)dS>

+1—Z,‘1al[ Za,/ (& — )h(s)ds

m—2 m—2
+Zai$i/0 h(S)dS+l Li= lmalflb Zb/ h(S)ds]
i=1

bi=1

1
_/0 g —s)h(s)ds-l—zmzb</ h(s)ds

m—2 1
y Z bt/ h(S)dS + Z bl/ h(S)dS)
i 0 i §i
[ L 25 S ]

i =l
> b'fE h(s)ds
_Zm 2b

o e 1az[2a’/ sh(syds + _l lm fb ;b/ h(s)ds] >0

1
:f sh(s)ds +
0
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Ifr € (0, 1), we have

t 1 m=2 &
u(t) = —/0 (1 = h(s)ds + —Zt’" = (/ h(s)ds — ;z),-/o h(s)ds)

+1Zz1“t[ Za,/ (& — s)h(s)ds

Zi;l a;§i (/ — /i >i|
— h(s)ds — b; h(s)d
+1—Zf"=]2bi A (s)ds ; A (s)ds
1 t 1 = &
> — 1 —s)h(s)d +7 /h ds — b,-/ h d)
> /0( s)h(s)ds [y 2b< (s)ds ; : (s)ds

m 2
1
+1_Z:n=—12ai|: a,/ (& — s)h(s)ds

2?1:—2 aié; — i
+1_2§:n=_12bl(/ h(s)ds — Z b,/o h(S)dS)]
Y7 bi [ his)ds

_Zm 2b
B Z,‘l a,[za’/ shis)ds + _’ 'm lf; Z /hmdv]_

i=1 =1 &

1
=/ sh(s)ds +
0

So, u(t) >0, t €[0,1]. O

Lemma 2.3 Assume (H1) holds, forh € [0, 1]and h(t) > 0. Then, the unique solution
u of BVP (2.1) and (2.2) satisfies

inf u(t) > y|ul,
nf u(®) = ylul

where

Z =il at‘gl

= ull = max |u(r)].
Y flue] ze[0,1]| (]

1=y a1 —g)

Proof Taking the derivate of (2.3) with respect to 7, we obtain

t
u'(t) = —/ h(s)ds + Cy
0

! 1
>—| h d—i——/h ds — b/h d)
/0 (s)ds [y 1bi( A (s)ds Z (s)ds
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DYy Jy h(s)ds — X" by [5 h(s)ds
- 2
- Z;n:l bi

Y2 by [y h(s)ds — Y12 b,»( oy h(s)ds + [F h(s)ds)
L= Y0 b

S b fs h(s)ds
1= b

This implies that

min u (1) = u(0), flull = w(1).
tel0,1]

It is easy to see that u/(1;) < u'(t;) for any #1, 1, € [0, 1] with #; < 1,. Hence, u’ is a
decreasing function on [0, 1]. This means that graph of u is concave down on (0, 1).
Foreachi € {1, 2,...,m — 2}, we have

u(l) —u(0) - u(l) —u(&;)
-0 - 1-&

that is,

u(§;) —&u(l) = (1 —&)u(0),
so that

m—2 m—2

m—2
> aiuE) = Y aigu) = Y a(1—E)u(0).
i=1

i=1 i=1

m—2
With the boundary condition «(0) = Z a;u(&;), we find
i=1

Z -1 azsz

u(0) >
1= a1 —&)

u(l).

This completes the proof. O

3 Main results

The BVP (1.1) and (1.2) has a solution # = u(t) if and only if u is a fixed point of the
operator equation
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t
Fu(t) = —/ (t —s)a(s) f(u(s))ds
0

m—2

! d b; Ei d
+—— - E
I— Z,m:? b; (f a0 lusnds /0 “ ey s)

&
+ﬁ[_ zai A (& —s)a(s) fu(s))ds
m—2

l?ima’f; (/ a(s) f(u(s))ds — Zb / a(S)f(u(s))ds>:|,

Denote

K = {u ‘ueC0,1], u>0, min u(r)> y||u||}.
0<tr<l

It is obvious that K is a convex subset of C[0, 1].
Lemma 3.1 F : K — K is completely continuous.

Proof Firstly, we show that F(K) C K.
For any u € K, we have

(Fu)"(t) +a@) f(u@)) =0, 0<t<l,
m—2 m—2
(Fu)(0) = Y aiFu(&), (Fu)'(1) = Y bi(Fu) (&)

i=1
And,
(Fu)"(t) = —a(t) f (u(1)),
1
(Fu) (1) = — /Ota(s)f(u(s))ds + ﬁ(fo a(s) f(u(s)ds

m—2 &
— Z b; / a(s)f(u(s))ds)ds
i=1 Y0

1 1
= —/0 a(s) f(u(s))ds + #ﬁ";ﬁb,(fo a(s) f(u(s)ds

m—2 &
=Y b / a(s)f(u(s))ds)ds
i=1 Y0

1 m—2

1
ZT?M(_/ () f (”(S))dHZb / a(s) f (u(s))ds
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! m=2 g
+ /0 a(s)f(u(s))ds—zbi /0 a(s)f(u(s))ds)
m—2

