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In this work, the optical properties of GaAs=AlxGa1�xAs=GaAs=AlyGa1�yAs multi-shell quantum dot

heterostructure have been studied as a function of Al doping concentrations for cases with and

without a hydrogenic donor atom. It has been observed that the absorption coefficient strength and/or

resonant absorption wavelength can be adjusted by changing the Al content of inner-barrier and/or

outer-barrier regions. Besides, it has been shown that the donor atom has an important effect on the

control of the electronic and optical properties of the structure. The results have been presented as a

function of the Al contents of the inner-barrier x and outer-barrier y regions and probable physical

reasons have been discussed. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4829703]

I. INTRODUCTION

The latest developments in the production technology

makes the precise fabrication of low dimensional semiconduc-

tor quantum nano structures possible, such as quantum wells,

wires, and dots, layer by layer in intended geometry.1–3 These

structures have found a large area of application in many

branches of science including chemistry, biology, medicine,

engineering, and physics. Such materials draw attention of the

researchers thanks to their interesting physical properties.

Thus, these structures are widely studied both theoretically

and experimentally.4–10 The electronic and optical properties

of quantum dots (QDs) can be tuned by controlling the geom-

etry of the structures, combinations of materials. This controll-

ability and their own unique characteristics provide some

advantages to the researchers in fabrication of new generation

devices, such as, single electron transistors,4 QD lasers,5

single-photon source,6,7 quantum computing,11,12 optical

memory,9,13 infrared detectors,14–16 and QD solar cells.17–19

The existence of an impurity in a QD results in interesting

physical consequences because of the strong Coulomb interac-

tion between the electron and impurity atom.2 The impurity in

a QD strongly influences the energy levels and corresponding

wave functions, the ground level being the most effected.20,21

Because of this, besides the electronic and optical properties,

device performance of the structure can change drastically.

Therefore, a hydrogenic donor problem is a very useful model

in the understanding of the electronic and optical properties of

the QD structures with impurities and many studies related to

this subject have been reported.20–25

Absorption is the basic physical process in the working of

solar cells, infrared photodetectors, and many similar optical

devices. Hence, the understanding of the optical absorption in

such structures is crucial in the production of new generation

hi-tech devices. For example, the energy levels and depending

on these, the resonant absorption wavelength can be tuned via

size of the QD or combinations of the QD materials.

Nonlinear optical properties are as important as the linear

ones in the device fabrication. For this reason, both linear and

nonlinear optical properties of core/shell QD heterostructures

were investigated by many researchers recently.26–31

Precise production of multi-shell quantum dot (MSQD)

structures has become available with the latest improvements

in the lithographic techniques and wet chemical synthesizing

methods.1,3 Many experimental and theoretical studies have

been reported about the electronic and optical properties of

these structures.20,21,25 Aktas et al. have calculated the energy

states and the binding energy of a hydrogenic impurity in a

multi-layered spherical GaAs-(Ga, Al)As quantum dot as a

function of the barrier thickness and the inner dot thickness

for various barrier potentials with and without influence of a

magnetic field.22,23,32 Sahin et al. have examined the elec-

tronic and linear optical properties of a MSQD with parabolic

confinement as a function of layer thicknesses.24,33 Very

recently, Naimi and Jafari have investigated the oscillator

strengths, the linear, third-order nonlinear and total absorption

coefficients, and refractive index of multi-layered quantum

dot and multi-layered quantum anti-dot with a hydrogenic

impurity.34–36 Kostic and Stojanovic37 have studied influence

of the internal heterostructure on nonlinear absorption spectra

for intersubband transitions in spherical CdSe/ZnS MSQD

nanoparticles. Holovatsky and Frankiv38 have theoretically

investigated the oscillator strength of inter-band transition as

functions of the position of hydrogen-like donor impurity in

multi-shell spherical QDs.

In this study, the electronic and optical properties of

GaAs=AlxGa1�xAs=GaAs=AlyGa1�yAs MSQD heterostruc-

ture are thoroughly investigated for cases with and without

an on-center donor impurity for different alloy compositions.

