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In this paper, we present an alternative formulation of utility entropy called disutility entropy. Previous entropy
measurements in the literature use utility density function in maximum entropy formulations. Also, in most of
the cases, the sign of the cross derivative of utility functions makes it impossible to apply utility entropy for more
than one attribute cases. To simplify entropy measurement and relieve some burden of this task, in this paper, we
present how to use multiattribute utility functions in utility entropy formulation. We show the applicability of
our proposed approach and how to apply the disutility entropy approach with given constraints to single-

attribute, bi-attribute, and multiattribute utility functions. Therefore, the usefulness and feasibility of the pro-
posed method in multiattribute utility theory field is improved. We finally discuss and interpret the application of
maximum disutility entropy through several examples to illustrate the new proposed approach.

1. Introduction

In decision-making practice, decision makers’ preferences play a key
role. The decision-maker, for example, may himself have very little
knowledge of the relevant content; alternatively, he may lack the
analytical capacity to evaluate the problems alone. Moreover, when
there are dependencies between attributes, these preferences are diffi-
cult to reveal from the decision maker. It is unrealistic to expect him to
fully list his preferences regarding the decision when decision maker has
limited information about the decision to be made, Thus, it is essential to
construct utility functions of decision maker when only partial prefer-
ence information is available.

When the decision situation is deterministic, each decision alterna-
tive is described by a single prospect. The problem of choosing the best
decision alternative is that of ordering the prospects present or assigning
a value function over the attributes of each prospect. The optimal de-
cision alternative is the one that has the largest value as determined by
the value function or the highest order in the ranked list.

Under uncertainty, however, it is important to incorporate depen-
dence among attributes into the decision situation when constructing
multi-attribute utility functions. We need to assess utilities on various
attribute combinations to capture dependency relationships between
attributes. Unfortunately, these assessments increase exponentially due
to the number of uncertainties present as the number of attributes in-
creases. For instance, let’s assume there are k attributes and all are
mutually independent. In this case, only k assessments will be required
and the assumption of mutual independence can simplify the assessment
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process. However, if those k attributes are dependent and assume they
are binary, then multi-attribute utility function of k binary attributes
requires the lower order assessments among attributes. So, the total
number of assessments is (2 ¥-1) and increasing exponentially.

Different approaches in decision analysis literature to make decisions
under certainty and uncertainty. One of widely used method is to inte-
grate information theory into decision theory and decision analysis.
There are several information-theoretic measures that have been dis-
cussed in the literature of information theory since the beginning of
Shannon’s entropy (Shannon, 1948). Some of these are more general
than others but all of them, like Shannon’s entropy, were defined based
on the probability density function. After Shannon’s entropy explana-
tion, Jaynes (Jaynes, 1957; Jaynes, 1957) introduces the principle of
maximum entropy which maximizes Shannon’s entropy subject to
certain constraints representing the incomplete information. Rao
defined maximum cumulative residual entropy (Rao, 2005) which is an
extension of Jaynes’s formulation by using cumulative distributions
instead of density function. For variable X, mavwith given constraints
are defined as shown in Table 1.

In the decision analysis literature, great importance is given to the
solution of decision-making problems especially using entropy. Smith
integrates entropy formulation into the context of decision making
under uncertainty by partitioning the mathematical definition of a de-
cision problem into two parts, a probability distribution and a convex set
(Smith, 1974). Jessop shows how the concept of entropy can be used in
multivariate decision problems and argues that analogies are drawn
between information theory and between weights and probabilities
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Table 1
Comparison of Maximum Entropy and Maximum CRE.

Maximum Entropy Maximum CRE

S ) = angmax — [ fx o) H'(x) = argmax — [ H(x)log(H(x)

S.t. S.t.

[t = [t = a

[rxo=1 JECE
f(xi)=0
Solution:f" (x) = Solution:H'" (x) =
e~ @0—arhy (x)—azhz (X)—..—anhn (x) -1 e~ 1=A1r (x)=Aar2 (xX) =++dara (X)

(Jessop, 1999). Berhold discusses use of distribution functions to
represent utility functions which allow the decision maker to take
advantage of their mathematical properties to develop useful results
using density functions of utility (Berhold, 1973). Then, Barron exam-
ines the extent to which ranking information about weights can be used
to determine the best alternative, or falling uniqueness determines an
easily applied rule for choosing a ’best’ alternative (Barron, 1992).

However, while solving the decision problems, it is hard to elicit full
information. Therefore, there is a wide range of studies that focus on
making decisions with partial information. In these studies, principle of
maximum entropy is applied to utility theory, particularly to the esti-
mation of utility functions when only partial preference information is
available. Hadfi and Ito (Hadfi and Ito, 2012) extend maximum entropy
utility principle to an asymptotic maximum entropy utility principle to
reveal preference in a decision situation subject to a large estimation
uncertainty with a small learning sample. Herfert and La Mura (Herfert
and La Mura, 2004) use a non-parametric approach utility model and
minimize sequential decision-theoretical cross-entropy with the given
information to predict consumer preferences in the context of a simple
consumer preference model. Abbas (Abbas, 2004) presents a maximum
entropy method to find an optimal question-algorithm for eliciting von
Neumann and Morgenstern utility values (Von Neumann and Morgen-
stern, 1947) and choosing the minimum number of questions required to
elicit utility. In another paper, he applies a discrete form of maximum
entropy to estimate a higher order joint probability distribution when
the lower order assessments are known (Abbas, 2006). Abbas also shows
how to apply maximum entropy to single attribute utility functions
when only partial information is available and shows how to apply
maximum entropy to multiattribute utility cases using value functions
(Abbas, 2006). Pires et al. explore the potentialities of the generalized
maximum entropy estimation of von Neumann and Morgenstern utility
functions using only partial information about the decision maker’s
preferences by using utility elicitation methods (Pires et al., 2013). Kim
and Ahn extend the maximum entropy utility methodology and propose
a distance-based solution, so-called the centralized utility increments
which are obtained by minimizing the expected quadratic distance to
the set of vertices that varies upon partial preferences (Kim and Ahn,
2019). Bajgiran explores maximum entropy models with minimum
elaborations over quantiles of uniform and moment-based maximum
entropy models (Bajgiran et al., 2021). Maeda et al. address the problem
of maximizing probabilistic entropy under a functional constraint
induced by the available partial information (Maeda et al., 1993). Chen
and Dai propose the principle of maximum entropy for uncertain vari-
ables to choose the one with maximum entropy from all uncertainty
distributions satisfying given constraints (Chen and Dai, 2011). Also,
there are interesting applications of maximum entropy in the literature
that focus on probability density functions or utility density functions
(Harju et al., 2019; Wang and Bier, 2013; Dionisio et al., 2008; Gao
et al., 2015; Al-Omari, 2016; Chaji et al., 2018; Sutcu, 2020).