&
=71_ S 2b (Zb/ a(S)f(u(s))ds—Zb/ a(s)f(u(s))ds>

1
m—2

1
= b; d bi d
S zb(Z [} et swonas + oo [ acowcnas

_ Zbi/ ia(s)f(u(s))ds)
i=1 V0

I bi [y als) f(u(s))ds

= — — , 0<r<l.
=200 bi

Since (Fu)”(t) <0, Fuisconcave. And since (Fu)'(t) > 0on [0, 1], we can obtain
that (Fu)(t) is nondecreasing on [0, 1]. On the other hand, it is similar to the proof
of Lemma 2.2. Thus, Fu € K. Moreover, we know that Fu satisfies (2.2). Hence,
Lemma 2.3 implies

inf (Fu)(t) > y| Ful|, for u € K,
1€[0,1]

i.e. Fu € K. Therefore, we can find that F(K) C K.
Secondly, we show that F' maps bounded set into itself. Suppose that ¢ > 0 is a

constant and u € K, = {u eK :ul < c}. Note that the continuity of f guarantees
that there is a L > 0 such that f(u(¢)) < L for t € [0, 1]. Therefore,

|Ful = max (Fu)(t)
tel0,1]

1
A /0 (1 = $)als) f (u(s))ds

m—2

+1—21f"_12b,(/ a(s) f(u(s))ds — Zb / a(S)f(u(s))ds)
1 2
+1—21[‘Z " & — 9100 rwisnas
Y aii 1 m—2 &
+1_Z;n=12bi</0 a(s) f(u(s))ds — ;bi/o a(s)f(u(s))ds)]
1

1 m 1
- I—Z";Zb[ _/o (1= e tuends + ; b /o (1 = $)as) f (u(s))ds
m—2

/ o) wods = 3t / a(s)f(u(s))ds]
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1 |: m—2 &
+ - a f (& — s)als) f(u(s))ds
(1 -y ai)(l -y bi) i-1 70
m-=2 m-2 & m—2 1
+Y by a; fo (& — $)a(s) f (u(s))ds + ;ai& /O a(s) f (u(s))ds

i=1 i=1

m—2 m—2 &
- at b | a(s)f(u(s))ds]
i=1 i=1

1 1
- ﬁ[_/o a(s) f (u(s))ds + fo sa(s) f(u(s))ds

m—2

m—2 1 1
Y /0 a(s) fw(s)ds — 3 by fo sa(s) £ (u(s))ds
i=1 i=1

1 m—2 &
+/0 a(s)f(u(s))ds—Zbi/O a(s)f(u(s))ds]
i=1
1 m=2 &
+ [— ai / ga(s) f(u(s))ds
(e (e N

m—2 & m—=2 m-2 &
+) a /0 sa(s) fu(s)ds + Y bi Y _ a; /O Eia(s) f(u(s))ds
i=1 i=1 i=1

m—2 m-2 m—2

&i 1
-y by a /O sa(s) f(u(s)ds + Y aiéi/O a(s) f(u(s))ds
i=1 =1 i=1

m—2 m—2 &
~ e Y b /0 a(s)f(u(s))ds}
i=1 i=1

1 m—2 1
= A lem:_lz o [/0 sa(s) f(u(s))ds — ; b; /0 sa(s) f(u(s))ds
m—2 1 m—2 51‘
+ Z bi/o a(s) f(u(s))ds — Z bi/O a(s)f(u(s))dsi|
i=l i=1
1

+

m=-2 &i
(e | A
m—=2 m-=2

m=2 & &
+ Z ai/ sa(s) f(u(s))ds — Z b; Z a; /(; sa(s) f(u(s))ds
i=1 Y0 i=1 =1

m—2 1
+ Y a /0 a(s)f(u(s))ds}
i=1
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2

:121—2‘19[( nib,)/ sa(s) f (u(s))ds
- i=1 i

i=1

m—2 & 1 m=2 &i
+Zbl~( /0 a(s) £ (u(s))ds + /‘§ a(s)f(u(s))ds) ~Yn fo a(s)f(u(s))ds]
i=1 i i=1

+

1 m—2
( —y a,)( _Z;n:—IZbi) [(l—l;b:)
S / " sats) fatsnas - 3 a / " ia) Fu(s)ds
i=1 i=1

m=2 & 1
+Y ail | &a)fs)ds + | Eals) fuls))ds
i= 0 &

Y7 bi [y a(s) f(u(s))ds

1— Zm—Z b
1 Y2 ar [} Ea(s) f(uls))ds
e [Z}a / sao) s + S ]

1 =2 p. d
< L(/ sa(s)ds + Zl*l féi_z(S) -
0 — > bi

i i d.s
+1 Z I:Zaz/ Sa(s)ds+ 1 ai fg Ea(s) v:|)

m—2
la, i=1 1= bi

1
= f sa(s) fu(s)ds +
0

That is, F K, is uniformly bounded.
Thirdly, for ¢, > € [0, 1], we have

|(Fuy) = (Fuy@)|

1
_ ‘ - /O (11 — $)a(s) f (u(s))ds

1 m—2 &
+1—Zt—1’":‘12b(/o A S wlsNds = ) b /0 a(s)f(u(s))ds>

n
+ /0 (12 — $)as) f (u(s))ds

m—2

é’
_I—Zt—z’ifb(/ “(S)f(”(s”d“zb/ “(S)f(u(s))dS>‘

1 ; b- a(s)ds
§L|t1—t2|</ a(s)ds+Z {f 5 )—>0 as 1] — .
0 - > b
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Therefore, by applying the Arzela—Ascoli theorem [1], we can find that F K. is rela-
tively compact.

