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Abstract: In this paper, we consider existence criteria of three positive solutions of three-point boundary value problems
for p-Laplacian dynamic equations on time scales. To show our main results, we apply the well-known Leggett—Williams
fixed point theorem. Moreover, we present some results for the existence of single and multiple positive solutions for
boundary value problems on time scales, by applying fixed point theorems in cones. The conditions we used in the
paper are different from those in [Dogan A. On the existence of positive solutions for the one-dimensional p-Laplacian

boundary value problems on time scales. Dynam Syst Appl 2015; 24: 295-304].
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1. Introduction
The investigation of dynamic equations on time scales goes back to its discoverer Stefan Hilger [19], and it is
a new field of theoretical research in mathematics. In recent years, the boundary value problems (BVPs) for
dynamic equations on time scales have been noticeably studied [1-7, 11-14, 17, 18, 24-30]. The topic is inspired
by the conception that dynamic equations on time scales can establish connections between continuous and
discontinuous mathematics. Additionally, the work of time scales has contributed to many significant practices,
e.g., in the work of insect population models, stock market, heat transfer, wound healing, and prevalent models
[10, 20, 23].

In [2], Anderson studied the existence of one positive solution of the following dynamic equation on time

scales:
utY (t) + a(t) f(u(t) =0, t € (0,T)r,

u(0) =0, au(n) = u(T),

where a € Cj4(0,T) is nonnegative, f : [0,00) — [0,00) is continuous, n € (0,p(T)), and 0 < a < T/n.
He found some results for the existence of one positive solution of the above problem constructing the limits

fO = lirnu~>0Jr @ and foo = limy, 00 @

In [4], Anderson et al. studied the following BVP on time scales

(@p(u™())Y + c(t) f(ult)) =0, t € (a,b)r,
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u(a) — Bou®(v) = 0,), u®(b) =0,

where v € (a,b)r, f € Cia([0,+00),[0,+0)), ¢ € Cia([a,b],[0,+0)), and K,z < Bo(z) < Kprx for some
positive constants K,,, Kj;. By using a fixed-point theorem of cone expansion and compression of functional
type, they established the existence result for at least one positive solution.

In [13], Dogan investigated the following p-Laplacian BVP on time scales
(0p(u(0)))Y + a(t) f(t,ult), u®(t) = 0, t€10,T]r,

u(0) — Bo(u™(0)) =0, u(T) =0,

where ¢,(u) = |ul? ~2u, for p > 1. We proved the existence of triple positive solutions for the one-dimensional
p-Laplacian BVP by using the Leggett—Williams fixed-point theorem.The appealing significance in our paper
is that the nonlinear term f is included with first-order derivative precisely.

In [17], by using a double-fixed point theorem due to Avery et al. [8], He studied the existence of at least

two positive solutions for p-Laplacian three-point BVP:
(0p(u®(®)))Y + a(t)f(ult)) = 0, t € [0, T]r,
satisfying the boundary conditions

u(0) — Bo(u®(n)) = 0, u?(T) =0,

or

where 1 € (0, p(T'))r.
In [29], Sun et al. studied the eigenvalue problem of the one-dimensional p-Laplacian three-point BVP

(6p(u (1)) + AR(t) f(u(t)) = 0, t € (0,T)r,

u(0) — Bu™(0) = yu®(n), u®(T) =0.

They established some adequate assumptions for the nonexistence and existence of at least one or two positive
solutions by using the Krasnosel’skii’s fixed-point theorem in a cone.

In this paper, we study the following BVPs:
(1) We discuss the existence of at least three positive solutions to the following p-Laplacian BVP on time scales
(@p(u® (1)) +w(t) f (u(t)) =0, t€10,T]r, (1.1)

u(0) — aru®(0) = azu®(€), u®(T) =0, (1.2)

where ¢, (u) is p-Laplacian operator, i.e., ¢,(u) = |u|’"?u, for p > 1, with (¢,) "' = ¢, and 1/p+1/q = 1.
For general basic ideas and background about dynamic equations on time scales we refer the reader to
[9, 10, 15].
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(2) We examine the existence of one and many positive solutions to the three-point BVP on time scales
uBY () + w(t) f(t,u(t) =0, te(07T)r, (1.3)
u(0) — aqu®(0) = agu®(€), u®(T) = 0, (1.4)
where ay, a0 >0, £ € (0,p(T)).

