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ABSTRACT. In this paper, we study the following p-Laplacian boundary value problems on time

scales

u(0) — Bo(u®(0)) = 0, u?(T) =0,

where ¢,(u) = |u|P~2u, for p > 1. We prove the existence of triple positive solutions for the one-

{ (6 (u(1)))Y + a(t) f(t,ult), u™(t)) =0, t € [0, T,

dimensional p-Laplacian boundary value problem by using the Leggett-Williams fixed point theorem.
The interesting point in this paper is that the non-linear term f is involved with first-order derivative

explicitly. An example is also given to illustrate the main result.
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1. INTRODUCTION

Recently, dynamic equations on time scales have generated a considerable amount
of interest and attracted many researchers. They can not only unify differential and
difference equations|11], but also have exhibited much more complicated dynamics [5].
Further they have led to several important applications e.g., in the study of insect

population models, stock market, wound healing, and epidemic models [6, 13, 16].

In this paper, by using different method, we will discuss the existence of at least
three positive solutions to the following p-Laplacian boundary value problem on time

scales

@) { (o @)Y + a() (¢, ul), ud(t)) =0,  te[0,T]x,

u(0) — By(u™(0)) =0 u?(T) =0,

where ¢,(u) is p-Laplacian operator, i.e., ¢,(u) = |u|P~2u, for p > 1, with (¢,) ™' = ¢,
and % + % = 1. The usual notation and terminology for time scales as can be found
in [5, 6], will be used here.

Agarwal and O’Regan [2] studied the existence of one or more solutions to nonlin-
ear equations on time scales. They established by using either a nonlinear alternative

of Leray-Schauder type or Krasnoselski’s fixed point theorem in a cone. Dogan et
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al. [7] considered some existence criteria for positive solutions of a higher order semi-
positone multi-point boundary value problem on a time scale. We also discussed
applications to some special problems. He and Jiang [10] investigated the existence
of at least three positive solutions of boundary value problems for p-Laplacian dy-
namic equations on time scales by applying a new triple fixed-point theorem. Hong
[12] presented sufficient conditions for the existence of at least three positive solutions
of three-point boundary value problems for p-Laplacian dynamic equations on a time
scales. To show his main results, he applied a new fixed point theorem due to Av-
ery and Peterson. Su et al. [19] considered the three-point boundary value problem
for p-Laplacian dynamic equations on time scales. They proved that the boundary
value problem has at least three positive pseudo-symmetric solutions under some as-
sumptions by using a pseudo-symmetric technique and the five-functionals fixed point

theorem.

In recent years, there have been many papers working on the existence of posi-
tive solutions for p-Laplacian boundary value problems for differential equations on
time scales, see, for example [3, 10, 12, 15, 17, 18, 19, 20, 21]. However, to best of
our knowledge, there are not much concerning the p-Laplacian boundary value prob-
lems on time scales when the nonlinear term f is involved with the first-order delta
derivative [8, 9].

We assume the following conditions hold through the paper:

(Hl) f € Cld((O, T) X Rz, (0, OO)), O,T € T,

(H2) a € Cia((0,T),(0,00)), mingefor}; a(t) = ¢p(m), maxeor); a(t) = ¢p(M) and
m< M,

(H3) By is continuous function defined on R and satisfies that there exist A > 1 and
B > 0 such that Buv < By(v) < Aw, for all v € [0, 400).

2. PRELIMINARIES

Let E = C}L[0,T] with the norm
[Full = max{]lullo, lu*[lo},

where ||ullo = sup |u(t)[; clearly E is Banach space. Choose the cone P C E defined
te[0, T
by

P = {u € E:u(t) >0, fort € [0,T)r;u?V(t) <0, u™(t) >0, for t € [O,T]T}.