Abbas uses the density of single attribute utility functions and mea-
sure the uncertainty for only single-attributes due to the constraints of
utility densities (Abbas, 2006). However, in real world applications,
most of the decision situations contain more than one attribute. It is
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impossible to apply utility entropy directly to the multi-attribute case
because of the sign of the cross-derivative of utility functions. Moreover,
when the decision situation has more than one attribute, Abbas (Abbas,
2006) shows a way to solve by assigning a utility function over a value
function. Thus, utility function has only one value function as an attri-
bute and represents decision maker’s risk attitude towards value with
respect to utility function. Instead of using a utility function over a value
function, it is impossible to use attributes directly on the utility function
in case of multiple attributes, due to the negativity of the cross derivative
of the utility function. Assume a two-attribute decision situation; the
decision maker has a utility function U(x,y) = 1 —e ™ and has a cross

PU(xy)
oxdy

derivative of the utility function = —e ¥ isnegative. In this case,
we cannot use the cross derivative of the utility function in log part of
entropy expression. Montiel and Bickel propose new methods including
maximum entropy for estimating partially specified probability distri-
butions and comparatively discuss the difficulties of making approxi-
mations with limited information (Montiel and Bickel, 2013). Montiel
and Bickel also discuss the assessment and the characterization of
multilinear utility functions by providing a range to assessments when
partial preference information is available (Montiel and Bickel, 2014).
Finally, Ebrahimi explores several hazard rate function estimation
problems based on the maximum entropy principle. Potential applica-
tions include developing several classes of the maximum entropy dis-
tributions which can be used to model distributions that produce
different data that meet available information constraints on the hazard
rate function (Ebrahimi, 2000).

This paper presents a normative method for measuring utility en-
tropy and presents a functional form of maximum utility entropy dis-
tribution among attributes without using cross-derivative of utility
functions. To simplify the decision situation and overcome the disad-
vantage of cross-derivative of utility functions, we focus on using multi-
attribute utility functions to calculate the utility entropy function
instead of using utility density functions. Our proposed measure is; (i)
non-negative, (ii) valid for both continuous and discrete cases, (iii) no
need to estimate cross-derivative of utility functions (iv) no need to
cross-derivative to be positive (v) easy to implement. These features help
the decision maker and expert in the simple decision-making process.
We emphasize the generality of the maximum utility entropy approach
for constructing representative utility functions. It also provides flexi-
bility to estimate utility functions without any assumption about a
particular form of a utility function and integrates little information into
the utility function while making decisions.

The remainder of this paper is organized as follows. Section 2 pre-
sents entropy definitions and maximum entropy formulation in proba-
bility and utility. Section 3 presents the disutility entropy measure with
its definitions and formulations. Section 4 proposes the maximum
disutility entropy utility approach based on partial preference infor-
mation or given constraints. Section 5 covers the application of
maximum disutility entropy to single, two-attribute and multiattribute
utility functions and moment constraints. Section 6 includes the appli-
cation of maximum disutility entropy with an application. Section 7
contains the concluding remarks and future work.

2. Review of previous work

In this section, we present several definitions of entropy both in
probability and utility.

2.1. Entropy in probability

Entropy is a measure of uncertainty associated with a random vari-
able. The concept was introduced by Claude E. Shannon in his paper “A
Mathematical Theory of Communication” (Shannon, 1948). Shannon
entropy of a discrete random variable is defined as H(X) =

—>"1 ;pilogp;. The continuous case of entropy with probability density
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function f(x) is defined by analogy to the discrete case as H(f(x)) =

-/ : f(x)logf (x)dx. After several decades of Shannon’s entropy defini-
tion, Rao et al. (Rao et al., 2004) proposed a measure of entropy by using
the cumulative distribution of a random variables. Rao et al. introduce
cumulative residual entropy of a random variable in their paper as
CRE(X) = — f: P(1X])x )logP(|X|)x )dx. The main difference in this en-
tropy measure is the cumulative joint distributions, especially survival
functions, instead of density functions.

After Shannon’s entropy explanation, Jaynes (Jaynes, 1957) in-
troduces the principle of maximum entropy which maximizes Shannon’s
entropy subject to certain constraints representing the incomplete in-
formation. The maximum entropy probability distribution function for a
continuous variable, X, having n outcomes, with given constraints is.

FX) ey = argmax — / F)log(f(x))dx

s.t.

b
[ s =i =12, &)
‘ b
[ #ar =1
()20
This probability distribution function has entropy which is the
maximum when the entropy distribution has the form.

f* (x) _ e—au—alhl (x)—azhy (x) =+ —atphy (x)—1 (2)

where f'(x) is the maximum entropy solution, h;(x) is indicator
function or moment constraint, ;’s are the Lagrange multipliers for the
given constraints.

Rao shows (Rao, 2005) how maximum cumulative residual entropy
is also calculated in a similar way to Maximum Entropy. Let X be a non-
negative random variable, then maximum cumulative residual entropy
is defined as.

H' = argmax — / F(x)log(F(x))dx
St . 3)

and cumulative residual entropy distribution that maximizes the
entropy with given constraints has the form as.

H (x) = ez; Airi) 4)

where H'(x) is the maximum cumulative residual entropy solution,
ri(x) is indicator function or moment constraint, 4;’s are the Lagrange
multipliers for the given constraints.

2.2. Entropy in utility

Abbas introduced the utility entropy for the first time for single
attribute utility functions (Abbas, 2002). He also introduced utility
increment vector to calculate entropy of a discrete utility function. The
entropy of a utility increment vector (V) defined as V(Au,Auy, -,
Auyq1) = 72?:’11 Au;logAu; and the entropy of a utility function (UE) on a
domain, [ab] is UE(x) = — ff u(x)In(u(x))dx. He then presents the
maximum entropy utility (Abbas, 2006) by using the analogy between
utility and probability and defines the formulation as.
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a.rgmaxf/ u(x)log(u(x))dx
s.t.

b
/hwwww:mizhlwn ®)

/ah u(x)dx =1

u(x)=0

This formulation yields a utility density form Umaxen(x) =
e~ ®-mmh®)——am(®)-1 where k;(x) is a given preference constraint, y; s are
given utility values from decision maker, and «; s are the langrange
multipliers for the given constraints. This form is a result of one attribute
case. He presents the multiattribute case in the same paper by a utility
function over a value function. So, a maximum entropy multiattribute
utility function can be constructed with partial preference information
using a utility assessment over the value function in the maximum en-
tropy formulation.

