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A B S T R A C T

We develop and analyze a new method for manipulation of energy in a quantum harmonic oscillator
using coherent, e.g., electromagnetic, field and incoherent control. Coherent control is typically implemented
by shaped laser pulse or tailored electromagnetic field. Incoherent control is implemented by engineered
environment, whose mean number of excitations at the frequency of the oscillator is used as a control variable.
An approach to coherent and incoherent controls design based on the speed gradient algorithms in general,
finite and differential forms is proposed. It is proved that the differential form is able to completely manipulate
the energy of the oscillator: an arbitrary energy can be achieved starting from any initial state of the oscillator.
The key instrument which allows for complete energy manipulation in this case is the use of the engineered
environment. A robustified speed-gradient control algorithm in differential form is also proposed. It is shown
that the proposed robustified control algorithm ensures exponential stability of the closed loop system which
is preserved for sampled-data control.
1. Introduction

Control of atomic and molecular quantum systems is an emerging
branch of modern science [1]. An explosion of interest in quantum
control happened in the end of the 1980s — beginning of the 1990s
with the rapid development of laser industry which led to creation
of ultrafast femtosecond lasers used as a tool to manipulate single
atoms and molecules. Quantum control has nowadays a wide range
of potential and perspective applications in quantum computing, laser
chemistry, quantum technologies, including nanomotors, nanowires,
nanochips, nanorobots, etc. [2–11].

A strong interest in this field is directed towards development
of algorithms for efficient manipulation of quantum systems. Various
algorithms were proposed for controlling quantum systems includ-
ing gradient ascent pulse engineering (GRAPE) [12], optimal control
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methods [13–16], the Broyden–Fletcher–Goldfarb–Shannon (BFGS) al-
gorithm and its modifications [17], Lyapunov-based techniques [18–
21], machine learning [22], speed gradient method [23–25], chopped
random-basis quantum optimization (CRAB) [26], differentiable pro-
gramming method [27], genetic algorithms and evolutionary strate-
gies [28,29], and combined approaches [30–34]. Optimal control for
cooling of a harmonic oscillator was studied in [35]. Typically in the
existing works only coherent control is employed [36–38].

In this work a possibility to achieve efficient energy control in a
quantum oscillator driven both by coherent field and by the engineered
environment is analyzed. Compared to the problems with coherent con-
trol an additional control variable — spectral density at the frequency
of the oscillator is introduced. We develop for this control problem the
speed-gradient method and apply it to find the shape of the coherent
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control and desired time dependence of the spectral density of the bath
which drive the oscillator to a target energy value. The speed gradient
algorithm [5,39] is used in its general, finite and differential forms. The
differential form, as opposite to the finite form, is found to be able to
efficiently steer the energy of the oscillator to a predefined target value,
both for heating and for cooling the oscillator.

We find that the key factor which allows for the efficient energy
transfer in the oscillator is the use of the engineered environment.
Engineered environments are used for manipulation of quantum sys-
tems in various contexts. They were suggested for improving quantum
state engineering [40], improving controllability of locally controllable
quantum systems [41], cooling of translational motion without reliance
on internal degrees of freedom [42], etc. Quantum machine learning
with incoherent control by environment was proposed [43] . Control
by electromagnetic fields of quantum systems with infinite dimensional
Hilbert space and a discrete spectrum was studied [44]. The possibility
to prepare several classes of quantum states of a harmonic oscillator
by means of optimal control theory based on Krotov’s method was
shown [45]. A scheme for steady-state preparation of a harmonic
oscillator in the first excited state using a dissipative dynamics which
autonomously stabilizes a harmonic oscillator in the 𝑛 = 1 Fock state

as proposed in [46]. Quantum harmonic oscillator state preparation
y reservoir engineering was considered in [47]. Optimal control for
ooling a quantum harmonic oscillator by controlling its frequency was
roposed in [48]. Reachable states for a qubit driven by coherent and
ncoherent controls were analytically described using geometric control
heory [49].

This work exploits incoherent control by engineered environment
sing spectral density of the bath [29,50–52]. The oscillator has
quidistant spectrum with only one transition frequency so that in
he first order in the system–bath interaction excitations only at this
requency affect the system. At higher orders in the system–bath
nteraction, an exchange of energy between the system and the bath
ay involve several bath modes whose excitation energies add up to

he system frequency. We neglect it here and exploit only the first order
esonant incoherent control considering bath excitations only at the
esonant frequency.

Such incoherent control in combination with coherent control was
arlier shown to be sufficient to approximately produce arbitrary mixed
ensity matrices of non-degenerate finite level open quantum systems
hereby providing their complete controllability [50]. It is important to
ote that the method developed in [50] requires the assumption that
he system spectrum is non-degenerate, so that all system’s transition
requencies are different. For the case of quantum harmonic oscilla-
or, where transition frequencies between nearest levels are all the
ame, the method of [50] is not applicable i.e. for quantum harmonic
scillator new methods need to be developed.