Schr€odinger equation is solved fully numerically in order to

determine the electronic structure for different x and y con-

tents. The transition energies, oscillator strengths, linear,

third-order nonlinear, and total absorption coefficients are

determined as a function of the x and y contents by using the

obtained energy values and wave functions.
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II. DETAILS OF THE CALCULATIONS

A. Model and theory

In this study, we have considered a spherically symmet-

ric MSQD structure as seen in Fig. 1. In the structure, the

core radius is R1, the barrier width is Bw ¼ R2 � R1, and the

well width is Ww ¼ R3 � R2. In BenDaniel-Duke boundary

conditions, the radial Schr€odinger equation of the structure is

� �h2

2
~rr

1

m�ðrÞ
~rr

� �
þ ‘ð‘þ 1Þ�h2

2m�ðrÞr2
� Ze2

jðrÞr þ VðrÞ
" #

Rn‘ðrÞ

¼ En‘Rn‘ðrÞ:
(1)

Here, �h is the reduced Planck constant, m*(r) is the position

dependent effective mass, n is the principle quantum num-

ber, ‘ is the angular momentum quantum number, Z is the

charge of the impurity, j(r) is the position dependent dielec-

tric constant, V(r) is the confinement potential, Rn‘(r) is the

radial wave function, and En‘ are energy levels for the elec-

tron. It is noted that Z¼ 0 for the case without the impurity

and Z¼ 1 for the case with the impurity.

The core and well regions contain GaAs. The material

composition of first barrier region, between R1 and R2, is

AlxGa1�xAs and of the second one, between R3 and R4, is

AlyGa1�yAs. A schematic representation of the potential

profile of the structure is seen in the right panel of Fig. 1.

The figure has been plotted for x¼ 0.15, y¼ 0.30 and

x¼ 0.30, y¼ 0.15. The confinement potential, effective

masses, and dielectric constants values, depending on Al
content, used in the calculations can be found in the

literature.39

The Schr€odinger equation of the system in Eq. (1) was

discretized in radial direction and reduced to a numerical

matrix diagonalization problem using the finite difference

technique. The distance between two-mesh points was 0.001

in units of effective Bohr radius. The ALGLIB subroutine

was used to diagonalize the matrix.

B. Linear and non-linear optical properties of the
system

The calculations of linear and third-order nonlinear

optical properties of the MSQD structure have been

carried out using linear, v(1), and third-order nonlinear,

v(3), optical susceptibilities. The analytic forms of v(1) and

v(3) can be obtained for a two-level quantum system

as26,31,40,41

e0v
ð1ÞðxÞ ¼ NjMjij2

Ej � Ei � �hx� i�hCji
; (2)

and

e0v
3ð Þ xð Þ ¼ � NjMjij2jEðxÞj2

Ej � Ei � �hx� i�hCji

�
"

4jMjij2

Ej � Ei � �hxð Þ2 � i�hCji

� Mjj �Miið Þ2

Ej � Ei � i�hCjið Þ Ej � Ei � �hx� i�hCjið Þ

#
;

(3)

where indices i and j correspond to initial and final states, N
is the electron density in the MSQD, e0 is the dielectric per-

mittivity of the vacuum, Cji is the relaxation rate, and E(x)

is the incident radiation field. Ei and Ej are the initial and

final sublevel energies of the MSQD. The energy levels were

determined by numerical solution of the radial Schr€odinger

equation. Mji is the transiton matrix element between the ini-

tial and final states. Here, we have chosen z direction for the

polarization of the incident light, and hence the transition

matrix element is given as

Mji ¼ hwjjezjwii; (4)

where wi and wj are the wave functions of the initial and final

states. These wave functions are determined by multiplica-

tion of the radial wave functions obtained from Eq. (1) with

the spherical harmonics, i.e., wn‘m ¼ Rn‘ðrÞY‘mðh;/Þ. It

should be noted that Mii¼Mjj vanishes in Eq. (3) because of

the selection rule, D‘¼61, which follows from the ortho-

gonality of spherical harmonics.