3. Disutility entropy

In this section, we present new definitions and formulations that
highlight the analogy between probability and utility. When we consider
the analogous interpretation of entropy when applied to utility theory,
we can easily see the similarities between them easily.

We propose an alternative measure of uncertainty in an attribute X,
using the analogy between utility and probability, to incorporate the
multiattribute utility function into the Rao et al.’s entropy definition and
call it Disutility Entropy of attribute X. We begin our approach with the
observation if a utility function is normalized from zero to one. It be-
haves mathematically as a cumulative probability distribution (both are
non-decreasing and range from zero to one). The main objective of our
study is to construct a new entropy measurement by using utility func-
tions instead of cross derivatives or the density of the utility functions.
We first introduce the discrete case of disutility entropy and in the
following the continuous case.

3.1. Discrete Case: Disutility vector

A utility vector is a vector which ranks the utility values of the
prospects from lowest to highest utility value (Abbas, 2002). Without
loss of generality to von Neumann and Morgenstern axioms (Von Neu-
mann and Morgenstern, 1947), we can define the disutility vector (1-U)
like the complementary cumulative distribution function in probability.
In the case of probability, the complementary cumulative distribution
function explains the remaining lifetime of variable at a time. In the case
of utility, the disutility vector shows the residual value of utility for a
prospect if perfect information does not exist or we can say the differ-
ence between the best prospect and the rest of the prospects by assigning
zero and one to least preferred and most preferred prospects,
respectively.

Definition 1. Discrete disutility vector (DUV) with n prospects is defined
as.

DUV=(1-U;, 1= Uy, -, 1=U,_,1-U,)

DUV=(Uy, Uy, -+, U1, Uy) (6)

=(1,0,,U3,++,U,1,0)

We can easily see the analogy between cumulative discrete com-
plementary cumulative distribution function and disutility vector, both
are monotonically decreasing (non-increasing) and defined from one to
zero. Utility functions can be defined as a measure of uncertainty due to
a lack of perfect information. The disutility vector would be used in
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utility entropy to measure by the utility probability analogy.

Definition 2. Ifwe have an attribute X and its utility function is U, then the
discrete disutility entropy (DUE) can be formulated as.

UE(AU, (x), AU, (x), -+, AT ZAU x)log(AT;(x)) )
where U(x) is the disutility function. Let’s assume we have 4 pros-
pects and we assign least preferred prospect zero and most preferred
prospect one. Other two prospects have 0.25 and 0.75 utility values. So,
we have its disutility vector DUE = (1,0.75,0.25,0). So, its entropy is

calculated from disutility vector as DUE = (1,0.75,0.25,0)=0.2442.

3.2. Continuous Case: Disutility function and differential entropy measure

In continuous case, the disutility vector is a disutility function, U(x),
normalized from zero to one, and has the same mathematical properties
as a complementary cumulative probability distribution function; both
are non-increasing and range from zero to one.

Definition 3. The entropy of disutility function can be formulated as.

UE= - / / (1,3,

where U(x;,xz, -+, X,) is the disutility function and x € [a, b]. The
differential utility entropy has no lower bound and can be positive or
negative. Nonetheless, there are several important properties of using
disutility function in our approach; (i) our formulation has a lower
bound for entropy of zero, (ii) differential entropy is only defined for
distributions that has a density function which is difficult to elicit, but
multiattribute utility function can be used directly without any
assumption (iii) entropy of a discrete utility function is always positive,
while differential entropy of continuous utility function may take any
value positive or negative; but, entropy of disutility function is always
nonnegative in both cases. Let’s look at the following example. Assume
that decision maker has an exponential utility function with risk aver-
sion coefficient y = 1. So, the disutility function is U(x) = e, and if
e® =0and x* =1, then UE = 0,264.

X )log(U(xy, X, -+, %, ) )dxydxy ---dx,, (8)

Proposition 1. For any mutually independent attributes X and Y,

max(UE(U(x)), UE(U(y)) < UE(U(x),U(y)) ©

Proposition 2. UE(U(x)) > Oand equallty holds if and only if uﬂllty of
attributes, U(x;) =1 and.U(x;) = - = U(xi-1) = Ulxip1) = - =
U( n) =0

4. Maximum disutility entropy

In this section, we discuss the functional form of maximum disutility
entropy when only partial preference information about the decision
maker is available. Here we begin by eliciting preference information for
the prospects from the decision maker. If we have only partial infor-
mation and would like to find an estimated utility function of decision
maker, we need to solve maximum disutility entropy function. We
discuss the functional form of maximum disutility entropy function and
then we show how to apply the maximum entropy disutility approach
through several examples.

4.1. Maximum disutility entropy expression

The maximum disutility entropy formulation with constraints is.
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x)og(T(xy, %2, -+, %, ) )dxidx +-dx,

10$)

argmaxf/n-/v(xl,ngn
s.t.

/ /r, (1, %2, s %) U (X1, X2, 0, X )dX1dXy oovdXy, = 1,2,-,m

where X is the domain of prospects, r;(x) is a given preference
constraint, U s are given disutility values of decision maker.

In disutility entropy formulation, we don’t need the normalization
constraint and non-negativity constraint. Formulation (10) yields a
disutility function of the form Upayen: = e i’ where Upnaxent is the
maximum entropy disutility solution, ri(x) is a given preference
constraint, 4; s are the Lagrange multipliers for the given constraints.