Motivated by the work described above, in this paper, we deal with the existence of positive solutions to
BVPs (1.1),(1.2) and (1.3),(1.4). Our purpose in this work is to apply the fixed point theorem in cones. Our
conceptions are analogous to those used in [13], but a little different. By applying Leggett—Williams fixed-point
theorem, we have achieved novel results that are different from the earlier results. To the best of our knowledge,
no one has investigated the existence of positive solutions to BVPs (1.1),(1.2) and (1.3),(1.4).

2. Preliminaries
Definition 2.1 Let E be a real Banach space. A nonempty, closed, convex set P C E is known as a cone if

it satisfies the two assumptions:
(i) we P, A\>0 implies Mlu € P;
(i) we P, —u € P implies u=0.
Note that every cone P C E induces an ordering in E presented by x <y if and only if y —x € P.

Definition 2.2 A map « is said to be a nonnegative continuous concave functional on a cone P of a real

Banach space E provided that a: P — [0,00) is continuous and
a(ter+ (1 —t)y) > ta(x) + (1 —t)a(y)

Vz,y € P and t € [0,1].

Let r1,79,73 > 0 be constants. Note that
P,={ueP:|ul| <rs}, Playri,ra) ={ue€P:alu)>ry, |ul<r}.

Finally, we end this section by recalling a preliminary theorem, the Leggett—Williams fixed-point theorem

[22], which we shall use to prove our existence results.

Theorem 2.3 Let F : P,, — P,, be a completely continuous map and 1) be a nonnegative continuous concave

functional on P such that ¥ (u) < ||ul|, Yu € P,,. Assume that there exist 11,719,714, with 0 <14 <71 <79 <73
such that:

(A1) {u € P(¢¥,r1,7m2) : Y(u) >r} #0 and Y(Fu)>r for all ue P(y,r1,72);
(A2) ||Ful| <ry forall ue P,;

(A3) Y(Fu)>mr forall we P(p,r,rs) with ||Ful > rs.

Then F has at least three fixed points wuy,us,us satisfying

[ua]] <74, 1 < (ua), l[ug|| > 74, P(ug) <71
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3. Existence of positive solutions to BVP (1.1) and (1.2)

We will use the following assumptions in our main results:
(H1) f:R — (0,400) is continuous;

(H2) w: T — (0,400) is left dense continuous ( i.e. w € Ciu(T, (0,+00))), and does not vanish identically
on any closed subinterval of [0, 7]y, where Ci4(T, (0,400)) denotes the set of all left dense continuous

functions from T to (0 i t) = t) = d :
unctions from T to (0, 400), telféf%?w() bp(ma), ten[g%ww() dp(mz), and my < ma;

(H3) ai,aq are nonnegative constants, £ € (0, p(T)).

Let u2V(t) <0, for t € [0, ), . Then u is concave on [0, T]r.

Let E = C5([0,T)r, R) with the norm
Jeall = max {ull, w1},

where ||lull, = sup |u(t)|, |[u?], = sup |u®(t)|; clearly E is Banach space. Choose the cone P C E
tE[O,T]T tE[O,T].ﬂ.k

defined by

P= {u € E : u is nonnegative, increasing and concave on [0, T]T}.

Lemma 3.1 Suppose that (H3) is satisfied. If y € Cy4[0, Ty, then the BVP
(Gp(w™()Y +y(t) =0, te0,T]r, (3.1)

u(0) — aqu™(0) = au®(€), u®(T) = 0, (3.2)

has the unique solution

+a1¢q (/OT y(TWT) + 2 (/: y(TWT) : (3:3)

Proof Integrating (3.1) from ¢ to T and using the second condition of (3.2), one gets

T
uA(t) = ¢q (/t y(T)V7'> . (3.4)
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Using the first condition of (3.2), we get

u(0) — a1, ( / : ymvT) = ase, ( /6 ' ymvT) .

Hence,

T T
u(0) = a1 ¢y (/0 y(T)VT) + a2, (/5 y('r)VT) : (3.6)

Substituting (3.6) in (3.5), we find

u(t) = /O b, ( / ' y(r)v7> As
+a19, (/OTy(T)VT> + oy (/ﬁT y(T)V7'> )

O
Lemma 3.2 Let aj,as > 0. If y € Cy[0, T|r and y > 0, then the unique solution w of BVP (3.1) and (3.2)

satisfies

u(t) >0 for te0,T]r.