We note that u(t) is a solution of (1.1), if and only if
u(t) = /Ot bq (/ST a(r)f(r,u(r),uA(r))Vr) As
B, <¢q ( /0 ") f(r,u(r),uA(r))Vr))  te0,Th
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Define a completely continuous integral operator F': P — E
t T R
U = a(r)f(r,u(r),u=(r))Vr | A
(Fu)(®) /as(/ (7). a()7r) s
+By (gbq (/ a(r)f(r,u(r),uA(r))Vr)) , u€ Pfortel0,T|r.
0
Clearly, || Fu| = max{(Fu)(0), |(Fu)*(T)|} = To(Fu)(0), where Ty = max{T,1}.
Lemma 2.1. FPC P
Proof. In fact
T
Fu0) =y ([ alnsutr). a0 vr ) o

Moreover, ¢,(z) is a monotone decreasing and continuously differential function and
v

T
([ at)sra) o) r) - = —atorftrute). e <o
t
we have (Fu)2V(t) <0, therefore FP C P. O
Lemma 2.2. F : P — P is completely continuous.

Proof. Firstly, we will show that F' maps a bounded set into itself. Suppose ¢ > 0 is
a constant and u € P, = {u € P : |Ju| < ¢}, and then |u| < ¢, |v] < ¢; notice that
f(t,u,v) is continuous, therefore there exist a constant C' > 0 such that f(t,u,v) <
¢,(C), and hence

[Ful = To(Fu)0)

— B <¢q < /0 " () f (), uA(r))Vr))
< TyACH, ( /0 : a(r)Vr) |

That is F P is uniformly bounded. On the other hand,

/Otl Pq (/T a(?“)f(r,u(r),uﬁ(r))vr) As
_/: Pa (/T a(r)f(r,u(r),uﬁ(r))vr) As
/: Z (/OT a(?”)f(r,u(r),uA(r))vT) As

T
S C|t1 —tg‘gﬁq (/(; CL(T)VT) 3

therefore F' is equicontinuous on [0,7r; then by applying the Arzela-Ascoli theo-

[(Fu)(ty) — (Fu)(t2)] =

IA

rem on time scales [1], we know that F'P is relatively compact. Using Lebesque’s
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dominated convergence theorem on time scales [4], F' is completely continuous on
[O>T]T' U
Let a,b,7 > 0 be constants, P, = {u € P : ||u|]| < r}, P(a,a,b) = {u € P :
a(u) = a, [lu] <b}.
To prove our main results, we need the following Leggett-William fixed point

Theorem [14].

Theorem 2.3 (Leggett-Williams). Let F : P, — P. be a completely continuous map
and « be a nonnegative continuous concave functional on P such that a(u) < ||ul,
Yu € P,. Assume there exist a,b,d with 0 < a < b < d < ¢ such that

(A1) {u € P(a,b,d) : a(u) > b} #0, and a(Fu) > b for all u € P(a,b,d)A;
(A2) ||Full < a, for allu € P,;
(A3) a(Fu) > b for all u € P(a,b,c) with ||Ful| > d.

Then F' has at least three fixed points uy, us, ug satisfying

|ui]| < a, b < afus), lus|| > a, a(us) < 0.
3. MAIN RESULTS

We define the nonnegative continuous concave functional o : P — [0, 00) by

alu) = min u(t), l=max{teT:te|0,T/2]},
tell,T—1]

K = <Z+B)¢q (/OT_la(r)Vr).

Clearly, the following two conclusions hold:
(i) a(u) = u(l) < [[ul], Vu € P;
(i) a(Fu) = u(l).