Given a two-attribute utility function which is normalized zero to
one, then cross moment of a disutility function is the expected utility of
two attributes, and if one of the attributes is its maximum, then for the
other attribute, it is the normalized expected utility for marginal dis-
tribution of an attribute. For instance, if r(x,y) = xy then cross utility
moment of. U(x,y)

y 3 o
/ /ruwvwwa@:/'/’wuwwwwzmy an
). Lo

is the expected utility for two attributes, and y,, is given by decision
maker by assigning p to the uniform two attribute lottery Fig. 1.

o
/ / xyU(x, y)dxdy = p,, = py

If one of the attributes is its maximum y" = 1, then.

y A T
/ /ruwvwwww:/'/vwwwww:mw 12)
). )

is the expected utility for attribute X, and p, - is given by decision
maker by assigning p to the uniform two attribute lottery where f}}; f:f,
xff(x,y*)dxdy =Hx = px\yf

Fig. 2 decision maker assigns utility values using the lotteries as
defined above. Partial preference information means that new decisions
are made for a decision maker based on some utility values are elicited
from the decision maker and previous decisions made by decision
maker.

4.2. Constraints and moments of disutility functions

In this section, our aim is to present moments of disutility functions
and derive a formulation to represent moments using the expected
utility of joint distribution and expected utilities of its marginal distri-
butions. We also show an interpretation for first and cross moments of
utility function, how to use them in practice, and how to receive these
measures from the decision maker.

4.2.1. Definitions and explanations which are used in analysis
First, we assume that the attributes are preferentially independent.

p * *
=%y

()

(x2,y°)

Fig. 1. Two attribute lottery to assign../,
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"y

(€AY

1-p .
xy7)

Fig. 2. Marginal utility lottery to assign y, when..y =y

So, for any x1,x2,y1,Y2, we define.

ifx1 > xp, then(xy,y)) (x2, )¥y € [y, ¥'] 13)
and.
ify1 > ya, then(x, y1)) (x,y2)Vx € [x°,x'] 14

where a two attribute prospect or alternative is represented here as
(x,y) and x°,y° shows the minimum values, and x",y" shows the
maximum values of attributes x and y respectively.

In this analysis, we also normalized the two-attribute utility function,
U(x,y) such that.

0<Ulx,y) < 1Vx e [*,x'], ¥y € )] (15)

If we don’t normalize the utility function and its moments, then they
are just arbitrary quantities and are meaningless without any arrange-
ment. So, we need to scale them into a range. Since, a linear trans-
formation does not affect the order of the alternatives, in our analysis;
we scale them O to 1. We assign zero to the least preferred prospect, and
one to the most preferred prospect, and normalize the remaining pros-
pects between these two.

So, we can say from (5).

U(x°,y°) = 0 and U(x",y") = 1 (16).

4.2.2. Finding the constraints of disutility entropy
The moments of a disutility functions are defined as.

JJresv iy a7)

If we rearrange (17), then.

~ [[renin - vy

~ [[renasay = [[rnvissyasas a8)

So, general functional form of moments of disutility functions is
equal to.

UE,, ://f(x,y)ﬁ(x,y)dxdy =1-EU, (19)

We start calculating the first moments of disutility function and then
the cross moment of the disutility function.

4.2.3. First moments of disutility function
First of all, we calculate the first moment when f(x,y) = x. (For

proof and detailed calculation see Appendix-A).

//f(x,y)v(x,y)dxdy =1-EU, (20)

We know that expected utility of a function is calculated as
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1ol
EU, = //f(x,y)U(x, y)dxdy, thenUE, = 1 — / / xU(x,y)dxdy (21)
o Jo

UE, =1— [EUy— (1 — k,)EU,» —k; | (22)

So, the first moment of disutility function when f(x,y) = x is.
// xU(x,y)dxdy = 1+ (1 —k)EU, - +k, — EU,, (23)

where k, = U(x",y°), which shows the corner point when x is its
maximum, and y is its minimum value, and if attribute Y is a dominant
attribute (when one of the attributes is its minimum, then the multi-
attribute utility function is also its minimum) then k, = 0.

So, in the attribute dominance case, the first moment simplifies to.

//xﬁ(x,y)dxdy =1+4EU,, —EU,, 24)

We now calculate first moment when f(x,y) = y. (For proof and
detailed calculation see Appendix-B). We do the same calculation but
that time we use f(x,y) =y instead of x.

1 1
—1- [ [ vty 25)
0 0

=1-[EUy— (1 —k)EU, —k, ] (26)

So, the first moment of the disutility function when f(x,y) =y is.
// yU(x,y)dxdy = 1+ (1 —k,)EU,,- +k, — EU,, (27)

wherek, = U(x°,y"), which shows the corner point when y is its
maximum, and x is its minimum value. Here, EUy|y- is again the deci-
sion makers’ indifference probability for an equivalent two outcome
lottery that has only the best outcome EUyy, and the worst outcome
lottery EUyy. We don’t need to normalize EU,, because we already
assumed that it is normalized from zero to one. Moreover, EU, is the
indifference probability for equivalent two outcome lottery of the
marginal distributions when the attribute Y is its maximum. If attribute
X is a dominant attribute (when one of the attributes is its minimum,
then the multi-attribute utility function is also its minimum) thenk, = 0.

4.2.4. Cross moments of disutility function

In this part, we calculate the cross moments of disutility functions
whenf(x,y) = xy . (For proof and detailed calculation see Appendix-C).
The cross moment of a bi-attribute disutility function is.

// WU (x,y)dxdy = 1 +EUsy — (1 — k)EU, — (1 — k)EU, — (k + k) (28)

So, here EU,, = | f(x,y)U(x,y)dxdy is the expected utility ofF(x,

xy€[0,1]

¥), EU, and EU, are the normalized expected utility for the marginal
distributions of variables X and Y respectively. If we interpret the
equation (28), it is the sum of one and expected utility of two variables
minus the expected utilities of each marginal variables. To explain the
meaning better, we first show the two-outcome lottery for two attribute
case and then for each marginal attribute.

First, we can find the EU,, by using the two-outcome lottery Fig. 3.

And then, the marginal expected utilities of each marginal can be
found by Fig. 4.

Therefore, we rewrite the equations (24), (27), and (2) as.

// T (e, y)dady = 1+ (1 — k)py + ks —piy 29)

//yv(x,y)dxdy =1+ —k)p:+k —py (30)
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P,,=EU,, "y

(xy)

1- pxy
x°y°)

Fig. 3. Two outcome lottery for Expected utility for two attributes.

ﬂxYU(x>Y)dXdy =1+py— (1 —k)p, — (1 —k)p: — (ke + k) (31)

Moreover, we need to elicit the corner points from the decision
maker. We again use the lotteries to find the decision maker’s indiffer-
ence probability assessments for the following two outcome lotteries
Fig. 5.