In this paper we develop a method to control quantum harmonic os-
illator by a combination of coherent and incoherent controls and speed
radient algorithm. It is proved that this method can realize complete
anipulation by the energy of the quantum oscillator. The proof is per-

ormed using quadratic Lyapunov function. The paper is structured as
ollows. In Section 2 initial model of the controlled quantum harmonic
scillator and the control objective are formulated. Section 3 is devoted
o formulation of the three-dimensional model for dynamics of average
ariables as well as to the exposition of the main results: derivation of
he control algorithms and analysis of the closed loop system stability
nd the control objective achievement by combination of coherent and
ncoherent controls. System based on incoherent control only is studied
n Section 4. In Section 5 the issues of sample data control of quantum
ystems are discussed. Simulation results illustrating dynamics of the
roposed control systems are presented in Section 6.
2

2. Quantum oscillator in the Markovian bath

Consider a one-dimensional quantum harmonic oscillator with fre-
quency 𝜔0. Let 𝑄̂ and 𝑃 be position and momentum operators of the
oscillator which satisfy the canonical commutation relations [𝑄̂, 𝑃 ] = 𝑖
(we set Planck constant ℏ = 1). Position and momentum operators can
be expressed in terms of creation and annihilation operators 𝑎̂+ and 𝑎̂
as

𝑄̂ = 𝑎̂ + 𝑎̂+
√

2𝜔0
, 𝑃 =

√

𝜔0
2
𝑎̂ − 𝑎̂+
𝑖

.

The free Hamiltonian of the oscillator is

𝐻0 =
𝑃 2 + 𝜔2

0𝑄̂
2

2
=
(

𝜔0 +
1
2

)

𝑎̂+𝑎̂ .

If the oscillator is coupled to an environment, then its state at time
𝑡 is described by density matrix 𝜌𝑡, which is a positive operator with
unit trace, Tr𝜌𝑡 = 1. If the oscillator is coupled to a Markovian bath,
then dynamics of its density matrix are governed by Markovian master
equation of Kossakowski–Gorini–Sudarshan–Lindblad form
𝑑𝜌𝑡
𝑑𝑡

= −𝑖[𝐻0 + 𝑢(𝑡)𝑄̂, 𝜌𝑡] + (𝜌𝑡) . (1)

Here real function 𝑢(𝑡) is coherent control and the dissipative generator
has the following form

(𝜌𝑡) = 𝛾(𝑛(𝑡) + 1)(2𝑎̂𝜌𝑎̂+ − 𝜌𝑎̂+𝑎̂ − 𝑎̂+𝑎̂𝜌)

+ 𝛾𝑛(𝑡)(2𝑎̂+𝜌𝑎̂ − 𝑎̂𝑎̂+𝜌 − 𝜌𝑎̂𝑎̂+) , (2)

here 𝛾 > 0 is the relaxation rate and 𝑛(𝑡) ≥ 0. Master Eq. (1)
ith dissipative generator (2) for time independent Hamiltonian 𝐻
nd spectral density 𝑛 was considered in [53]. Inspired by [29], we
nclude coherent control 𝑢(𝑡) in the Hamiltonian 𝐻 and consider time
ependent spectral density 𝑛(𝑡) as an incoherent control. Physically 𝑛(𝑡)
s the mean number of excitations in the bath at energy 𝜔0 and at time
. If the bath is at the inverse temperature 𝛽(𝑡) = 1∕𝑇 (𝑡), where 𝑇 (𝑡) is
he temperature of the bath at time 𝑡, then its spectral density at 𝜔0 is

(𝑡) = 1
𝑒𝜔0𝛽(𝑡) − 1

.

In general, bath can be non-thermal with arbitrary spectral density.
Incoherent control by spectral density of the bath was used for ma-
nipulation by density matrices in finite level atomic systems [29] and
was shown, in combination with coherent control, to be rich enough
to realize complete density matrix controllability for a wide class of
finite level quantum systems with non-degenerate spectrum (recall that
quantum harmonic oscillator is beyond that class) [50].

The most natural example of the bath for this method is the bath
of incoherent photons. The average excitation in the bath in this case
is just the number of photons with frequency 𝜔0. Then to realize the
obtained scheme, we do not need to be able to modify or establish
a thermal equilibrium of the full state of the bath. We just need a
sufficiently fast source for incoherent pumping of photons at frequency
𝜔0.

Average energy of the oscillator is 𝐸(𝜌) = Tr(𝐻0𝜌). Our goal is to
develop a method to find time dependent controls 𝑢(𝑡) and 𝑛(𝑡) (or,
equivalently, 𝑢(𝑡) and 𝛽(𝑡)), such that energy of the oscillator driven
by these controls converges to the predefined value 𝐸∗.

The problem of heating or cooling the oscillator towards a pre-
specified value of energy 𝐸∗ can be formulated as minimization of the
objective function

𝑊𝑡 → 0 as 𝑡 → ∞ . (3)

where 𝑊𝑡 = 𝑊 (𝐸(𝑡)), 𝑊 (𝐸) = 1
2 (𝐸 − 𝐸∗)2. Apparently the objective

unction 𝑊 (𝐸) is non-negative, 𝑊 (𝐸) ≥ 0 and satisfies 𝑊 (𝐸) = 0 if
and only if 𝐸 = 𝐸 .
∗
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3. Heat transfer by combination of coherent and incoherent con-
trols

In this section we consider the case when both coherent and inco-
herent controls are used to manipulate the energy in quantum oscilla-
tor. Let 𝑄𝑡 = Tr(𝑄̂𝜌𝑡) and 𝑃𝑡 = Tr(𝑃𝜌𝑡) be average values of position and

omentum at time 𝑡. Direct computations yield

Tr(𝑎̂(𝜌𝑡)) = −𝛾Tr(𝑎̂𝜌𝑡),

r(𝑎̂+(𝜌𝑡)) = −𝛾Tr(𝑎̂+𝜌𝑡) .