Proof In view of Lemma 3.1, one has that

w(0) = a1, ( /O Ty(r)Vr) b ) ( /E \ y(r)vf> >0,

and

u(T) = /OT 0q </8Ty(T)VT> As
+a1d, (/OTy(T)VT> + azgy (/; y(TWT) > 0.

If t € (0,T)r, we have

u(t) = /Ot g (/fy(ﬂ%) As
+arpq (/OT y(T)VT) + a0y </§Ty(T)VT> > 0.

Therefore, u(t) >0, t € [0,T)r. This completes the proof of the lemma. O
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It is noted that u(t) is a solution of the problem (1.1) and (1.2) if and only if

ut) = /¢> ( /fw(r)fwm)vf) As

T T
iy (/ w(r)f(u(r»vf)qu ( /6 w(r)f(U(T))VT>~

Define a completely continuous integral operator A: F — E by

t T
(Auw)(t) = /Oqu (/ w(T)f(u(T))VT> As

T T
+ai10, (/0 w(T)f(u(T))VT> + andy (/g w(T)f(u(T))VT> .

Lemma 3.3 A: P — P.

Proof VYue P, Au€ E and (Au)(t) >0, V¢ € [0, T]r. In fact
T
(Au)>(t) = ¢4 (/t w(T)f(U(T))VT> > 0.

Clearly, (Au)?(t) is a continuous function, (Au)®(t) >0, so (Au)(t) is increasing on [0, T]t.

If t € [0,T)prqr,, then (Au)2V(t) < 0, which implies that Au is concave on [0,T]r. Thus, Au € P,
A:P— P O

Let v € T be fixed such that 0 < £ <v < T. Let ¢ : P — [0,00) be the nonnegative continuous concave

functional on P. We define

Y(u) = min wu(t), Yue P.
tel§,vly

For notational convenience, we denote A\; and Ay by

T 3
M= (T + a1+ a2)dq (/0 w(T)VT> . A= (V4 o+ a)g, </0 w(T)VT> .

We are now ready to present growth conditions on f so that BVP (1.1) and (1.2) has at least three positive
solutions.

Theorem 3.4 Suppose that there exist nonnegative numbers 11,719,713, and ry such that 0 < ry < r; <
mi(v+aq + ag)
mo (T —+ a1 —+ 042)

ro <19 <rg and assume that f satisfies the four assumptions:

(B1) f(u) < ¢p(ra/X1) for we[0,ryl;
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(B2) f(u) < ¢p(rs/X1) for uel0,rs);

(B3) f(u) > ¢p(ri/A2) for we [ri,ra];

1 T
(B4) mln]f(u) X ¢p(m2/m1)/ w(T)V7T > max f(u) X/o w(r)VT.

u€l0,rs 0 u€[0,73]
Then BVP (1.1) and (1.2) has at least three positive solutions uy,us and ug satisfying

luall <7ay  ro <WP(uz),  usll > 7ra,  (us) <ri.

Proof Firstly, we prove that if there exists a positive number R such that f(u) < ¢, (R/)\l) forall 0 < u < R,
then APR C PR.

In fact, if u € Pg, then, according to Lemma 3.3, one has APr C P. Additionally, if Vu € Pg,
0 <u < R, then one has that

|Au| = /O(bq (/ w(T)f(u(T))VT> As
T T
a1Qq w(7) f(u(r))Vr Qa2 Qq w(7) f(u(r))VT
+1¢</S () (u(r)) >+2¢<L () (u(r)) )‘
T T T
< /Oqu (/ w(T)f(u(T))VT> As+ ai1¢, (/ w(T)f(u(T))VT>
T
sty ( /E w(T)f(u(T))VT>
T T T
< / b, (/ w(T)f(U(T)WT) As +ard, ( / hmf(um)vT)
+asd, ( / w(T)f(U(T)WT)

= (T+ a1+ a)d, </0 w(T)f(u(T))VT>

T
< %(TJFOH + a2)¢q (/O w(T)VT>
- R
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T
b0 (/ w(T)f(U(T))VT>|
T
b ( / w(¢>f(u<¢>>v7>
2 (/ wmvT)ﬁ

R
(T+C¥1 +042)