4.2.5. Interpretation of the preference constraints used in the model

In the maximum disutility entropy formulations, the preference
constraints are used in a constraint function as | : ri(x)U(x)dx = p;. Here,
ri(x) is a monotonically increasing function on the domain of the alter-
natives. As we know from the utility theory, if there are two alternatives,
there exists an equivalent two-outcome lottery, with probability p of
getting one of the alternatives and getting one another alternative with
probability (1-p). In this lottery, the decision maker is indifferent be-
tween the two alternatives as shown in Fig. 6. If the utility function of
the decision maker is normalized in a range [0,1], then the probability of
the better alternative is equal to expected utility value of this lottery.

In the maximum disutility entropy case, the preference constraint
can be interpreted as one minus decision maker’s indifference proba-

bility for a given two-outcome lottery. So, the preference constraint is j:
ri(x)U(x)dx =1 —p and can be interpreted as the decision maker’s
indifference probability for its least preferred outcome. Therefore, if we
can learn the indifference probability of the decision maker by using
lottery method, then the maximum disutility entropy method de-

termines an exponential utility function of the decision maker.

P=EU, . .

x|y
xy*<7

— x°[y’

when attribute y is its maximum
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5. Maximum disutility entropy for single and Multi-Attribute
cases

In this section, we discuss the maximum disutility entropy for uni-
variate, bivariate, and tri-variate cases. We first discuss the single
attribute case, then two-attribute case with different scenarios. Finally, a
three-attribute case will be discussed in this section.

5.1. Maximum disutility entropy for single attribute cases

The first definition is a single attribute case of maximum disutility
entropy. The maximum disutility entropy for single attribute case is
defined as.

max - / " T()log(T(x))dx
st (32)

/' r(x)U(x)dx = p; i=1,2,-n

0

Formulation (32) yields a disutility function of the form Upgeen =

6’2?71“"’(”) where Upgeen: i the maximum entropy disutility solution,
ri(x) is a given preference constraint,] ;’s are the Lagrange multipliers
that are calculated to satisfy the given constraints, andy;’s are the given
constants by the decision maker.

Example 5.1. Consider the first and the second moments of the utility
function is known. The maximum entropy disutility formulation with given
constraints is.

px
Ux)=p, (

Fig. 6. Two outcome lottery for corner point assessments.

Ux")=1

U(x°)=0

py=EUy * | *

Yy |x
yx*{
_ o

ylx

*

when attribute x is its maximum

Fig. 4. Two outcome lottery for Expected utility for each marginal.

="y

Pxe, ¥
xo}y * (

(x2,»°)

Pxxyo

x *’yo {

%"

(x,y°)

Fig. 5. Two outcome lottery for corner point assessments.
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max — /l U(x)log(U(x))dx

©

S.t.
ﬂmmpuﬁm,)ﬂ (33)
/: xU(x)dx = [(X) - (x) ];1 —p) + ()

Here, the x° and x* values show the maximum and minimum values
of attribute x, respectively. Also, p, is the decision makers’ indifference
probability of getting the best prospect in an equivalent two-outcome
lottery that only has two prospects; best and worst. Fig. 7 shows the
two-outcome lottery.

The maximum disutility entropy solution with given constraints has
the form.

U(x) = e hhr (34
5.2. Maximum disutility entropy for two attribute cases

In this part, we define two attribute maximum disutility entropies.
The two-attribute disutility function is defined as.

U(x7y> = U(xkvy*) - U(xvyﬁ) -

The maximum disutility entropy for two attribute case is defined as.

S - -
- / / U(x,y)log(U(x,y))dxdy
/ / i(x,9)U(x,y)dxdy =

The maximum disutility entropy has the formUpngyen: = € D
In general, the constraints of a two-attribute disutility function are

defined as.
/ / fle,y)U(x,y)dxdy

= [ [ v ) = vs) - U6 ) + Uy

- [ /: Fl, )UK,y dxdy — /}» /:f(hy)U(xvyﬁ) dxdy

- / / FEeU(x

=1+EU, — (1 —k)EU"

U(x',y) + U(x,y) (35)

(36)

i=1,2,-n

Airi(xy)

(37)

S

*,y)dxdy+/ / S, y)U(x, y)dxdy
o e

— (1= k)EU" — (ks + k)

where EUy, is the expected utility of bivariate distribution of attri-
butes X and Y, EUjis the normalized expected utility for marginal dis-
tribution of attribute X, EU} is the normalized expected utility for

marginal distribution of attribute Y, k, = U(x",y°) and k, = U(x°,y") are
the corner points that one attribute has its maximum value and the other

Px
Uy =1

Ux) =

U(x°) =0

Fig. 7. Best and Worst Outcome Lottery.
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attribute has its minimum value.

Example 5.2. Let’s assume a decision situation has two attributes X and Y.
We want to find a representative utility function with given constraints r; =
x, and rp =y. The maximum disutility entropy formulation for two attribute
case is.

argmax — U(x,y)log(U(x, y))dxdy

x,y€[0,1]

//xU X,y cbcdy I (38)

// yU(x,y)dxdy = p,

We can calculate the above equation by Lagrange multipliers as.

// (xx, y)log(U(x, y))dxdy — 1, //xU(x,y)dxdy —H

xyel0,1]
—A //yﬁ(x,y)dxdy —H

39

Taking the partial derivative and equating it to zero gives.

0°U(x,

# —log(TU(x,y)) — Aix — Aoy = 0 (40)
When we rearrange the above equation, it gives.

v(x y) —l;x—by
=1-U(xy) (41)

= Tlx,y)

which is independent.
Also, if we have an additional constraint [[xyuy,(x,y)dxdy = p;, and

put it into the maximum entropy formulation, then.

L(U /] (x,y)log(U(x,y))dxdy — A; //xeydxdy "

x,y€[0,1]

//yU x,y)dxdy — p, » — Ain //XyUu x,y)dxdy — iy,

(42)

The partial derivative gives expression below when we equate it to
zero.

IU(x,y) _

G =~ loe(U(xy))

—Aix— Aoy —Anpxy =0 (43)

When we rearrange the above equation, it gives.

