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This paper presents a novel family of modular flat-foldable rigid plate structures com-
posed by assemblies of 4R-linkages. First, in the field of foldable plates, the proposed sys-
tem is characterized by being not only foldable but also transformable: the slope of one
module over the other is capable of changing not only magnitude but also sign. This
transformable behavior extends the range of application of foldable plates from simply
larger—smaller configurations to substantially different configurations and usages. The
transformable curve is obtained by means of symmetry operations on the spherical length

of links. For each module, three configurations can be designed. Various examples are
illustrated. [DOI: 10.1115/1.4036648]
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1 Introduction

This paper presents a novel family of modular plate mecha-
nisms, characterized by being not only foldable but also trans-
formable. The term transformable here refers to the slope of one
module over the preceding one, which can change not only magni-
tude but also sign. Thus, the curve traced by the plates during
motion can move, for example, from a concave profile to a convex
one and vice versa.

The mechanism has one degree-of-freedom, DOF; it is flat-
foldable and composed of rigid plates.

The construction of the modules and their assemblies is based
on symmetry operations. One may divide the existing foldable
plate structures into two families: the ones based on symmetry
constraints and the ones which are not. Roughly speaking, while
the first are assemblies of modules, which fold flat and generally
have mobility one, the second leave more freedom in the design
of the profile described by the mechanism. The proposed system
is based on symmetry constraints, but fewer than in common,
existing systems. Noteworthy, fewer constraints are employed
here that change the sign of the curvature described by the mecha-
nism; thus, it can substantially change its shape.

The importance of symmetry for the design of spherical link-
ages composed by four revolute joints and four links, 4R-linkages,
had been recently highlighted in Refs. [1] and [2]. The idea
emerges from Kokotsakis [3]. He studied quadrangular plates
(quads) whose inside vertexes are shared by four plates; he dem-
onstrated that, if the spherical length of links is constant, then they
fold continuously from a flat-folded state to another, perpendicu-
lar one. Given the constant spherical length of links, such quad
plates are arranged into doubly symmetrical 4R-spherical
linkages.

The so called egg-box and Miura-like tessellations are highly
studied Kokotsakis meshes [4-7]. Also, symmetrical arrange-
ments of groups of generic 4R-spherical linkages have been pro-
posed [8]. As discussed in this paper, the equal spherical length of
the links makes them capable of reaching two flat-folded states.

Wider possibilities have been disclosed by Watanabe and
Kawaguchi [9]; he discards symmetry and focuses on generic
foldable quad plates, still arranged in 4R-linkages. However,
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where assemblies are concerned, the spherical links tend to inter-
fere with each other; the design of links capable of reaching a flat-
folded state becomes a recursive process, which may not find a
solution, and which is usually neglected from calculation [10].

Flat-foldability is even more difficult to achieve when linkages
have more than four links [11,12]. In such cases, the mechanism
may also exhibit more than one DOF [13,14].

Foldable plate structures are usually employed in packaging, as
well to create space structures, architectural envelopes, design fur-
niture, and medical equipment. Mobility one and flat-foldability
are generally considered desirable requirements because they
make the control easier and the structure efficiently packable.
Meanwhile, their constraints limit the range of shapes and surfa-
ces that the mechanism can approximate. The mechanism pre-
sented here has just one completely flat-folded state and one
partially flat-folded state. Indeed, if only one fully flat-folded state
is acceptable, then, as detailed in the paper, it can be achieved
with reduced symmetry and by using plates of different shape.

Actually, the possibility of combing different plates with a pre-
scribed procedure has been investigated also in Ref. [15], although
in that case the aim was to decrease the span of the structure in
the fully flat folded state. In the study presented here, the freedom
given by the reduced constraints is used to improve the range of
shapes that the mechanism can approximate and in particular to
change the sign of curvature described by the mechanism during
motion.

The substantially different shapes that the very same mecha-
nism can approximate while folding may open new possible uses.
Indeed, one can think not of simply smaller and larger configura-
tions but of even inverted shapes. Each transformable—foldable
module can be assembled in order to reach three desired slopes
over the preceding one during motions. The derived ribs can be
further assembled into surfaces.