herefore

r(𝑄̂(𝜌𝑡)) = −𝛾𝑄,

Tr(𝑃(𝜌𝑡)) = −𝛾𝑃 .

his gives the following system of equations
𝑑𝐸
𝑑𝑡

= −𝑢(𝑡)𝑃 + 2𝛾(𝜔0𝑛(𝑡) − 𝐸) (4)
𝑑𝑄
𝑑𝑡

= 𝑃 − 𝛾𝑄 (5)
𝑑𝑃
𝑑𝑡

= −𝜔2
0𝑄 − 𝑢(𝑡) − 𝛾𝑃 . (6)

Thus the model of the quantum oscillator is reduced to the system of
Eqs. (4)–(6) describing dynamics of the average energy, position and
momentum of the quantum oscillator under the action of coherent and
incoherent controls 𝑢(𝑡), 𝑛(𝑡).

3.1. The speed gradient control algorithms

To design the control algorithm we use the speed gradient method
[5,39]. Speed-gradient method is closely related to Lyapunov design
methods [18–20]. The difference is in the methodology. According to
the speed-gradient methodology the control goal should be represented
as asymptotic minimization of the goal (objective) function. Then one
needs to evaluate the speed of changing the objective function 𝑊 along
the trajectories of the controlled system and then evaluate the gradient
of this speed with respect to the control vector. In our case the speed
of changing the objective function 𝑊𝑡 along solution of (4)–(6) has the
form

𝜔(𝑢, 𝑛) =
𝜕𝑊𝑡
𝜕𝐸

𝑑𝐸
𝑑𝑡

= (7)

(𝐸 − 𝐸∗)(−𝑢𝑃 + 2𝛾(𝜔0𝑛 − 𝐸)) . (8)

ts gradient with respect to controls is

∇𝑢𝜔(𝑢, 𝑛) = −𝑃 (𝐸 − 𝐸∗) (9)

𝑛𝜔(𝑢, 𝑛) = 2𝛾𝜔0(𝐸 − 𝐸∗) . (10)

his leads to the following general (finite-differential) form of the
peed gradient algorithm for transfer of heat in quantum oscillator by
oherent and incoherent controls
𝑑
𝑑𝑡

[𝑢 + 𝜓1(𝑢, 𝑛)] = −𝛤1∇𝑢𝜔(𝑢, 𝑛) = 𝛤1𝑃 (𝐸 − 𝐸∗) (11)
𝑑
𝑑𝑡

[𝑛 + 𝜓2(𝑢, 𝑛)] = −𝛤2∇𝑛𝜔(𝑢, 𝑛) = −𝛤2(𝐸 − 𝐸∗) . (12)

Here 𝛤1,2 ≥ 0, 𝛤2 = 2𝛾𝜔0𝛤2 ≥ 0, and vectors 𝜓1,2 satisfy the
pseudogradient conditions ⟨𝜓1,∇𝑢𝜔⟩ ≥ 0 and ⟨𝜓2,∇𝑛𝜔⟩ ≥ 0.

Special cases of (11) are the differential form and the finite form of
he algorithm.
SGA-D: Differential form of the speed gradient algorithm for transfer

of heat in quantum harmonic oscillator using both coherent and incoherent
control is
𝑑𝑢
𝑑𝑡

= 𝛤1𝑃 (𝐸 − 𝐸∗) (13)
𝑑𝑛
𝑑𝑡

= −𝛤2(𝐸 − 𝐸∗) . (14)
3

SGA-F: Finite (linear) form of the speed gradient algorithm for transfer
of heat in quantum harmonic oscillator using only incoherent control is

𝑢 = 𝛤1𝑃 (𝐸 − 𝐸∗), (15)
= −𝛤2(𝐸 − 𝐸∗). (16)

.2. Convergence of the differential form of the control algorithm

Although the proposed algorithms are designed according to the
eneral speed-gradient design procedure, the convergence of the algo-
ithm (achievement of the control objective and boundedness of all the
losed loop system variables) do not follow from the existing general
tatements about convergence of the speed-gradient algorithms [5,39].
he reason is in that the objective function 𝑊 (𝐸) = 1

2 (𝐸 − 𝐸∗)2
s not proper for system (4)–(6). Besides it does not possess radial
nboundedness which is standard property to prove boundedness of
he closed loop trajectories. Therefore we need to examine the closed
oop system dynamical properties which will be done now.

First we will prove that the differential form of the speed gradient
lgorithm ensures convergence of the system energy 𝐸(𝑡) to the target
nergy value 𝐸∗ for any initial conditions.

heorem 1. Consider quantum harmonic oscillator (4)–(6) evolving under
he action of coherent control 𝑢(𝑡) and incoherent control 𝑛(𝑡) satisfying (13)
nd (14). Then all the trajectories of the closed loop system are bounded
nd the average energy of the oscillator asymptotically converges to 𝐸∗,
im𝑡→+∞ 𝐸(𝑡) = 𝐸∗.

roof. Consider Lyapunov function in the form

1(𝐸, 𝑢, 𝑛) = 𝑊 (𝐸) + 1
2𝛤1

(𝑢 − 𝑢∗)2 +
1

2𝛤2
(𝑛 − 𝑛∗)2 . (17)

ere 𝑢∗ and 𝑛∗ are some constants that will be chosen later to make
̇1 ≤ 0. Using Eqs. (4)–(6), (13) and (14) yields