— 6*311*42,%112&\'

U xY) =
(: e)*ll)‘e*izyefilzxy (44)

The above expression for multi-attribute disutility function in-
corporates utility dependence. This functional form is an extension of
the product of two exponential marginal utility functions and it includes
the utility dependence among them with the third constraint which is
the cross-moment constraint. When the Lagrange multiplier 1;, in (44)
equals to zero, then the solution is same as the product of two expo-
nential marginal utility function which are mutually utility
independent.

As a result, if we only assess a utility function with mutual utility
independence among attributes, we need the first moments of marginal
utility functions of two attributes which are the expected utility of each
attribute. If we want to incorporate utility dependence between
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attributes, then we can assess the utility cross moment as an additional
constraint which is the expected utility of two attributes.

In all of the analysis, we assume that the utility functions are
normalized from one (worst outcome) to one (best outcome). Here, in
the constraint formulation EU,, is the decision maker’s indifference
probability of an equivalent two-outcome lottery that has only two
outcomes; the best (x*,y") and the worst(x°,y°) . Moreover, EU, and
EUy,, are the decision maker’s indifference probability for equivalent
two-outcome lotteries of the marginal distributions of X and Y respec-
tively. Finally, k, = U(x",y°) and k, = U(x°,y") are the corner points
that one attribute has its maximum value and the other attribute has its
minimum value. Now, we show the two-outcome lotteries of EUy,, EUy,
EU, and corner points k, and k, that we need to elicit from the decision
maker.

Fig. 8 shows the equivalent two-outcome lottery that has only two
outcomes; the best (x*,y") and the worst(x°,y°). Here, the probability p,,
is the expected utility of bivariate distribution of attributes X and Y.

Finally, Fig. 9 shows the equivalent two outcome lotteries of corner
points. The equivalent two-outcome lottery that has only two outcomes;
the best (x",y") and the worst(x°,y°). In that case we ask the decision
maker what is the probability that you are indifferent between a two-
outcome lottery that has only the best (x*,y") and the worst (x°,y°)
outcomes and an outcome that one attribute has its maximum value and
the other attribute has its minimum value.

5.3. The functional forms of two attribute maximum disutility functions

We discuss the functional forms of two attribute maximum disutility
functions in two different cases. First, we discuss the case that no further
information about the multiattribute disutility functions is available
expect the bounds on each attribute and the constraints that include
information about only one attribute,

filx,y) = x and fa(x,y) =y (45).

In the second case, in addition to the constraint f; (x,y) andfz(x,y), a
third constraint which includes information from both attributes, cross-
moments are incorporated into the maximum entropy disutility formu-
lation.

f3(x,y) = xy (46)
5.3.1. First Case:
Here, first we consider the case where only f1 (x,y) = x and f2(x,y) =

y moment constraints are known. In this case, the maximum disutility
entropy formulation is.

R
argmaxf/ / U(x,y)log(U(x, y))dxdy
v Jyo
s.t.

Vot 1+EU, — (1 —k)EU, —k, 47
/ / xU(x,y)dxdy = +EUy —( )EU, z “7
o e 2

Voo 1+EU, — (1 — k)EU, — k.
/ / yU(x,y)dxdy = Al 5 EU,

o e

and this formulation yields a disutility function of the formUpaeen: =

Py U(x*,y*) =1

Uxy) =py

U@xe,y°) =0

Fig. 8. Equivalent two outcome lotteries of marginal distributions.
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67;‘0 7/11xf?.2y'

Ulx,y) = e e hie™
= Ux (x) U)‘ (y)

The solution to this case is well-known in maximum entropy litera-
ture and yields a two-attribute disutility function equal to the product of
the marginal survival functions.

If we derive the two-attribute disutility function, then we have the
joint utility density function.

ux,y) = ue(x)uy(y) (49)

The first case shows that the maximum entropy disutility function
assumes utility independence between attributes if the constraints
include information from only one attribute. If more information is
available about the attributes and utility function, such as cross mo-
ments, it can also be added to maximum entropy formulation. In the
second case, we show the maximum entropy disutility formulation if we
additionally know the cross moments of disutility function.

(48)

5.3.2. Second Case:
Now, we consider the case we additionally know the constraintfs(x,
y) = xy. In this case, we attach the third constraint.

/' / xyU(x,y)dxdy = 1 +EU,, — (1 — k)EU, — (1 — k,)EU, — (k, + k)
L
(50)

to the maximum disutility formulation and we have.

R
argmax—/ / U(x,y)log(U(x,y))dxdy
v Jxo
s.t.

2

v 1 +EU,, — (1 —k)EU, — k,
//yU(X-,y)dxdy: *EUy — (L= kB,
o e

o L +EU, — (1 —k)EU, —k,
//xU(x,y)dxdy: FEUy = (kB
¥y Jxe

2

[ [ w0t)asdy=1+ BV, - (1~ K)EU, - (1-k)EV, - (6 +K)
(51)

and this formulation yields a disutility function of the formUqeen: =
e Ho—MX—doy—A3xy

If we derive the two-attribute disutility function, then we have the
joint utility density function.

u(x,y) = [Mida + hidsx — 23 + Jodsy + (3) axy] e Hir—h (52)

shows that there is a relationship between attributes and they are not
independent.

5.4. Disutility entropy for three attribute cases

In this section, we calculate the maximum disutility entropy for three
attribute cases. First of all, we write down the three-attribute disutility
function as.

Uley2) =U(,y,2) UKy, 2) — U, 3,2) —Uxy,2) (53
+UK 3,0 + UMy 2 + Uy, 2) + Uy, 2)

Then, we consider a three-attribute case and solve the three-attribute
case by using maximum disutility entropy approach by using our pro-
posed approach. Here, we assume that we elicit the information from the
decision maker and use this information as our constraints in the model
by using the lottery method as below decision tree and ask questions to
decision maker to elicit his preferences over best and worst alternatives
respect to other alternatives using the decision tree below (Fig. 10).

In general, the constraints of a three-attribute disutility function are
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px*,y"
Uiy =1

U(x"y°)

U@e,y?)=0
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px",y*

Uty =1

U(x°,y")

U(xo’yo) = ()

Fig. 9. Two outcome lotteries of corner points.

defined as.