< R

(Au)®| =

IN

IA

Thus, ||Aul| < R, which implies that AP C Pg.
Consequently, we have clarified that if (B1) and (B2) are satisfied, then AP,, C P,, and AP,, C P,,.
Secondly, we show that {u € P(¢,r1,7m2) : ¢(u) > m} #0 and ¢(Au) > 1 for wu € P(,ry,re).
14T 1+ T2
2 7 2
addition, Yu € P(1),r1,72), we get 1 < u(t) <ry, and for t € [0,v]r; from B3, we have

Indeed, set u =

lul| = < g and t(u) > ry. Therefore, {u € P(¢,71,72) : P(u) > r1} # 0. In

P(Au) = (Au)(v

)
= /OU bq (/T w(T)f(u(T))vT> As+ a1d, (/OT w(T)f(u(T))VT>

vV
O\C
-

2
~/
o\

VayY
£
-y
g
S
<
\‘
~_—
>
)
+
2
<
[t}
7N
o\;
oy
£
2
=
=
2
<
\]
~

&
A, ( / w(T)f(u(T))VT>

13
= (v+ a1+ a)d, (/0 w(T)f(U(T))VT>

, ¢
> /\—;(U + a1 + az)d, (/0 w(r)Vr)

= T1.

Hence, it implies that ¥(Au) >y for w € P(¢,ry,72).
Lastly, we show that ¥(Au) > ry, forall w € P(y,r1,7r3) and ||Aul| > ro. If uw € P(¢p,7r1,r3) and
|Au|| > 72, then 0 < u(t) < rs, ¢t € [0,T]r and from condition B4, one has

¢p<@) /ng(T)f(u(T))vw/OTw(T)f(u(T))vT,

mi
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which can be written as

Therefore,

B(Au) = (Au)(v

vV
o\g
-

=}
/N
c\
Ay
£
-
=
=N
N
<
\]
~
>
»
_l’_
Q
=
<
_Q
~—
N
A"
=
-
=
=
2
<
\“
~

IV
<
+
2

+
S

=

—

mi(v+ ay + as)
o(T + a1 + a2)

T
(T4 oq + az)g, </0 w(T)f(u(T))V7'>

3

(
(
mi(v+ a1 + ag)
mz(T + a1 + as
(
(

> [ Au
)
mi(v+ a1 + asg
> T9
mo(T + oy + 042)
Z r1.

All the conditions of Theorem 2.1 hold. Hence BVP (1.1) and (1.2) has at least three positive solutions

uy,uz, and ug satisfying

Jurl| <ray ro <9p(ug),  usll >, Plus) <71

4. Existence of three positive solutions to BVP (1.3) and (1.4)

Throughout the paper, we assume that the following assumptions hold:
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(H1) f:(0,T) x [0,00) — [0,00) is continuous;
w:

(H2) (0,T) — [0,00) is left dense continuous such that w(tg) > 0 for at least one ty € [£,T);

(H3) ai,aq are nonnegative constants, £ € (0, p(T)).
Lemma 4.1 Let h € Cyq[0,T]y. Then the BVP

ulV (t) + h(t) =0, te (0,T)r, (4.1)
u(0) — aqu®(0) = agu®(€), u®(T) = 0, (4.2)

has the unique solution

u(t) = —/0 (t —71)h(1)VT +t/0 h(T)VT
T 3
+(aq +a2)/0 h(T)VT — a2/0 h(T)VT. (4.3)
Proof By (4.1) we get
u(t) = — /0 (t — T)h(7)VT + Cit + Cs.

By simple calculations, we can obtain

’LL(O) = 02, UA(O):Cl,

<
>
™

I

3 T
—/ h(T)VT + Ch, u?(T) = —/ h(T)VT + Ci.
0 0
Combining this with boundary conditions (4.2), we conclude that
T
C, = / h(T)VT,
0

Cs

T 13 T
al/ h(T)VT—OéQ/ h(T)VT—i—ozg/ h(T)VT.
0 0 0
Therefore, BVP (4.1) and (4.2) has a unique solution
¢ T
u(t) = f/ (t—T)h(T)VTth/ h(T)VT
0 0
T €
+(oq + ag)/ h(T)VT — 042/ h(T)VT.
0 0

We can easily see that BVP w2V (t) = 0,u(0) — a;u®(0) = azu®(€), u®(T) = 0 has only the trivial
solution. As a result, u in (4.3) is the unique solution of BVP (4.1) and (4.2). O

1285



DOGAN/Turk J Math

Lemma 4.2 Let ay,as > 0. If h € C1q[0,T)r and h > 0, then the unique solution uw of BVP (4.1) and (4.2)

satisfies

u(t) >0 for tel0,T)r.