̇1 = 𝑊̇ + 1
𝛤1

(𝑢 − 𝑢∗)𝑢̇ +
1
𝛤2

(𝑛 − 𝑛∗)𝑛̇

= (𝐸 − 𝐸∗)𝐸̇ + (𝑢 − 𝑢∗)𝑃 (𝐸 − 𝐸∗)

−
𝛤2
𝛤2

(𝑛 − 𝑛∗)(𝐸 − 𝐸∗)

= (𝐸 − 𝐸∗)
(

−𝑢𝑃 + 2𝛾(𝜔0𝑛 − 𝐸) + (𝑢 − 𝑢∗)𝑃

−
𝛤2
𝛤2

(𝑛 − 𝑛∗)
)

= (𝐸 − 𝐸∗)(−2𝛾𝐸 − 𝑢∗𝑃 + 2𝛾𝜔0𝑛∗) .

ecall that 𝛤2 = 𝛤2∕2𝛾𝜔0 and set

∗ = 0, 𝑛∗ =
𝐸∗
𝜔0

.

Then

𝑉̇1 = −2𝛾(𝐸 − 𝐸∗)2 = −𝛾𝑊 ≤ 0 .

Denote 𝑉1𝑡 = 𝑉1(𝐸(𝑡), 𝑢(𝑡), 𝑛(𝑡)). Then 𝑉1𝑡 ≤ 𝑉0 < ∞ and there-
fore functions 𝐸(𝑡), 𝑢(𝑡), and 𝑛(𝑡) are bounded on the interval [0, 𝑡 ∗)

here solution of Eqs. (4)–(6), (13) and (14) exists. Indeed, accord-
ng to (17) the Lyapunov function is the sum of three non-negative
erms. Boundedness of 𝑉1(𝑡) implies boundedness of all three functions
(𝑡), 𝑢(𝑡), 𝑛(𝑡).

However boundedness of 𝑉1(𝑡) does not imply immediately bound-
dness of 𝑃 (𝑡) and 𝑄(𝑡). To prove that state vector is bounded and the
ystem is forward complete (𝑡 ∗= ∞), denote

=
(

𝑃
)

, 𝐴 =
(

−𝛾 −𝜔2
0

)

, 𝐵 =
(

−1
)

, .

𝑄 1 −𝛾 0
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Then (5), (6) may be rewritten as

̇ = 𝐴𝑋 + 𝐵𝑢 (18)

where matrix 𝐴 has eigenvalues 𝜆1,2 = −𝛾±𝜔0 such that Re𝜆1,2 = −𝛾 < 0,
.e. matrix 𝐴 is Hurwitz. Since 𝑢(𝑡) is bounded, for initial conditions
(0), 𝑄(0) from a bounded set functions 𝑃 (𝑡), 𝑄(𝑡) are bounded for 0 ≤

𝑡 ≤ 𝑡 ∗. Hence 𝑋(𝑡) is bounded for all 𝑡 ≥ 0 t.e. 𝑡 ∗= ∞ and the system
is forward complete. Boundedness of all variables implies that 𝑉̇1(𝑡) is
uniformly continuous. Hence by Barbalat’s lemma 𝑉̇ → 0 as 𝑡 → ∞ and
herefore 𝑊 (𝐸(𝑡)) → 0. This proves that the speed gradient algorithm
nsures convergence of the system energy function to the target energy
alue and finishes the proof of the theorem.

.3. Conditions for non-negativity of the environmental spectral density 𝑛(𝑡)

A priori the speed gradient method does not guarantee non-negat-
vity of the designed control function 𝑛(𝑡). However, by its physical
eaning spectral density 𝑛(𝑡) must be non-negative and, as will be

hown below, it puts some restrictions on the algorithm parameter 𝛤2.
he cases of heating 𝐸∗ > 𝐸(0) and cooling 𝐸∗ < 𝐸(0) will be examined
eparately. It is convenient to introduce dimensionless quantity 𝛼 =
𝛤2𝜔0.

Theorem 2. 1. In the case of heating 𝐸∗ > 𝐸(0) for non-negativity of 𝑛(𝑡)
t is sufficient to choose 𝛼 ≤ 1, or, equivalently,

2 ≤
1
𝜔2
0

. (19)

2. In the case of cooling 𝐸∗ < 𝐸(0) for positivity of 𝑛(𝑡) it is sufficient to
choose

𝛼 ≤ 1
𝐸(0)
𝐸∗

− 1
,

or, equivalently,

𝛤2 ≤
1

𝜔2
0

(

𝐸(0)
𝐸∗

− 1
)2

, (20)

Proof. Recall that since 𝑢∗ = 0, Lyapunov function (17) has the form

(𝐸, 𝑢, 𝑛) = 𝑊 (𝐸) + 1
2𝛤1

𝑢2 + 1
2𝛤2

(𝑛 − 𝑛∗)2 .

Using the relation 𝑉𝑡 ≤ 𝑉0, we obtain

𝑊 (𝐸(𝑡)) + 1
2𝛤1

𝑢(𝑡)2 + 1
2𝛤2

(𝑛(𝑡) − 𝑛∗)2 ≤ 𝑉0 .