Section 2 discusses the model and its constraints with reference
to the unit sphere. Section 3 exemplifies the mechanism’s design.
Under the constraints expressed in Sec. 3.1, the slope of one mod-
ule over the preceding one reaches during motion three desired
values, as exemplified in Sec. 3.2, and different modules can be
combined in order to obtain curves whose shape changes over
time, Sec. 3.3. Dimensioning the plates allows reproducing
desired curves, but it also may have consequences on the mobility
and interference of plates during motion, as discussed in Sec. 4.
The overall achievements, drawbacks, and possible further devel-
opments are discussed in the conclusions.
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2 The Model

2.1 The Role of Symmetry in 4R-Spherical Linkage
Assemblies. In order to describe the mechanism and its possible
generalizations, a brief focus on symmetry is presented. Any
assembly of plates by means of revolute joints is a spherical link-
age; especially, when four plates meet at a vertex, a 4R-linkage is
obtained. The linkage shares many properties with its planar coun-
terpart [16]. In particular, the Grashof’s criterion in its traditional
form defines the ability of links to rotate based on their reciprocal
linear length. It states that any stand-alone 4R-linkage, whose
sequential links have linear length a, a, a, a or a, b, a, b, has two
perpendicular states in which all links are collinear. If the consid-
ered length is the spherical one, the criterion holds also for spheri-
cal linkages [17]. Thus, the linkages have two flat-folded states
when the sum of the spherical length of either two adjacent links
is equal to the sum of the spherical length of the other two. There
are two alternative ways to achieve such spherical linkages by
means of plate structures. Linkages composing the egg-box and
the Miura tiling have links of spherical length a, a, a, a. At each
vertex, the planar angles of plates are, respectively, equal or sup-
plementary. Linkages whose ordered links have spherical length
a, b, a, b underlie the Huffman tessellation and its variations
[18,19].

Within a 4R-linkage, links whose lengths are a;, a;, a;, a;, create
a cyclic symmetry of order 4. Continuing the parallelism with
planar linkages, one can consider linear assemblies of planar 4R-
linkages, subjected to cyclic symmetry of order 4, but with vari-
able length a@; from linkage i to linkage i+ n. If the two links
shared by any two adjacent linkages are straight, Fig. 1(a), geome-
try imposes that the angles ¢ at the left and at the right of the
shared joint are equal. In addition, since the linkages are symmet-
rical around the transversal, parallel axes, ¢ is constant throughout
the assembly: the linkages become longitudinally colinear at once.
Meanwhile, the longitudinal plane of symmetry within each
linkage imposes that also the two remaining angles are equal.
Therefore, while the angle ¢ reaches its max, the transversal angle
tends to zero everywhere; eventually, all the linkages become
transversally colinear simultaneously. Similarly, plates whose
spherical links at each vertex create a cyclic symmetry of order 4,
can be freely assembled in a row and their foldability is unaffected
by the length of links, either spherical or linear. Two such link-
ages are depicted with different color in Fig. 1(b). Each link
shared by the adjacent linkages now lies in one plane; as before, it
follows that the dihedral angles 7 at the left and at the right of the
shared joint are equal. Again, the transversal symmetry of the

(b)

Tu

(c)

Fig. 1
plate structure correspondent to (b)

072301-2 / Vol. 139, JULY 2017

linkages, together with the planarity of each plate, imposes that
the dihedral angles along the longitudinal plane are constant
throughout the assembly, t; = &, Vi, and that all linkages reach a
longitudinal collinear state at once. Looking at Fig. 1(c), the plates
in this starting position are longitudinally flat-folded. Meanwhile,
because of the longitudinal symmetry within each linkage, when ©
is max, all linkages are transversally collinear. In this end posi-
tion, plates are transversally flat-folded.

Many foldable plates proposed in literature are implicitly based
on these properties [20-22]. The only constraint is that spherical
links are not a quarter of a great circle. It is

N7nr .
agj # T’VZ (D

where subscripts identify the vertexes of the 2D grid, centers of
the spherical linkages, while superscripts identify the two possibly
different links within each linkage. If this condition is neglected,
the spherical representation would be improper, half, or an
entire great circle, and the mechanism would be in a stacked
configuration.

The mechanism presented in this paper breaks the sequence of
doubly foldable spherical linkages and thus the sequence of con-
stant dihedral angles between them.

2.2 The Minimal Transformable-Foldable Mechanism. A
minimal transformable—foldable mechanism is depicted in Fig. 2
together with its spherical representation. As usual, spherical
lengths are indicated with Latin letters while the corresponding
planar angles are now introduced in the plate representation and
indicated with Greek letters.