Proof In view of Lemma 4.1, one has that
T 3
u(0) = (a1 + ag)/ h(T)VT — ag/ h(T)VT
0 0

(o1 + a2) /OT h(T)VT — s /OT h(T)VT

T
al/ h(T)VT >0
0

Y

and
WT) = - /OT(T () VT 4+ T/OT h(r)Vr
+(o1 + a2) /OT h(T)VT — g /0E h(T)VT
= /OTTh WVt + (g +0é2)/0T hT)VT — as /Oé hT)VT

T

i T
Th(T)VT + (01 + ag)/ h(T)VT — ag/ h(T)VT
0 0

vV
S—

T T
Th(T)VT + a3 / h(T)VT
0

Il
o

g
(T 4+ a1)h(T)VT > 0.

Il
o\

If ¢t € (0,T)r, we have

<
—~

~~
~—

I

—/(t—T VT—Hf/ h(t

+(a1+a2)/0T (r )VT—CYQ/O h(T)VT

- t/oth(T)VT+/()tTh(T)VT+t/()T h(r)VT

Y

—t/OT h(T)vT+/0t Th(T)vTH/OT h(r)VT
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Hartan) [ 1e)Vr—as [ nr)vr

¢ T
= / Th(T)VT + al/ h(T)VT > 0.
0 0

This shows that u(t) > 0 for ¢t € [0, T]r and completes the proof. O

BVP (1.3) and (1.4) has a solution v = u(t) if and only if w is a fixed point of the operator equation

Su(t) = —/0 (t — Nw(r) f(r,u(r))VT +t/0 w(T) f(r,u(r))VT

T 13
+(an + a2) / w(r) f(r, u(r) V' — / w(r) £ (ryu(r)) V- (4.4)

Lemma 4.3 Let 0 < &< T. If h € C14[0,T]r and h > 0, then the unique solution uw of BVP (4.1) and (4.2)
satisfies inf u(t) > v||lul||, where
fies _inf u(®) = 5ul

V= Jull = sup [u(t)].

£
T t€[0, Tt

Proof Because 0 > u”V (), we have that u”(t) is nonincreasing. Accordingly, for ¢ € [0, T]r, one can write
¢
u(t) —u(0) = / u® (T)AT > tuP (),
0

T
w(T) — u(t) = /t WA (1)AT < (T — ud (b).

Solving the above inequalities, we obtain

Hence, it follows that

Let B be the Banach space Ci4[0,T] with the sup norm. Describe a cone P in B by

= Tu > i >
P {u €eB:u> O’tefgng" u(t) > 7||u\|},

Tt

where vy = % Clearly, P is a cone in B. In addition, from Lemma 4.3, S(P) C P. We can easily see that
S :P — P is completely continuous. O

Lemma 4.4 ([16, 21]) Let P be a cone in a Banach space B and D be an bounded open subset of B with

Dp=DNP#0 and Dp # P. Let S : Dp — P be a completely continuous map such that uw # Su for
u € 0Dp. Let ip(S,Dp) denote a fized point index. Then the following results are satisfied.
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(i) If |Sull < Jull, w € ODp, then ip(S, Dp) = 1.

(it) If there exists e1 € P\{0} such that u # Su+ Aieq,

u € 0Dp, and Ay > 0, then ip(S,Dp) = 0.

(iii) Let U be open in B such that U C Dp. If ip(S,Dp) =1 and ip(S,Up) =0, then S has a fived point

in Dp\Up. The same result is satisfied if ip(S, Dp) =0 and ip(S,Up) = 1.

Let 0 < ry < rg, and ¥ be a nonnegative continuous concave functional on P. It can be denoted that the
convez sets are Pry, P(,11,72) by Pr, ={u € P : |u|| <ri} and P(,ri,r2) ={u € P :r <p(u),||ul| < ra}.