/ / / f,y,2)U(x,y, 7)dxdydz

[ [ st

+ / / / Tﬁf(x.,y,z)[U(x
=1

= EUy. + (1 = k)EU; + (1
_(1 - k)‘z)EU; - (1 - kxz)EU; - (1 - kX,\‘)EU;I +

&y, ) = U,y ,2) - U, y,2")

- k}')Eng +
(ky + ky + k) —

(1 - k)EU,,

After calculating the constraints of the model based on the infor-
mation elicited from the decision maker, we write down the maximum
disutility entropy model as.

max 7/~ / / U(x,y,2)log(U(x, y, z))dxdydz
o Jy Je
s.t
/ / / f, X2 x V.2 )dXdydz =y

Maximum entropy disutility

(55)

i=1,2n

—U(x,y",2")]dxdydz

(54

32+ U y,2) + Ux,y,2) + Ulx,y, 2)ldxdydz

(ky + Ky + ky2)

Thus, the maximum disutility entropy has the formUmen =

e 2179 The model can be extended to multiattribute cases in the
same analogy. Here, the advantage of our model is to use all kind of
utility functions in our model due to the advantage of using cumulative
utility functions instead of using utility density function as the analogy
between probability functions and utility functions. Therefore, in our
approach we use multiattribute utility functions in entropy expression
which are always nonnegative which helps to apply entropy principle to
multiattribute cases without any assumption.

We now compare the maximum entropy utility and maximum
disutility entropy principle by a two-attribute utility function.

Maximum entropy utility

argmax — | U(x,y)log(U(x,y))dxdy

x.y€[0,1]

_ s.t.
[xT(x,y)dxdy = py
JyUCx,y)dxdy = uy

[TxyUsy (x,y)dxdy = 12

by Lagrange multipliers.

xye[() 1]

L(U(x.y)) I Ulx,y)log(U(x, y))dxdy — 1 { J[xU(x,y)dxdy — m}

—2 {f/yl—f(xwdxdy - /42} — 2 { JxyUsy(x,y)dxdy — iy, }

The partial derivative gives expression below when we equate it to zero.
PLOXY) _
oxay

When we rearrange the above equation, it gives.

U(x,y) — e~hx—day—daxy-1 _ e""‘e”‘zye”“zxye’lu(x,y) -

—log(U(x,y)) =1 —A1x —Agy —A1axy =0

M2 + 11d3x — A3 + A2dzy +

(/{3)2)0, e~ MX—loy—laXy

u(x, y)log(u(x,y))dxdy

argmax — Jf

xye[0,1]
s.t.

[xu(x,y)dxdy = py
Jyu(x,y)dxdy = p,
Jeyusy (x.y)dxdy = s
Ju(x,y)dxdy =1 u(x,y)>0
by Lagrange multipliers.

Llu(x J

xyEOl]

A2 {//yu(xvy)dxdy — Ha } — iz {f/xyu(xy)dxdy - .“12} ) {//u(xy)dxdy -1 }

The partial derivative gives expression below when we equate it to zero.

O"L(u(x.y)) _

oxdy
When we rearrange the above equation, it gives.
u(x,y) — e~hX—hay—hxy—1-do — g=hXg—h2ye—h2Xye—1-lo

u(x,y)log(u(x,y))dxdy — /ll{jxux Ydxdy — ;41}

—log(u(x,y)) =1 —A1x —A2y —A12Xy —4o =0
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Pxyz

U@y zh=1

U(x,2)

U(xo’ ya, Zo) = 0

Fig. 10. Three outcome lottery for corner point assessments.
6. Application of maximum disutility entropy

We now apply our method to a party problem which was first
introduced by Howard in MS & E 252 Class notes at Stanford University.
In this example, a student at Stanford University is planning to arrange a
party with three decision alternatives as outdoor, porch or indoor. On
the other hand, Kim is uncertain about what the weather will be like on
the party day. The weather on the party day can be sunny or rainy which
are used as state variable in the decision problem. The corresponding
decision tree of Kim’s party problem is shown in Fig. 11.

In this party decision problem, Kim has 6 different alternatives and
she assign values and corresponding utilities to each alternative as
shown in Table 2. In this example, Kim prefers to arrange a party out-
door. If the weather is sunny than this alternative is the most favorable
alternative for Kim. On the other hand, if the weather is rainy once Kim
choose to arrange the party outside, this alternative is the least favorable
option for him. Based on his preferences, utility value of “1” is assigned
to best alternative (O-S), and utility value of “0” is assigned to worst
alternative (O-R). Other 4 alternatives are assigned based on the lottery
method.

In this example, normally Kim has a utility function but let’s assume
that we don’t know his utility function and our aim is to decide his
maximum disutility entropy function over the values of the alternatives.
So, the maximum disutility entropy formulation is determined by using
the utility values of the alternatives that he is facing as a nonlinear
optimization problem and formulized as.

Computers & Industrial Engineering 169 (2022) 108189

100

/ U(x)InU(x)dx

U e (X) = argmax | —

S}

s.t.
50 90
T(x)dx = 0,33 / T(x)dx = 0,05

0 0

(56)

40 20

/U(x)dx = 0,43/U(x)dx =0,68
0 0

0<URX) <1

where the right-hand side values of equation are calculated by using
the utility values of Kim from Table-2. For instance, the “indoor-rainy”
option has a value of 50 and its corresponding utility value is 0,67. So,
the disutility value of y;, =1—-0,67 = 0,33.

When the nonlinear optimization model in Equation (56) is solved,
we find the solution in exponential form as.

000 =r50(x)21 =190 (X)d2 —rao (¥)43 =120 (x)A4 =1

(57)

where /; is the Lagrange multiplier for the given constraint and r; is
the the given utility preference constraint. Based on the Kim’s utility
values and corresponding degree of satisfaction values, we compare
Kim’s maximum disutility entropy function and his utility function
based on the given alternatives.

We can easily see from Fig. 12 that the maximum disutility entropy
function of Kim is consistent with his utility function. In the degree of
satisfaction range of [20,60], maximum disutility entropy values show a
bid risk averse behavior then original utility function, however
maximum disutility entropy approach assume a good approximation to
Kim’s utility function.

The maximum disutility approach provides a unique utility function
that does not make any prior assumptions about the functional form of
the utility function and the structure of utility function is determined by
available preference information constraints ry(x).

Sunny
Outdoor

Rainy

Sunny
Indoor

Rainy

Sunny
Porch

Rainy

Fig. 11. Decision tree of Kim’s party problem.
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Table 2
Utility Values for Alternatives of Kim’s decision problem.