Theorem 3.1. Assume that there exist constants a,b,c,d such that 0 < a < b <

(Engd < d < ¢ and suppose that f satisfies the following conditions:

(B1) f(t,u,v) < qﬁp(“ﬁ_) for (t,u,v) € [0,T]r x [0,a] x [—a,0];
(B2) f(t,u,v) < qﬁp(CTL_p) for (t,u,v) € [0,T]r x [0,c] x [—¢,0];
(B3) f(t,u,v) > (bp(lK) for (t w,v) € [0,T — llp x [b,d] x [~d, 0]-
(B4) min{f(t,u, v }%(%) S a ()t > max{ f(t,u,v)} [T af

for (t,u,v) € [0, T x [0, ¢] X [=c,0].
Then the boundary value problem (1.1) has at least three positive solutions uy,us and

us satisfying
[ur] < a, b<alu), |usll>a, —afus) <b.
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Proof. First, we show that there exists a positive number ¢ > d such that FP, C P,,
FP, c P,. From Lemma 2.1 FP, C P., and then Yu € P,, from B2, we have
O0<u<c —c<v<0,

Fuls < Tou ([ atr)ftrutr). b))

+A (qbq (/OT a(r)f(r,u(r),uA(r))Vr))

= (T+ A)p, (/OT a(r)f(r,u(r),uA(r))Vr)

< Ao, (e (5)) <¢

Fsle < 6 (00, 757)) < e

Similarly, Fu € P, for all u € P,.

Second, we show {u € P(a,b,d) : a(u) > b} # 0, and a(Fu) > b for all

u € P(a,b,d). In fact, set u = 22, |lu| = 22 < d and a(u) > b. Therefore

{u € P(a,b,d) : a(u) > b} # 0. On the other hand, Yu € P(«,b,d), we get
b<u<d,—d<v<0,and fort € [0,7 — l]r, from B3,

a(Fu) = /Ol phi, (/ST a(r)f(r,u(r),uA(r))Vr) As

5o <¢q (/OT a(?“)f(?“,U(r),uA(r))w))
/Ol Pq (/OT_la('f’)f(r,u(r),uﬁ(r))vr) As

B <¢q ( /0 ) (), uA(r))Vr>>

= (+B), ( /0 O ), uA(r))Vr)

b T-1
= 1+ B)o, (/0 a(r)VT) — .
Hence a(Fu) > b for u € P(a, b, d).

Finally, we show a(Fu) > b for all u € P(«,b,d) and ||Ful| > d. If u € P(a,b,d)
and ||Ful| > d, then 0 <u < ¢, —¢ <v <0, and from B4,

o (2) [ a0 2009 = [ a0,

m

Vv

1.e.
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Because Fu € P,

a(Fu) = (Fu)(l)

= [o( [ ansoatraener) as
vt (o, ([ a0 ) )

16, ( /0 ), uA(r))Vr>

+B <¢q ( /0 ), uA(r))Vr>)

= (I+ B)o, (/OT_la(r)f(r,u(r),uA(r))Vr)

v

A%

(I + B)o, (foT a(r)f(;, U(Qj uA(r))W)
— %% (/OTG<7")f(TvU(7“),UA(T))VT)

(I + B)m Fu(0)
M B

l+ B | Ful|
= m
M BT,

I+ B d
> >
= < M )mBTO_b’

and then o(Fu) > b for all u € P(«,b,d) and ||Ful| > d. Hence, an application of
Theorem 2.3 completes the proof. O

Theorem 3.2. Assume that there exist constants a,b,c,d such that 0 < a < b <

(Eg%?d < d < ¢ and suppose that f satisfies (B1)—(B3) and

(C1) a(t) is decreasing for t € [0, T]r,
(C2) 6, (&) > EDhe,

m

where

faur = max{f(t,u,v)} for (t,u,v) € [, T]r x [0, ] x [—¢,0],

fm =min{f(t,u,v)} for (t,u,v) € [0,l]1 x [0,¢] x [—¢,0].