Define
Q, = {u eP:

min u(t) < }
in (t) <p

Lemma 4.5 ([21]) The set Q, has the following properties:

(a) Q, is open relative to P;

(b) Py, CQ, C Py

(c) ue dQ, if and only if min wu(t) = vp;

telg,T]r

(d) If u € 09,, then vp < u(t) < p for t € [£,Tlr.

For convenience, we set

1

Lo

Also, for o € {0, 00}, we define

fOé

fa

P
o2

1 T
= T+ a1 + 0[2)/ w(T)VT,
0

1 T
— = a1 + as w(T)VT.
(E+ar + )/5 (1)

. { ft,u) }
lim sup ¢ max ,
U—ro te[0, T U

lim inf{ min ) },

{—a tel,Tlr U
t
min{ min M:7p<u<p},
telTlr P
max{ max f(t,v) :Ogugp}.
te[0,Tlr  p

Lemma 4.6 Assume that f holds the following assumptions

1§ <Ly

then ip(S,P,) = L.

1288
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Proof If u € 0P,, then by (4.4), (4.7), and (4.5), we get

Su(t) = —/0(t—T)w(T)f(ﬂu(T))VT—|—t/0 w(T) f(r,u(r))VT

T 3
H(an + as) / w(r) (7, u(7)) VT - as / w(r) (7, u(r)) VT

0 0

IN

T T
i / w(r) f(r,u(T)) V7 + (a1 + an) / w(r) f(ry u(r))Vr

IN

T/o w(T) f(7,u(T))VT + (1 +a2)/0 w(r) f(r,u(r))VT

— (T4 ar+a) / w(r) f (r, u(r))Vr

IN

T
Lip(T + s+ az) [ w(@)¥r = p=ul.
0

This implies that ||Su|| < ||u| for v € OP,. Hence, it follows from condition (i) of Lemma 4.4 that ip(S,P,) = 1.
O

Lemma 4.7 Assume that f holds the following assumptions
Y, >vLe and u# Su, for u€ R, (4.8)

then ip(S,Q,) = 0.

Proof If ei(t) =1 for ¢t € [0,T|r; then e; € OP. One asserts that u # Su+ A\e; for u € 9Q, and Ay > 0.
If this is not the case, then there exist uy € 99, and Ag > 0 such that ug = Sug + Age1. From (4.4), Lemma
4.5 (d), and condition (4.8), we get

3 T
Sup(6) = — / (€ = TYw(r)f(r, wo(r)) VT + € / W(7) (7 u0(7))
N 13
o + a2) / w(r) £ (r, u0(7)) VT — @y / w(r)f(ryuo (1)) VT
3 13
_— / (€ — Pyw(r) f(r, uo(r)) VT + € / W(r) (7 u0(7)) VT
0 0
T 13
ve [ () fm uo (7)Y + (a1 + a) / w(r) (7 u0(7)) VT
13 0
T 13
+a1 + a2) /E w(r) f(r, up(7)) V7 — a3 / w(r)f (ry wp(7)) V'

1 T
= /O(T—|—oq)w(r)f(T,u0(7'))V7'—|—/§ (€ + ay + az)w(r) f(r,uo(T))VT
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T
> (rartan) [ wln)f(ru(m)vr
13
T
> ypLa(§+ar + a2)/ w(T)VT,
13
namely
T
Sup(€) > YpLa(€ + a1 + ) /E w(r)Vr. (4.9)

In addition, in view of proof of Lemma 7 in [3], one has that

ter[rg%jr Sug(t) = min{Sug(§), Suo(T)}. (4.10)

As a result, by (4.10), (4.9), and (4.6), we get for ¢ € [£,T]r

ug(t) = Suo(t) + doer(t) > min Sug(t) + Ao
tE[i,T]T

= min{Suo(f), SUO(T)} + Ao = SUQ(f) + Ao
T
> vpLa(€&+ a1 + as) / w(T)VT + Ao
13

= P+ Ao

Therefore we conclude that yp > vp 4+ Ao, which is a contradiction. Thus, by the condition (ii) of Lemma 4.4,
one has that ip(S,9Q,) =0. O

Theorem 4.8 Suppose that one of the two assumptions is satisfied:
(B1) There exist p1,pa,ps with 0 < p; <~yp2, p2 < ps such that

<Ly and D >l u#Su for uwe€dQ,, and 18 < L.

(B2) There exist p1,pa,ps with 0 < p; < pa < yps such that

>l and fg? <Ly u# Su for uw€dP,,, and fL5 >~yLs.