As mentioned earlier, the structure is composed of two doubly
symmetrical 4R-spherical linkages and a mixed 4R-linkage in
between. Again, different color tones identify each linkage while
different saturation of colors indicates links of different spherical
length. The module is composed of a doubly symmetrical linkage
and half of the mixed linkage. Modules are identified by two num-
bers s;¢ where s is the sequential module along i and ¢ is the
sequential module along j. Angles are defined by subscripts i3],
which refer to the vertexes of the plate structure and by super-
script s, which identifies the module moving along vertexes i;j, to
i+ n;j. Since spherical linkages do not change along the transver-
sal direction j, no superscript ¢ is applied in the definitions of
angles.

The two doubly symmetrical linkages are centered at vertexes
I;1 and 3;1 and are composed, respectively, by links of equal

T

Linear assemblies of doubly symmetrical 4R-linkages: (a) planar linkages, (b) spherical linkages, and (c) the
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Fig. 2 A minimal transformable mechanism where a} ,<a2, and its spherical representation
during motion: (a) starting position: fully flat-folded state, (b) generic unfolded position, and

(¢) end position: partially flat-folded state

spherical length a};l and @3 ;. The links of the mixed linkage, cen-
tered at vertex 2;1, have spherical length

a;;l # a%:l (2

Within each 4R-linkage, one may total the spherical length of
links below and above the (longitudinal) line of symmetry and
find they are equal. The conditions discussed in Sec. 2.1 for longi-
tudinal flat foldability still hold and the linkages can flat fold at
once along the common line of symmetry.

The existence of a second, perpendicular flat-folded state is
guaranteed if, within each linkage, the sum of the spherical length
of links to the right and to the left of the transversal axis is equal.
Theoretically, both the end linkages can reach a second, perpen-
dicular flat-folded state. However, the mixed linkage, centered in
2;1, does not have transversal symmetry. Its shorter links become
collinear while the other two remain unfolded; therefore, just the
end linkage connected to the shorter central links becomes collin-
ear. In the plate structure, the plates corresponding to the collinear
spherical links become transversally flat-folded.

As detailed in Sec. 3.1, the relative spherical length of links can
be set so that the angle between adjacent modules reaches any
three desired values during motion.

2.3 Linear Assemblies. A linear assembly is illustrated in
Fig. 3. Looking at Fig. 3(b), as before, the 4R-linkages are
centered at the vertexes of the plate structure, labeled i;j, and are
represented with a different color tone. Different saturation of col-
ors indicates links of different spherical length. Each module
spans from the center of a mixed linkage to the center of the suc-
cessive one, and it comprises a number of doubly symmetrical
linkages in between. Although the number of doubly symmetrical
linkages from one module to the other may differ, this does not
alter the transmission angle within their plates. The transmission
angle changes from one module to the other.

In addition to the constraints of the minimal mechanism previ-
ously discussed, within ribs it is

af;/-—afjl =K,Vs 3)

Fig. 3 (a) Folding phases of a linear assembly. The centers of mixed linkages are indicated. (b) Spherical representa-
tion of the same assembly. Different color tones refer to different 4R-linkages (see figure online for color).
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Fig. 4 Generic unfolded position of a spatial assembly: (a) the
plate structure and (b) the spherical links

where s is the sequential index identifying the module along the i
direction. Equation (3) ensures that the variation of transmission
angle provided by the mixed linkage is kept constant throughout
the assembly. Since the transmission angle between the other,
doubly symmetrical linkages is constant throughout the surface by
construction, it is ensured, therefore, that all modules are able to
fold harmoniously and to reach the designed folded states at the
same time. The other necessary condition to provide a harmonious
folding is to keep mobility equal to one. As discussed in Sec. 4.2,
this always happens in the case of quadrangular plates.

2.4 Spatial Assemblies. Modules can be added in two direc-
tions to create surfaces, Fig. 4. In Fig. 4(b), the composing 4R-
linkages are highlighted. While most of the plates are quads, at
the right, there are four interconnected triangular plates. Their
spherical links obey the same rules already discussed. As detailed

1 1 2 2
19‘1;1 1512;1 192;‘1 193;1

@1’2

u
\oe /[
1:1 2:1 N
/ 022 22\ /
ﬂ);4 2;4X

in Sec. 4.2, they are surrounded by 4R-linkages composed only by
quadrangular plates; thus, they do not increase mobility.

The linkages can be freely added along the transversal direction
until they have equal spherical images

a‘;:j = ky, VJ, incase of quadrangular plates (4a)

a;; = aj;, = ks, VJ, incase of triangular plates (4b)

J
This quite limiting constraint ensures that the plates fold harmo-
niously: the spherical span of the linkages varies longitudinally;
however, at any folding phase, it is constant along the transversal
direction. Accordingly, the quad plates have parallel longitudinal
sides along the transversal direction, Fig. 4(a).