Then the boundary value problem (1.1) has at least three positive solutions uy,us and

us satisfying

luall <a, b <a(uz), usl|>a, afus) <b.
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Proof. We only show a(Fu) > b for all u € P(a,b,c) and ||Fu|| > d. Yu € P(a,b,¢),
we have 0 < u < ¢, —c < v <0, and from (C1), we get

l l
/0 a(1)f(r,u(r), u®(r))Vr < / a(r)f(ryu(r), u () VT,
/ a(1)f(r,u(r), u®(r))Vr > / a(r) £ (ryu(r), u (r)) V.
l [

and then
S a(r) f(ru(r), u(r))Vr S alD) f(r,u(r), u(r))Vr
Jo a(r) f(r,u(r), ul(r)) Vr Jo all) f(r,u(r), ud(r)) Vr
() wA () Vr
Jo Flr.u(r), ud(r))Vr
_ (T=Dfy
- Lfm
From (C2), we have
fl r,u(r), u®(r))Vr

Y

() féa(r)f(r, u(r), ud(r)Vr

and the rest of the proof is similar to final step of Theorem 3.1 so we omit it. O

4. EXAMPLE

Let T=R, T =1, p =3, then T, = 1. Consider the following boundary value

problem

. ol + a(e)f (¢, u(e), () =0, te[0,1]
' u(0) — 1u'(0) = 0, u'(1) =0,
where
" { L, t €0, 4]
a\t) = 4000001 14
—t+ Zoo00000 ¢ € [%’ 1],
100° + 28e - for0<t <1, 0<u<1, -2 <0v<0;
f(t,u,v)z 10u2 _'_Fg-,‘rsmv fOI‘OStSl’OSuS{;US_%’
10 Y/u+ =53, for 0<t<1, u>1, =% <v<0;
10 Y/u + 15, for0<t<1,u>1,v< -2
By the definition of a(t), we know m = 5= and M = 1. It is obvious that A = B =

Choose | = ;é, a direct calculation shows that

K= <Z+B)¢q (/OT_la(r)dr) _

(u

25 14

25

14

25

+
11

25

3) [14_ 47

22
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If we take a = £, b =1, d = 1250, ¢ = 1260, then

2000 5 1250 < 1250 < 1260,

1 U1y 1
0<—<1<(25 21)
2 2

we have

w(i) = () =1 w (i) =20 (i) = T

then the nonlinear term f satisfies

(B1) £(t,u,v) < 10x (%)191—0 < i = 6s(+),

1 1
f0r0§t§170§U§§7 _§§U§07

1 c
B2) f(t,u,v) < 10+— < 1260° = <_>
(B2) f(t,u,v) < 10+ 5 < 0517
for 0 <t <1, 0<u<1, —1260 < v <0;
1
£t u.0) < 10 V1260 + 5 < 1260° = ¢3<%),

for 0 <t <1, 1<u<1260, —1260 < v < 0;

1 25 x 222 x 252 31250 b
B3) f(t,u,v) > 10+ - = (%)
(B3) f(t, u,v) = 0 180~ Texamx1d 10963~ R

14
for 0§t§2—5, 1 <wu <1250, —1250 < v < 0;

1
(B4) min{f(t,u,v)} = 180 for0<t<1, 0<u<1260, —1260 < v <0;

1
max{ f(t,u,v)} = 10 V1260 + 5 for 0 <t<1, 0<wu<1260, —1260 < v < 0.

M , [ 14

— ] = t)dt = —
¢3(m> 2000 9 /0 CL( ) 257
14 1

/25 Lt +/ <_ N 4000001)0[1& _ 14 n 9680011 65680011
o 14 4000000 ~ 25 100000000 100000000

5

We have
M 1-1 1
min{f(t,u,v)}¢3(—) / a(t)dt > max{f(t,u,v)} / a(t)dt
m7 Jo 0
for (¢, u,v) € [0,1] x [0,1260] x [—1260, 0.
1 14 1 65680011
— % 2000* x — > (10 V1260 + — — .
180 * 95~ ( * 60) 8 (100000000)
Thus by Theorem 3.1, we find that boundary value problem (4.1) has at least three

positive solutions.
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