Then BVP (1.3) and (1.4) has two positive solutions. In addition, if in (B1) f§* < Ly is replaced by f§* < L,
then BVP (1.3) and (1.4) has a third positive solution us € P, .

Proof Suppose that (B1) is satisfied. We verify that either S has a fixed point uy in dP,, or in Q,,\P,,.
If u # Su for u € OP,, UOJP,,, in view of Lemmas 4.6 and 4.7, one has that ip(S,P,,) =1, ip(S,Q,,) =0,
and ip (9, P,,) = 1. From Lemma 4.5 (b) and p; < yp2, we get P,, C P,p, C Q,,. By the assumption (iii) of
Lemma, 4.4, one has that S has a fixed point u; in §2,, \fpl. Correspondingly, S has a fixed point in P, \Qm-

The proof is analogous when (B2) is satisfied and it is omitted.This completes the proof of the theorem. O

Note that we can generalize Theorem 4.1 to find several positive solutions and it is omitted.

As consequences of Theorem 4.1, one has the next corollary.
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Corollary 4.9 Suppose that there exists p > 0 such that one of the two assumptions is satisfied:

(C1) 0< fO< Ly, Ly =L, u# Su  for we€ 0, and 0<[f> < Ly

(C2) Ly < fo<oo, f§<Li, u#Su for wedP, and Ly < fo < 0.
Then BVP (1.8) and (1.4) has two positive solutions.

Proof We prove that (C1) means (B1). We can easily see that 0 < f° < L; means that there exists

p1 € (0,7p) such that ff* < Ly. If m € (f°°, L), then there exists o > p such that n[lax] f(t,u) < mu for
te[0,T]r

u € [o,00) because 0 < f*° < Ly. If

T2
ro = max 4 max f(f,u :O<u<o}, >max{ , },
2 {te[O,T]qrf( ) - & 4 Li—m

one has
max f(t,u) <mu+ry <mps+1ry < Lips for 0<u < ps,

t€(0, T}

which implies that f{* < L; and (B1) is satisfied. By a similar argument, (C2) implies (B2). O

Theorem 4.10 Suppose that one of the two assumptions is satisfied:

(D1) There exist p1,pa > 0 with p1 < ypa such that f§* < L and b2, > vLa.

(D2) There exist p1,p2 > 0 with p; < pa such that 0 >v9Ly and 157 < L.

Then BVP (1.3) and (1.4) has one positive solution.

As consequences of Theorem 4.2, one has the next corollary.

Corollary 4.11 Assume that one of the next conditions is satisfied:
(E1) 0< fO< Ly and Ly < foo < 00;
(E2) 0< f* <Ly and Lo < fy < o0.

Then BVP (1.3) and (1.4) has a positive solution.

Let ¢ : P — [0,00) be the nonnegative continuous concave functional on P. One interprets

= min u(?), eP.
¥(u) ter[r;g]TU() u

It can be noted that ¥(u) < ||u||, for w € P. If L1, Ly are the same as in (4.5) and (4.6), then one finds the

next result.

Theorem 4.12 Assume that there exist constants ri and rj; with 0 < rj < 77 such that the following

assumptions hold:

(F1) f(t,u) <riLy for t€[0,T]r, 0<wu<rj;
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(F2) f(t,u) 2 riLly for te€(&Tlr, rf <u<ri/y

(F3) One of the following assumptions is satisfied;

(a) lim max ft,w)

< Ll;
u—00 t€[0,T]r U

(b) There exists a number 15 > rt/vy such that f(t,u) <rjLy for t € [0,T)r and 0 <wu <7j.

Then BVP (1.3) and (1.4) has at least three positive solutions.

Proof From the description of operator S and its features, it is sufficient to clarify that the assumptions of

Theorem 2.1 are satisfied.
Let r5 = ry/7. Firstly, we verify that if (a) is satisfied, then there exists a number k* > r} such that

S : Pr — Pr+. If lim max M

< Ly; then there exist ¢ > 0 and § < Ly such that if u > o, then
u—00 ¢t€[0,T]r u

r?a%(] f(t,u)/u < 6. It implies f(t,u) < du for t € [0,T|r and u > 0. Let A\ = max{f(t,u) :t€[0,T)r, 0<
te [0, T
u < cr}. Then we have

flt,u) < du+ A, (4.11)
for all ¢t € [0, Ty, u > 0. We take

A
B> maX{T;’Lli(S}' (4.12)
If u € P}, then by (4.4), (4.11), and (4.12), we find

[|Sul| = max {—/0 (t—r)w(r)f(r,u(r))VT—i-t/o w(T) f(r,u(r))VT

t€[0,T]