The absorption coefficient is calculated from the suscep-

tibility v by sing the relation

a xð Þ ¼ x

ffiffiffiffi
l
er

r
Im e0v xð Þð Þ; (5)

FIG. 1. Schematic representation of

the MSQD heterostructure and its

potential profile. Red and blue lines

correspond to x¼ 0.15, y¼ 0.30 and

x¼ 0.30, y¼ 0.15, respectively, for Al

content.
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where l is the permeability of the material and er is the real

part of the permittivity of the confinement region. Hence, the

linear and third-order absorption coefficients are given

as26,31,40,41

að1ÞðxÞ ¼ x

ffiffiffiffi
l
er

r
N�hCjijMjij2

Ej � Ei � �hxð Þ2 þ �hCjið Þ2
; (6)

and

að3Þðx; IÞ ¼ �x

ffiffiffiffi
l
er

r
I

2e0nrc

� �
4N�hCjijMjij4

Ej � Ei � �hxð Þ2 þ �hCjið Þ2
h i2

:

(7)

Here, nr ¼
ffiffiffiffi
er
p

is the refractive index of the confinement

region and c is the speed of light in the vacuum. The electron

density term N is calculated from

N ¼ n

VMSQD
; (8)

where n is the number of electrons in the structure and

VMSQD is the volume of the confinement region.

The total absorption coefficient, which is sum of the lin-

ear and third-order nonlinear coefficients, is written as

aðx; IÞ ¼ að1ÞðxÞ þ að3Þðx; IÞ: (9)

The oscillator strength, which is a measure of the

optical transition, is a unitless and an important quantity in

understanding of the optical phenomena. It is calculated

by means of

Oji ¼
2m�

�h2
Ej � Eið ÞjMjij2: (10)

III. RESULTS AND DISCUSSION

Throughout the calculations, we have used atomic units

in which charge, bare mass of the electron and Planck

constant are taken to be unity, i.e., m0 ¼ e ¼ �h ¼ 1. In these

units, the effective Bohr radius is 1a0 ¼ 0:529 j
m� ffi 100 Å

and the effective Rydberg energy is 1Ry ¼ 13:6 m�

j2

ffi 5:25 meV, corresponding to the material parameters of

GaAs. The effective mass of GaAs is mGaAs ¼ 0:067m0 and

the dielectric constant is jGaAs¼ 13.18. The speed of light in

the vacuum c ¼ 3� 108 m=s, the permeability of the mate-

rial is taken as 4p10�7N=A2, and �hCij is taken as 6.4 meV.

BenDaniel-Duke boundary conditions have been used at all

layer boundaries as follows:

1

m1

dRn‘ðrÞ
dr

����
r¼R�

1

¼ 1

m2

dRn‘ðrÞ
dr

����
r¼Rþ

1

1

m2

dRn‘ðrÞ
dr

����
r¼R�

2

¼ 1

m3

dRn‘ðrÞ
dr

����
r¼Rþ

2

1

m3

dRn‘ðrÞ
dr

����
r¼R�

3

¼ 1

m4

dRn‘ðrÞ
dr

����
r¼Rþ

3

:

(11)

The core radius is R1 ¼ 0:7 a0 and the other layer thick-

nesses are chosen as Bw ¼ 0:2 a0 and Ww ¼ 0:5 a0. The shell

thickness is chosen to allow the tunneling of the electron

between the core and well regions. The effective masses m2

and m4 in first and second shells, respectively, vary depend-

ing on Al content.39

Figure 2 shows the probability amplitude and energy

levels of the MSQD heterostructure for different confine-

ment potentials of shell regions for Z¼ 0 and Z¼ 1 cases.

Focusing on the energy states, one can clearly see the effect

of the impurity on both ground and excited energy levels,

but the effect on the ground states is stronger as expected.

Hence, the probability densities of ground states are more

confined in the core region because of the attractive

Coulomb potential of the impurity atom. Considering the

left panel of the figure, we see that while ground states are

confined in the core region, the excited ones are confined in

the well region with increasing inner-barrier height. This

behaviour is more pronounced for Z¼ 1 cases. Namely,

separation of the charge densities of ground and excited

states becomes more apparent with increasing x.

Considering the right panel of the figure, the probability

amplitudes of both ground and excited states are pushed

from well region to the core with increasing y. This behav-

iour is more apparent for 1s level for Z¼ 0 case. In addi-

tion, the energy separation between ground and excited

levels increases with increasing y as expected. We conclude

that while an increase in the inner-barrier potential height

results in the separation of probability amplitudes, the

increase in the outer-barrier height increases the separation

of the energy levels.

Figure 3 shows the transition energies as a function of x
and y for Z¼ 0 (top panel) and Z¼ 1 (bottom panel) cases.