Therefore

(𝑛(𝑡) − 𝑛∗)2 ≤ 2𝛤2𝑉0 .

Hence

𝑛∗ −
√

2𝛤2𝑉0 ≤ 𝑛(𝑡) ≤ 𝑛∗ +
√

2𝛤2𝑉0 .

To guarantee nonnegativity of 𝑛(𝑡), it is sufficient to choose

𝑛∗ −
√

2𝛤2𝑉0 ≥ 0 . (21)

Let us choose the initial conditions 𝑢(0) and 𝑛(0) in order to minimize
0. This requires to set

(0) = 0, 𝑛(0) = 𝑛∗ =
𝐸∗
𝜔0

.

hen

0 = 𝑊 (𝐸(0)) = 1
2
(𝐸(0) − 𝐸∗)2 .

and sufficient condition (21) for 𝑛(𝑡) ≥ 0 becomes
4

𝐸∗ ≥ 𝛼|𝐸(0) − 𝐸∗|
First consider the case of heating, so that 𝐸∗ > 𝐸(0). If 𝛼 ≤ 1 then
heating to any energy 𝐸∗ > 𝐸(0) is possible. Hence for heating to any
energy it is sufficient to choose

𝛤2 ≤
1
𝜔2
0

. (22)

Next let us consider the case of cooling, so that 𝐸∗ < 𝐸(0). In this
case

𝐸∗ ≥ 𝛼
1 + 𝛼

𝐸(0) = 𝛿(𝛼)𝐸(0), where 𝛿(𝛼) = 𝛼
1 + 𝛼

.

It means that cooling is possible down to the energy level 𝛿(𝛼)𝐸(0).
Given value of 𝐸∗, the value of 𝛼 has to satisfy 𝛿(𝛼) ≤ 𝐸∗∕𝐸(0) which
in turn gives the second statement of the theorem and finishes its proof.

The conditions of the Theorem suggest that for cooling to a low
energy the value of 𝛼, or equivalently, 𝛤2 should be sufficiently small.
We remark however that these conditions are sufficient but may be not
necessary.

4. Heat transfer by incoherent control only

In this section we develop the control algorithm for heat transfer
in the oscillator when coherent control is switched off (𝑢(𝑡) = 0), and
nly incoherent control 𝑛(𝑡) ≥ 0 is used to manipulate with the density
atrix of the oscillator.

For 𝑢(𝑡) = 0 Eq. (4) containing control 𝑛(𝑡) becomes separated from
5)–(6) and reads
𝑑𝐸
𝑑𝑡

= 2𝛾(𝜔0𝑛 − 𝐸) . (23)

Since the subsystem (5)–(6) is asymptotically stable, it is sufficient to
stabilize Eq. (23). With the aim of reducing complexity of the control
system let us first design the speed-gradient control in the finite form
(16) Evaluation of the speed of changing the objective function 𝑊 (𝐸) =
1
2 (𝐸 − 𝐸∗)2 along the system trajectory yields

(𝑛) =
𝜕𝑊 (𝐸)
𝜕𝐸

𝑑𝐸
𝑑𝑡

= 2𝛾(𝐸 − 𝐸∗)(𝜔0𝑛 − 𝐸) . (24)

The gradient of the speed with respect to control is as follows

∇𝑛𝜔(𝑛) = 2𝛾𝜔0(𝐸 − 𝐸∗) . (25)

Therefore the finite form of the speed gradient algorithm for transfer
of energy in quantum oscillator by incoherent control is as follows

𝑛 = −𝛤 (𝐸 − 𝐸∗) , (26)

here 𝛤 > 0. For finite form the condition 𝑛 ≥ 0 implies 𝐸 ≤ 𝐸∗,
.e. algorithm (26) may work only for heating the system. Substitution
f (26) into (23) yields
𝑑𝐸
𝑑𝑡

= −2𝛾[𝛤 (𝐸 − 𝐸∗)𝜔0 + 𝐸] . (27)

The solution of this equation is

𝐸(𝑡) =
𝐸∗

1 + 1
𝜔0𝛤

(1 − 𝑒−𝛺𝑡) + 𝐸(0)𝑒−𝛺𝑡 .

Here 𝛺 = 2𝛾(𝜔0𝛤 + 1). The limit of this solution as 𝑡 → ∞ is

lim
𝑡→+∞

𝐸(𝑡) =
𝐸∗

1 + 1
𝜔0𝛤

The deviation from the target value 𝐸∗ behaves as 𝐸∗∕(𝜔0𝛤 ). Hence to
approach the target energy value 𝐸∗ as close as possible with the finite
form of the speed gradient algorithm and incoherent control one needs
to make 𝛤 as large as possible.

Let us modify control algorithm to improve asymptotic behavior of
the control system. To this end the control value may be found from
the equation 𝜔0𝑛 − 𝐸 = −𝜅(𝐸 − 𝐸∗) as follows

𝑛(𝑡) =
(1 − 𝜅)𝐸 + 𝜅𝐸∗ . (28)
𝜔0
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Fig. 1. Plots of 𝐸(𝑡) for heating and cooling of quantum oscillator for different initial values of 𝐸(0). Left: control by the differential form of the algorithm. The parameter values
are 𝜔0 = 1, 𝛾 = 1, 𝛤1 = 3, 𝛤2 = 0.5, 𝐸∗ = 1.8. Right: Control by the finite form of the algorithm. The parameter values are 𝜔0 = 1, 𝛾 = 1; 𝛤1 = 3, 𝛤2 = 15, 𝐸∗ = 0.6. The plots show
good convergence to the target energy value both for heating and for cooling.
Apparently for 0 < 𝜅 < 1 the condition 𝑛(𝑡) ≥ 0 holds for all 𝐸 ≥
0, 𝐸∗ ≥ 0, i.e. algorithm (28) applies both for heating and for cooling.
Substitution of (28) into (23) yields
𝑑𝐸
𝑑𝑡

= −2𝛾𝜅(𝐸 − 𝐸∗) , (29)

i.e. the goal is achieved with the exponential rate.