Finally, we claim that F : K. — K is continuous. Assume that {un}y2, C
K. which converges to uo(¢) uniformly on [0, 1]. Hence, {(Fuu)(H)}52, is uni-
formly bounded and equicontinuous on [0, 1]. The Arzela—Ascoli theorem [1]
implies that there exists a uniformly convergent subsequence in {(Fu,)(t)};2 . Let

{(Funony)(1)}o7_, be a subsequence which converges to v() uniformly on [0, 1].
Observe that

t
(Fun)(t) = — /0 (t — $)a(s) f (un(s))ds

t

1 m=—2 &
+T,m:_12bz(/0 a(s) f(u,(s))ds — ; bif() a(S)f(Mn(S))ds>

m=2 &i
+#§"jai[‘ 2 | & =00 funas
Y aik ! p i 2 ) & .
oy, n — 2. b 3 .
1—2?’;1219,(/0 RF/ (uals))ds ; /O a(s) f (un(s)) s>]

Inserting u, () into the above and then letting m — oo, we find

t
v(t) = _/o (t = s)a(s) f(uo(s))ds

t

: m=2 &i
+W</o a(s) f (uo(s))ds — ;bi fo a(s)f(uo(S))ds)

m—2 &
+#?1—12“i|: - ; a; /0 & — s)a(s) f(uo(s))ds
Y ik ! ; m—zb & p
4 == O _ ; ’

where we have used Lebesgue’s dominated convergence theorem [2]. From the defini-
tion of F', we know that v(¢) = Fuq(¢) on [0, 1]. This shows that each subsequence of
{Fuy,(2)};2; uniformly converges to (Fug)(t). Therefore, the sequence {(Fu,)(¢)};2 ,
uniformly converges to (Fug)(¢). This means that F is continuous at ug € K. So,
F is continuous on K, since uq is arbitrary. Thus, F is completely continuous. The
proof is complete. O

We can conclude by the following Schauder’s fixed point theorem.

Theorem 3.1 (Schauder’s Fixed Point Theorem) Let K be a closed convex subset of
the Banach space E. Suppose F : K — K and F is compact. ( i.e., bounded sets in
K are mapped into relatively compact sets). Then, F has a fixed point in K .
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Theorem 3.2 Suppose that conditions (H1), (H2) and (H3) are satisfied. Then the
BVP (1.1) and (1.2) has at least one positive solution in K.

Proof 1t is a consequence of Lemma 3.1 and Theorem 3.1. O

4 Uniqueness of positive solutions

We make the following assumptions on the nonlinearity f:

(S1) f € C([0, +00), [0, 400)) and there is p > O such that f(x) > 0, x €
(p, +00);
(S2) f e C'([0,4+00), [0, +00)) and f'(x) <0, Vx > 0.

As a consequence of the Harnack inequality one gets.

Theorem 4.1 If (S1) holds, then the BVP (1.1) and (1.2) has at least one positive
solution u € C2([0, 11, [0, +00)) with u(t) > 0, t € (0, 1).

The following result is a consequence of the strong maximum principle.

Lemma 4.1 ([35]) Suppose g € Eand g(t) <0, Vt € [0, 1]. Ifw € C2[0, 1] solves
w’ + g(Hw =0,
m—2
w0) =Y aw&),
i=1

m—2

w'(1) =) biw' &), (4.1)

i=1
then w(t) = 0.

Theorem 4.2 If(S1), (S2) hold, then the BVP (1.1) and (1.2) has one unique positive
solution u € CZ([O, 1], [0, +00)) withu(t) > 0, t € (0, 1).

Proof Theorem4.1 asserts thatthe BVP (1.1) and (1.2) has atleast one positive solution
u € C2([0, 11, [0, +00)) withu(r) > 0, ¢ € (0, 1). Supposeu € C>([0, 1], [0, +00))
and v € C%([0, 1], [0, +00)) are two positive solutions of BVP (1.1) and (1.2). Let

w(t) :=u(t) —v(t),
S @) — f(@))
g(1) == w(t) L WD) #0,

flu(@)), w(t) = 0.

Thenw € C2([0, 1], [0, +00)) andg € E.By(S2),g(t) <0, Vt € [0, 1]. Obviously,
w and g satisfy (4.1). Lemma 4.1 implies that w(¢) = 0 and thus u(¢) = v(¢). This
completes the proof. O
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