3  Design

3.1 Three-Position Synthesis. As mentioned in the introduc-
tion, the transformable and foldable behavior is achieved through
the reciprocal inclination of modules linearly assembled. Each
module s+ 1;¢ can be designed to reach three desired degrees of
curvature (0***1), (w1, and (w***!)” during motion over the
preceding one, s;¢. With reference to Fig. 5, the following parame-
ters are introduced.

19,{ i is the angle between sides belonging to modules s;t, t =V,

(i;))(i + 1;)) or (i —1;/)(i;j), and the plane through vertexes
i;j — zo, B3], and i;j+ 2y, 20,21 € Z; rf:/- is the angle between side

(i;/)(;;7+ 1) and the plane through vertexes i— z»;j, i3/, and
i+Z3;.j227Z3 €Z.

Again, since spherical linkages do not change along the trans-
versal direction j, no superscript ¢ is applied in the definitions of
angles.

Considering three modules, module s;¢, which diagonally spans
from vertex (ip3jo) to (ip + 2; jo + 2), module s+ 1; ¢, which diago-
nally spans from (ip+2; jo), to (ip+4; jo+2), and module s;
t+ 1, which diagonally spans from (ip+ 2; jo), to (ip+2; jo+4),
the following angles are introduced.

@*S = @®5F1 is the degree of curvature of two adjacent mod-
ules s; 7 plus s+ 1; ¢, defined as the total angle between the vw

Fig. 5 The plate structure, planar angles o7, fold angles ﬂﬁj and t7; between sides of
plates at vertexes i, j, degree of curvature »>5', and inclination angles 0%5*'! and

0%t1*1 defining the slope of modules
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plane bisector of module s; ¢, defined by vertexes (ip+ 1; Jo),
(io+ 15 jo+ 1) and (ip+ 1; jo+2), and the vw plane bisector of
module s+ 1; ¢, defined by vertexes (io+3; jo), (io+3; jo+ 1),
and (ip + 3; jo+2) w***! is the degree of curvature of two adja-
cent modules s;¢ plus s; £+ 1, defined as the total angle between
the uw plane bisector of module s;f, defined by vertexes (ip;
Jjo+ 1), (Glo+ 15 jo+ 1), and (ip + 2; jo + 1), and the uw plane bisec-
tor of module s; t+ 1, defined by vertexes (io; jo+3), (io+ 1;
Jo+3), and (io + 2; jo + 3).

It is noted that, spherical links being simply translated along j,
it is by construction

@ = 0 deg, Vi (5)

Additionally, the slope between modules is defined as:

05t g the inclination angle of module s+ 1; 7 over s; f, meas-

ured in anticlockwise direction, from line (iy + 4;jo)(io + 2;jo0) to
line (io;jo)(io + 2;j0), 0%"*! is the inclination angle of module
s;t+ 1 over s;t, measured in anticlockwise direction, from line
(i0;jo + 4)(io; jo + 2) to line (io; jo) (io; jo + 2).

In the case that the doubly symmetrical 4R-linkages are created
by symmetrical plates, plates within each module being all equal,
angles @***! and o***'* have the same value, and so o%"*!
— ws;t,H—l — Odeg

The degree of curvature between two modules can be calcu-
lated based only on angular relationships. Between modules where
planar angles within the doubly symmetrical linkages are in the

form oj; = ocff; !, o # 0deg, (egg-box tiling), the degree of curva-
ture w1 reads
sin(w*™* ™)
ny n
= —sin Zﬁfj + Zﬂf;' , for o, . > 90deg, ot;l*dl < 90deg
i=ng i=ny
(6a)
sin(w”“)
n ny
= sin (Z U — Zﬁff), for oy, > 90deg, ocﬁ”*} < 90deg
i=ng i=n
(6b)

—

20 30 40 50 wl[°]

-50 -40 -30 -20 -10 O 10

(c)

The degree of curvature between modules where the same planar

angles are in the form o, =7 — ocff; ', o« # 0deg, (Miura-like
tiling) reads
sin(w“"sJrl )
ni—1 n
=sin (Z 05—+ Zﬂff) , for o, < 90deg, ocfj“ >90deg
1=ngo =ny
(6¢)
SiIl(COS‘HI )
ni—1 ny
=—sin Zﬂf;/- — U+ Zﬂf/“ ,for o, >90deg, o' >90deg
i=ng - i=n, -
(6d)

At each target configuration, the constraints discussed in Sec. 2
need to be expressed with reference to the longitudinal and trans-
versal projections of the plates in their middle planes.