5. Sampled-data control

The proposed speed gradient algorithms are described in continuous
time i.e. they require continuous measurement of some system observ-
ables. Non-selective continuous quantum measurements can be also
used for quantum control via quantum anti-Zeno dynamics [54,55].
However, continuous measurements can be difficult to implement in
practice, where a finite and relatively small number of measurements
can be typically performed. Some results on control with discrete quan-
tum measurements are available in the literature. E.g. general method
for controlling quantum systems by back-action of a finite number of
discrete quantum measurements was proposed in [56]. This incoher-
ent control strategy using back-action of quantum measurements was
applied to a number of problems: enhancing of the controllability of
systems with dynamical symmetry [57], developing of the incoherent
control schemes for quantum systems with wavefunction-controllable
subspaces [43], producing sliding mode control for two-level quan-
tum systems [58], manipulating a qubit [59], incoherent control of
the retinal isomerization in rhodopsin [60], controlling transitions in
the Landau–Zener system [61], inducing quantum Zeno effect in a
superconducting flux qubit [62], etc.

Let us examine the sampled-data version of the speed-gradient algo-
rithm SGA-D. Sampled-data nonlinear control is studied in a number of
publications, see, e.g. [63–66]. In most cases stability and performance
of the sampled-data systems are derived from the robustness of their
continuous-time versions. It is known ([39]) that the speed-gradient
algorithm SGA-D does not provide appropriate robustness of the closed
loop system since it is only marginally stable (𝑉̇1(𝑡) ≤ 0). Let us modify
control algorithm to enhance its robustness as follows.

Algorithm SGA-DR:
𝑑𝑢
𝑑𝑡

= 𝛤1𝑃 (𝐸 − 𝐸∗) − 𝛼1𝑢 (30)
𝑑𝑛 = −𝛤 (𝐸 − 𝐸 ) − 𝛼 (𝑛 − 𝑛 ) . (31)
5

𝑑𝑡 2 ∗ 2 ∗
The key property of the robustified algorithm SGA-DR is that it
provides exponential stability of the closed loop system.

Theorem 3. Let 𝛾 > 4𝛤1𝛤2. Then the equilibrium 𝑧 ∗= col(𝐸 ∗, 0, 0, 0, 𝑛∗)
of the closed loop system (4)–(6), (30), (31) is exponentially stable.

Proof. According to Krasovsky theorem, it is sufficient to find a func-
tion 𝑉 (𝑧), where 𝑧 = col(𝐸, 𝑃 ,𝑄, 𝑢, 𝑛) such that 0 ≤ 𝜅0‖𝑧 − 𝑧 ∗ ‖

2 ≤
𝑉 (𝑧) ≤ 𝜅1‖𝑧 − 𝑧 ∗ ‖

2 and 𝑉̇ (𝑧) ≤ −𝜅2‖𝑧 − 𝑧 ∗ ‖

2 for some positive
𝜅0, 𝜅1, 𝜅2. Let 𝐴 be the matrix from (18) and 𝑅 = 𝑅𝑇 > 0 be the solution
of the Lyapunov inequality

𝑅𝐴 + 𝐴𝑇𝑅 ≤ −𝛾0𝑅 (32)

(such a solution exists for 0 < 𝛾0 < 𝛾). Let 𝑉2(𝑋) = 𝑋𝑇𝑅𝑋, where
𝑋 = col(𝑃 ,𝑄) and 𝑉 (𝑧) = 𝑉1(𝐸, 𝑢, 𝑛) + 𝑉2(𝑃 ,𝑄), where 𝑉1 is from (17),
Evaluate the velocity of changing 𝑉 (𝑧) along trajectories of (4)–(6),
(30), (31):

𝑉̇ = (𝐸 − 𝐸 ∗)(−2𝛾𝐸 + 2𝛾𝐸 ∗) + 2𝑋𝑇𝑅𝐴𝑋 +

2𝑋𝑇𝑅𝐵𝑢 + 𝛤−1
1 𝑢𝑢̇ + 𝛤−1

2 (𝑛 − 𝑛 ∗)𝑛̇ ≤

−2𝛾(𝐸 − 𝐸 ∗)2 − 𝛾0𝑉2(𝑋) + 2𝜇𝑉2(𝑋) +

2𝜇−1𝑢2 − 𝛼1𝑢2 − 𝛼2(𝑛 − 𝑛 ∗)2,

where 𝜇 > 0 is an auxiliary parameter to choose. Choosing 𝜇 satisfying
inequalities 𝛤−1

2 𝛾0 − 2𝜇 > 0 and 𝛤−1
1 − 2∕𝜇 > 0, (this is feasible under

conditions of the theorem) we obtain 𝑉̇ (𝑧) ≤ −𝛼𝑉 (𝑧), where

𝛼 = min{4𝛾, 𝛤−1
1 − 2∕𝜇, 𝛤−1

2 𝛾0 − 2𝜇}.