FIG. 2. The electronic structure of MSQD heterostructure. The red and

green lines show 1s and 1p states, respectively while black lines correspond

to potential profile of the structure. The solid and dashed lines correspond to

Z¼ 0 and Z¼ 1 cases, respectively. The straight lines indicate the energy

levels.
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When we compare the two panels, we see that the transition

energies of Z¼ 0 case are smaller than those of the Z¼ 1

case. Changes in x do not strongly effect the transition ener-

gies, however its effect is more pronounced for the case with

impurity. On the other hand, changes in the y content is more

effective on the transition energies for both Z¼ 0 and Z¼ 1

cases. The increasing of y content results in a stronger over-

all confinement and therefore a blue shift is observed in the

transition energies. The existence of the impurity hinders the

tunneling in to the shell region and thus pronounces the

effect of the x content.

The oscillator strength, a unitless quantity, provides im-

portant information about the transition probabilities; and

therefore, it is a very important parameter for analysing the

optical properties of a quantum structure. As can be seen

from Eq. (10), the oscillator strength is directly related to the

transition energies and overlap integral of the wave functions

of ground and excited states. The oscillator strength as a

function of the x and y contents are presented in Fig. 4 for

Z¼ 0 (top panel) and Z¼ 1 (bottom panel) cases. When we

look at the figures, we observe that the variation of oscillator

strength strongly depends on the x content for both cases.

The oscillator strength is almost independent of y for small x
values, while there is a strong dependence on y for larger x
values. The oscillator strengths for Z¼ 0 and Z¼ 1 cases

show distinctly different behaviour. For Z¼ 0, electrons can

easily tunnel through the barrier for smaller x values and the

transition matrix element and thus oscillator strength has

large values approaching to unity. However, for larger x val-

ues tunneling is hindered and only resonant tunneling is

allowed thus the oscillator strength shows a maximum for

some value of y. On the other hand, for Z¼ 1 case, the tun-

neling is suppressed by the Coulomb interaction and the os-

cillator strength is small for almost all y values. For very

small values of y, the excited state becomes unconfined and

probably this results in the rapid increase observed in calcu-

lated oscillator strengths.

The linear, third-order nonlinear, and total absorption

coefficients have been plotted in Figure 5 for different x
and y contents. On the left panel, y is taken as 0.3; and simi-

larly on the right panel, the x is fixed to 0.3. Generally, we

observe that the linear and third-order nonlinear absorption

coefficients of Z¼ 0 cases are larger in comparison with

FIG. 3. The transition energies as a function of the x and y contents, top

panel for Z¼ 0 case and bottom panel for Z¼ 1 case. FIG. 4. The inter-sublevel oscillator strength of the MSQD heterostructure

as a function of x and y contents for R1¼ 0.7, Bw¼ 0.2, and Ww ¼ 0:5 a0.
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those of Z¼ 1, which should be expected because the impu-

rity suppresses the tunnelling which in turn results in

smaller transition matrix elements and smaller absorption

coefficients. In addition, when we compare the top and bot-

tom panels, we see that the absorption peak energies, corre-

sponding the energy difference between the initial and final

states, move to higher energies for Z¼ 1 cases for all x and

y values. When we look at the left panel of the figure, all

absorption coefficients decrease significantly with increas-

ing x content. This is because the overlapping decreases

with increasing x values. If we focus on the right panel of

the figure, although there are no drastic changes in the

absorption coefficients, the absorption peak energies shift

towards higher energies (blue-shift) with increasing y
values. These controllable properties can be very useful

to tune the sensitivity or working wavelength of the

opto-electronic devices such as quantum dot infrared

photodetectors.

IV. CONCLUSION

We have carried out a detailed investigation of the

electronic and optical properties of GaAs=AlxGa1�xAs=
GaAs=AlyGa1�yAs multi-shell QD heterostructure as a

function of x and y contents for cases with and without the

impurity. We have shown that magnitude of the absorption

coefficient or the absorption wavelength or both of them

can be tuned by adjusting x and y contents in MSQD.

These properties are especially important for device fabri-

cation such as quantum dot infrared photodetectors or

other optoelectronic devices. In addition, we observe that

the impurity has important influence on the electronic

structure, which in turn strongly affects the linear and

nonlinear optical properties of the structure. We hope

that this study contributes to understanding of electronic

and optical properties of MSQD heterostructures and

stimulates new experimental studies related to device

applications.
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