T 3
+(a1+a2)/0 w(r)f(f,u(f))VT—az/O w(T)f(Tau(T))VT}

IN

tel0,T"

T T
max] {t/o w(7) f(7,u(T))VT + (a1 + ag)/o w(T)f(T,u(T))VT}
T T
= T/O w(T) f(r,u(r))VT + (a1 + 042)/0 w(r) f(7,u(r))VT

- T+ +a) / w(r) £ (r,u(r))Vr

IN

(T + a1 + as) /0 w(T)(0u(r) + A1) VT

IN

T
(T + a1 + az)(6]|ul] +)\1)/0 w(T)VT

Ok* + M\
— <

k*.
L,
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Next, we will prove that if there exists a positive number r3 such that f(¢,u) < r3L; for ¢t € [0,T]r, 0 < u < r3,
then S : P,, — P,,. Assume that u € P,,, then one has

[1Su]

IN

T T
maX] {t/o w(r) f(r,u(r))VT + (a1 + az)/o w(T)f(T,U(T))VT}

tel0,T
= T/o w(T)f(T,u(T))VT+(a1+a2)/O w(T) f(r,u(r)) VT
T
— (T+ai+as) / w(r)f(r,u(r))Vr
T
< rsLy(T + o1 + o) /0 w(T)Vr = rs.

Consequently, one has proved that if either (a) or (b) is satisfied, then there exists a number 7} with
r5 >y and S : Ppy — Pps. It is also noted that from (F1) we get S: Pps — Prs.

Now, we prove that {u € P(¢,71,73) : w(u) > ri} #0, and (Su) >ry forall uwe P, rf,r3).

Indeed

* *
:r1+7‘2
2

e{ueP(,ri,r3) : ¥(u) > 11}

For u € P(¢,rt,r3), we get r} < r[réig] u(t) < wu(t) <rj for all t € [¢,T)r. Then, from (F2), we find that
te|§, Tt

P(Su) = i, Su(t) = min{Su(£), Su(T)} = Su(¢)

> (€+ai+as) /6 w(r) (7, u(r)) V7

Y%

T
riLo(§+ a1 + Oég)/ w(T)VT =r].

3
Lastly, we claim that if u € P(¢,ry,73) and || Su|| > r}, then (Su) > r}.
Assume u € Py, 71, 75) and [|Su| > r3, then

P(Su) = min Su(t) > v||Su|| > yr; = 7.
te[€,Tr

All the conditions of Theorem 2.1 are satisfied. Thus, BVP (1.3) and (1.4) has at least three positive

solutions ui,us,us satisfying

will <7y, r¥< min us(t usl| > ry with min wus(t) < 7rr.
fuall <75 v < min ), sl > rg with | min ws) <

This completes the proof of the theorem. O
By Theorem 4.3, we notice that, when the conditions (F1),(F2), (b) of (F3) are enforced suitably on f,

one can set up the existence of a random odd number of positive solutions of BVP (1.3) and (1.4).

1293



DOGAN/Turk J Math

Theorem 4.13 If there exist constants
N N r T
0<7’41<T11<7<7’42<T12<T<T’43<"'<7’4n, nGN,

such that the two assumptions are satisfied:

(G1) f(t,u) <rj Ly for t€[0,T]r, uel0,7}];

(G2) f(t,u) >ry Ly for te [Ty, welri,r], /7]

Then, BVP (1.3) and (1.4) has at least 2n — 1 positive solutions.

Proof Let n = 1, then it is instant by assumption (G1) that S : fril — PTZI C 57«21, which implies that
S has at least one fixed point u; € 5@1 by the Schauder fixed-point theorem. Let n = 2, then it is obvious
that Theorem 4.3 is satisfied (r3, = 77,). It now follows that BVP (1.3) and (1.4) has at least three positive

solutions uq,us,us such that

<7 < i t > rF ith i t) <ry..
sl < iy, rd, < min wn(e), s > vf, with  min us(t) <,

Following this procedure, one can conclude the proof by induction. O
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