Thus the Lyapunov function 𝑉 (𝑧) fits all conditions of Krasovsky theo-
rem. The theorem is proven.

Now we are in position to formulate the main result of this section
concerning convergence of the discretized control algorithm

𝑢̄(𝑡) = 𝑢̄(𝑡𝑘), 𝑛̄(𝑡) = 𝑛̄(𝑡𝑘), 𝑡𝑘 ≤ 𝑡 < 𝑡𝑘+1, (33)

𝑢̄(𝑡𝑘+1) = 𝑢̄(𝑡𝑘) + 𝛤1𝑃 (𝑡𝑘)(𝐸(𝑡𝑘) − 𝐸∗) − 𝛼1𝑢(𝑡𝑘) (34)

𝑛̄(𝑡𝑘+1) = 𝑛̄(𝑡𝑘) − 𝛤2(𝐸(𝑡𝑘) − 𝐸∗) − 𝛼2(𝑛(𝑡𝑘) − 𝑛 ∗) (35)

where 𝑡 = 𝑘ℎ.
𝑘
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𝑥

𝑥

Fig. 2. Manipulation of the quantum oscillator energy using differential form of the speed gradient algorithm. Left: heating from the initial energy value 𝐸(0) = 0.1 to the target
energy value 𝐸∗ = 0.8. Right: cooling from the initial energy value 𝐸(0) = 0.8 to the target energy value 𝐸∗ = 0.2. The parameters are 𝜔0 = 1, 𝛾 = 1; 𝛤1 = 3, 𝛤2 = 0.5. Red lines are
for 𝐸(𝑡), green for 𝑛(𝑡), and blue for 𝑢(𝑡). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 3. Manipulation of the quantum oscillator energy using differential form of the
speed gradient algorithm. Red lines are for 𝐸(𝑡), green for 𝑛(𝑡). Initial energy value
𝐸(0) = 0.5 to the target energy value 𝐸∗ = 1.8; 𝛤2 = 0.5 (the solid lines) and 𝛤2 = 30 (the
dotted lines). The other parameters are 𝜔0 = 1, 𝛾 = 1; 𝛤1 = 3. This figure illustrates the
importance of the condition (19) to guarantee non-negativity of 𝑛(𝑡). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Corollary. There exists ℎ̄ > 0 such that for all 0 < ℎ < ℎ̄ the equilibrium
(𝐸 ∗, 0, 0, 0, 𝑛 ∗) of the sampled-data closed loop system (4)–(6), (33)–(35)
is exponentially stable.

The statement of the Corollary follows from the Dragan–Khalanai
theorem [67] which we formulate here for completeness. Consider a
controlled system 𝑥̇ = 𝑓 (𝑥, 𝑢), 𝑦 = 𝑠(𝑥), where 𝑥 ∈ 𝑅𝑛, 𝑢 ∈ 𝑅𝑚, 𝑦 ∈ 𝑅𝑙,
with a dynamical controller 𝑤̇ = 𝑔(𝑤, 𝑦), 𝑢 = 𝑈 (𝑤, 𝑦), where 𝑤 ∈ 𝑅𝑝.
The closed loop system is described by differential equations

̇ = 𝑓 (𝑥, 𝑈 (𝑤, 𝑠(𝑥))), 𝑤̇ = 𝑔(𝑤, 𝑠(𝑥)). (36)

Consider a sampled-data controlled system

̇ = 𝑓 (𝑥(𝑡), 𝑢(𝑡)), 𝑢(𝑡) = 𝑢 ,𝑤(𝑡) = 𝑤 , 𝑡 ≤ 𝑡 < 𝑡 (37)
6

𝑘 𝑘 𝑘 𝑘+1
Fig. 4. Manipulation of the quantum oscillator energy with algorithm (28) for different
initial conditions. Initial energy values are 𝐸(0) = 0.3 (black solid line); 𝐸(0) = 0.9 (blue
dot line); 𝐸(0) = 1.5 (green dashed line); 𝐸(0) = 2.3 (orange dash–dotted line); 𝐸(0) = 2.6
(red space–dotted line) to the target energy value 𝐸∗ = 1.8. The other parameters are
𝜔0 = 1, 𝛾 = 1; 𝛤1 = 3.

𝑢𝑘 = 𝑈 (𝑤𝑘, 𝑠(𝑥(𝑡𝑘))), 𝑤𝑘+1 = 𝑤𝑘 + ℎ𝑔(𝑤𝑘, 𝑠(𝑥(𝑡𝑘))), (38)

where 𝑡𝑘 = 𝑘ℎ, ℎ > 0, 𝑗 = 0, 1, 2,…

Theorem 4 (Dragan–Khalanai, 1990). [67]. Let functions 𝑓, 𝑔, 𝑠, 𝑈 be
locally Lipschitz and (𝑥̄, 𝑤̄) be an equilibrium of system (36), i.e. 𝑓 (𝑥̄, 𝑈
(𝑤̄, 𝑠(𝑥̄))) = 0, 𝑔(𝑤̄, 𝑠(𝑥̄)) = 0. Let there exist a domain  containing the
point (𝑥̄, 𝑤̄) and constants 𝛼 > 0, 𝛽 ≥ 1 such that if (𝑥(0), 𝑤(0)) ∈ , then
solution (𝑥(𝑡), 𝑤(𝑡)) of (36) satisfies for 𝑡 ≥ 0 the inequality