Computers & Industrial Engineering 169 (2022) 108189

Value (Degree of Satisfaction)

Utility Value

Alternatives

Outdoor-Sunny (O-S) 100
Outdoor-Rainy (O-R) 0
Indoor-Sunny (I-S) 40
Indoor-Rainy (I-R) 50
Porch-Sunny (P-S) 90
Porch-Rainy (P-R) 20

1
0
0,57
0,67
0,95
0,32

Kim's Disutility Function vs Kim's Maximum Disutility Entropy Function

[uN

© o o o
o N o ©

0.5

Disutility Value
© o o
N w =

o
-

o

10 20 30 40

50

60 70 80 90 100

Value - Degree of Satisfaction

Kim's Disutility Function

eeeee Kim's Maximum Disutility Entropy Function

Fig. 12. Comparison of Kim’s Disutility Function and Maximum Disutility Entropy Function.

7. Conclusion and future work

In this paper, we have expressed the analogy between utility and
probability and defined maximum entropy distribution over utility
functions. Because the sign of the cross derivative of multiattribute
utility function can be negative, we showed how to use multiattribute
utility functions in entropy expression instead of using cross derivatives
of utility functions. Also, we don’t need to assign a utility function over a
value function for multiattribute cases. We can directly use the multi-
attribute utility function in this new maximum utility entropy
formulation.

We showed the discrete and continuous cases of the maximum
disutility entropy expression and gave an example to familiarize the
decision makers with maximum disutility entropy approach when there
are two attributes. The analogy between utility and probability and new
entropy measurement’s ability to apply multiattribute cases provides
several directions for future research.

In the future work, the maximum disutility model will be extended to
various approximations as the number of attributes will be increased,
the number of outcomes of each attribute will be increased and different
level of dependence structures will be analyzed. Also, different combi-
nation of these cases will be examined and sensitivity analysis will be
made among attributes and utility functions for these cases.

11

In addition, the proposed model provides insight regarding the in-
dependence and dependence in different scenarios with partial infor-
mation. The maximum disutility entropy model will be analyzed to see
effects of dependence on the accuracy of the model and its results in
decision problems by simulating a different number of attributes and its
outcomes.

Future research will also be concerned with probability-utility
analogy to apply probability rules to utility, using the cumulative form
of utility functions. For instance, mutual disutility information and
Kullback-Leibler disutility divergence formulations can be expressed in
the same analogy. Mutual information formulation and Kullback-Leibler
divergence require cross-derivatives of functions and a new formulation
based on utility functions would be defined using the cumulative
disutility entropy function. Another direction for the future research
would be to estimate higher order utility functions when lower order
utility assessments are available.
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Appendix A

Calculation of First Moment whenf(x,y) = x.

-://f(x,y)v(x,wdxdy - //f(x,y)[l — U(x,y)ldxdy
= [[F(x, y)dxdy — [[f(x,)U(x, y)dxdy 8)
=1- Hf(xvy)U(x7Y)dXdy

The right-hand side of the equation (58) is the one minus the expected utility. We can write down the equation (58) separately to solve it for each
attribute separately.

/U] /Olf(x,y)U(x,y)dxdy = /0] { /0] xU(x,y)dx}dy (59)

First of all, we work on the equation between brackets. And we use integration by parts and we assign u = x—du = dxanddv = U(x,y)dx—v = U(x,
¥)-

1 A 1
o [ v =svlin) - [ vt
0 0

1 (60)
:U(xivy)i/ U(X,y)dx
0
We insert the equation (60) and we have.
1 1
V= / {U(x*,y) - / U(x,y)dX}dy
10 01 1 (61)
V= / U(x',y)dy — / / U(x, y)dxdy
0 0 0
The first part of the eq. (61) is not normalized; so, we first normalize it. Using the definition of marginal utility.
o ULy -UE YY) UKLy —k o
“UGX) = (x 7y) (x *7}10) = (x,y) =k where ke = U(x",y")
Ulx,y) = Ux,)") 1 -k (62)
"'U(xﬁﬁ)/) = (1 - kX)U_v\x‘ (y) +kx
We now make the following substitution into (58) and with calculus, we get.
1 1
/ / S, U (x,y)dxdy =1 = [(1 — k,)EU,» + k] — [1 = EUy] 63)
0 0
= =EU, — (1 — k)EU, —k,
And finally, we have.
.'.//f(x7y)v(x7y>dx‘iy =1+ (1 - kx)EUy\x" +ke _EUA}' (64)
Appendix B
By symmetry, and using the same logic as Appendix 1, we can also write equation (26) by exchanging f(x,y) = x withf(x,y) =y.
Appendix C
Calculation of First Moment whenf(x,y) = xy.
[T s = [[ el = UG sy
b (65)

= ‘Hf(xa Y)dXdy - ﬂf(x7Y)U(x7Y)dXdy
=1~ [[f(x,»)U(x,y)dxdy

The right-hand side of the equation (65) is the one minus the expected utility.
We first calculate the second term in (65) to solve it for each attribute separately.

/U] /Olf(x,y)U(x,y)dxdy = /0] y{ /0] xU(x,y)dx}dy (66)

First of all, we work on the equation between brackets. And we use integration by parts and we assign u = x—du = dx anddv = U(x,y)dx—v = U(x,
).

12
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o [ e = v nis - [ v

We insert the equation (67) into (66) and we have.

/ ly{U(x*,y) -/ 1 U(x,y)dx}dy

1 1 1
v= /0 YU, y)dy — /0 /0 YU (x, y)dxdy

Again, we apply integration by parts second term of RHS of (68) and we

1
/ W
0

. 1
(6, y)dy = yU(x,y) [y — / Ul(x,y)dy
0

Computers & Industrial Engineering 169 (2022) 108189

(67)

U(X*vy) - /0 U(xvy)dx

(68)

assign u = y—du = dy anddv = U(x,y)dy—v = U(x,y).

(69

= U(xvy*) _/0 U(x7y)dy

Then, we combine (68) and (69) and.

...:/01 yU(x",y)dy — /0] [U(x,y*)—/o1 U(x,y)ﬂly]dxt':/o1 yU(x*,y)dy—/0

1

So, cross moment of disutility function is.
ﬂfﬁG@wU@ww@:lfﬂfbw%wfhfuf@W@Vf@+ﬂ@
And finally, we have.

~%ﬂ@mﬁ@»m¢:1+ﬂ@—u—@wqw—u—@w@y—@+@)
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