‖ 𝑥(𝑡) − 𝑥̄‖ + ‖𝑤(𝑡) − 𝑤̄‖ ≤

𝛽 𝑒−𝛼𝑡(‖𝑥(0) − 𝑥̄‖ + ‖𝑤(0) − 𝑤̄‖). (39)

Let 𝑟 = {(𝑥,𝑤) ∶ ‖𝑥 − 𝑥̄‖ + ‖𝑤 − 𝑤̄‖ ≤ 𝑟} and 𝑟 > 0 satisfies 𝑟 ⊂ . Let
𝐿 > 0 be an upper bound of Lipschitz constants for all functions 𝑓, 𝑔, 𝑠, 𝑈
in the compactum 𝑟.

Then there exist ℎ > 0 depending on 𝛼, 𝛽, 𝐿 and 𝛼̃ > 0, 𝛽 ≥ 1 such that if
(𝑥̃(𝑡), 𝑤̃(𝑡)), 𝑡 ≥ 0 is a solution of system (37), (38) and (𝑥̃(0), 𝑤̃(0)) ∈  ,
𝑟∕2𝛽
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Fig. 5. Manipulation of the quantum oscillator energy with sampled-data control algorithm. Left to right: sampling interval ℎ = 1, ℎ = 2, ℎ = 5. Red lines are for 𝐸(𝑡), green for
𝑛(𝑡), blue for 𝑢(𝑡). The other parameters are the same as in Fig. 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)
then

‖ 𝑥̃(𝑡) − 𝑥̄‖ + ‖𝑤̃(𝑡) − 𝑤̄‖ ≤

𝛽 𝑒−𝛼̃𝑡(‖𝑥̃(0) − 𝑥̄‖ + ‖𝑤̃(0) − 𝑤̄‖). (40)

6. Numerical analysis of the speed gradient quantum control al-
gorithm

In this section we numerically analyze the speed gradient algorithm
in differential and finite forms for heating and cooling of the quantum
oscillator affected by both coherent and incoherent controls. We chose
the system of units such that 𝜔0 = 1. The decoherence rate is 𝛾 = 1.

Fig. 1 shows the behavior of the energy 𝐸(𝑡) for different initial
states for heating or cooling the oscillator under the action of coherent
and incoherent controls which were constructed using differential (left)
and finite (right) forms of the speed gradient algorithm. The plots show
a good convergence to the target energies for all initial values.

Fig. 2 shows the behavior of the energy 𝐸(𝑡) (red lines) under
the action of coherent control 𝑢(𝑡) (blue lines) and incoherent control
𝑛(𝑡) (green lines) found by the differential form of the speed gradient
algorithm (13), (14). Left subplot shows heating from the initial energy
value 𝐸(0) = 0.2 to the target energy value 𝐸∗ = 0.8. Right subplot
shows cooling from the initial energy value 𝐸(0) = 0.8 to the target
energy value 𝐸∗ = 0.3. The initial conditions are 𝑃 (0) = 0 and 𝑄(0) = 1.

Fig. 3 illustrates the importance of the condition (19) to guarantee
non-negativity of 𝑛(𝑡). The initial energy 𝐸(0) = 0.1 is the same as on
the left subplot of Fig. 2. However, here 𝛤2 = 10 > 1∕𝜔2

0 and spectral
density 𝑛(𝑡) (green line) found by the differential form of the algorithm
takes at some time instants negative values, in sharp contrast with
behavior on Fig. 2 where 𝑛(𝑡) (green line) is always positive.

Dynamics of the incoherent only energy control with the algorithm
(28) for different initial conditions is shown in Fig. 4.

Fig. 5 illustrates dynamics of sampled-data control systems for
values of the sampling interval ℎ = 1, 2, 5. Robustification parameter
𝜅 was chosen as 𝜅 = 1. The rest parameters and initial conditions are
the same. It is seen that the decrease of the system performance due to
sampling is not too serious.

7. Conclusions

The problem of manipulation of energy in a quantum harmonic os-
cillator driven by coherent and incoherent controls is studied. Coherent
field and mean number of excitations in the bath are used as control
variables. General, differential (SGA-D) and finite (SGA-F) forms of
the speed gradient algorithm are developed. It is shown that SGA-D
7

is applicable if both coherent and incoherent control are used while
SGA-F is applicable when just incoherent control is used.

The differential form of the speed gradient algorithm is proved to
be able to steer the energy of the oscillator to any prespecified target
value. Conditions for non-negativity of spectral density obtained by
the proposed method are found. As a result, not only the feasibility
of the energy control in a quantum harmonic oscillator is proven
mathematically but also a method to explicitly design physical coherent
and incoherent controls which steer the energy of the oscillator to a
prespecified value is provided.

An important problem of sampled-data control is also addressed.
A robustified speed-gradient control algorithm in differential form
is proposed. It is shown that the proposed robustified control algo-
rithm ensures exponential stability of the closed loop system which is
preserved for sampled-data control.

Simulation results confirm reasonable performance of the closed
loop systems. Degradation of the system performance due to sampling
is not significant.

Future research may be aimed at extension of the proposed ap-
proach to more general and more complex classes of the controlled
quantum systems.
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