Equations (1) and (2) read

sin(oy;) # 1,Vi @)
; S 3 s+1
sin(o;) # sin(eg; ) (8)
The symmetry constraints read

tan(t;)  tan(ty,y)

iyj i1y 5
= ,V 9

sin(9;)  sin(9, ;) / ©a)

sin(t?; sin(t}, .
i ( IJ) - ( l+l,/) ,vj (9b)

sin(of;)  sin(ag, )

with ¢, T # 0deg.
In addition, by construction it is

cos(a;;) = cos(t};)cos (V) (10)

At any position, the minimal mechanism is fully defined by the
seven angles between plates plus the four planar angles describing
the plates. Three desired configurations C, C’, and C” can be
designed. They are obtained by setting the desired increasing or
decreasing degrees of curvature, w***!, (0***1) (0***1)", and

Fig. 6 A mechanism whose planar angles within the double symmetrical linkages are in the form o7; =n — a;ff;f‘ : (a) one
module, (b) folding phases, and (c) variation of transversal angle $; = 7! between plates at the mixed linkage as a func-

tion of the input degree of curvature »®°*1
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(c)

Fig. 7 A mechanism whose planar angles within the double symmetrlcal linkages are in the form o = a?'-”
module, (b) folding phases, and (c) variation of transversal angle };

function of the input degree of curvature »s°*1
a perpendicular angle T;; < (‘c‘}y-)' < (r‘}y-)” into the system of
Egs. (6)—(10), expressed for all the three conﬁgurations. The fully
flat-folded position is expressed by t}. = Odeg,Vi,j,s, while
the partially flat-folded position is expressed by (7. )” = ocf;rl if
1N\ . +1
sin(e;) > sin(og; )ty = of; if sin(ef;) <sin(eg;). Where
assembhes are concerned, the systems are 1ntegrated with the con-
straints already expressed by Eqs. (3) and (4).

isj

3.2 Examples of Transformable-Foldable Ribs Made by
Equal Modules. There is no limit to the range of curvatures that
the mechanism can reach while folding. Figures 6—8 show three
extreme cases where the slope totally reverses, varying between
*45 deg within each equal module. In order to evaluate the role
of the spherical links within the mixed linkage connecting two
adjacent modules s;t and s+ 1;f, each of the proposed designs
uses just two different modules. Furthermore, each module is
composed of just one kind of plate so that the correspondent sides
of the plates within the module have equal linear length and

60 90°-0t}
40 o
20
50 -40 -30 -20 -10 0 10 20 30 40 50 [
(c)

=0° wh? *=—45°
Tloj<tl2i < 72" 71557 :o<22,j
//
(a) one

5+‘ between plates at the mlxed Ilnkage as a

angles w***! and 0***! have the same value. Figure 6 illustrates

a case where the doubly symmetrical spherical linkages are
obtained with planar angles at each vertex in the form
o =T o', while the other two pictures illustrate the case
o, = oc”l The different values of the planar angles produce quite
dlfferent esthetics and give an example of the formal possibilities
offered by the mechanism. Meanwhile, Figs. 6(c) to 8(c) show the
variation of the transversal angle 7;; = ‘J,r ! between plates at the
mixed linkage as a function of the 1nputA slope w***!. The more
the spherical lengths of links within the mixed linkage are differ-
ent, as well as the sine of the correspondent planar angles o;; and

”1 the more the mechanism folds smoothly, Figs. 6 and 7.
Meanwhlle closer values of the length of the spherical links make
the mechanism fold more unevenly, Fig. 8. This result is in har-

mony with Egs. (7) and (10).

3.3 Further Examples of Transformable-Foldable Ribs.
This section illustrates the three possible, kinematically inter-
changeable ways to combine different modules. Figures 9-11

0)1'2‘ =Q°

Fig. 8 Another mechanism whose planar angles within the double symmetrlcal linkages are in the form «f; = a.sf‘ (a)
one module, (b) folding phases, and (c) variation of transversal angle t}; = s“ between plates at the mixed I|nkage as

a function of the input degree of curvature »s°*1
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Fig. 9 A folding spiral. The spherical length of links within the quad-based doubly symmetrical linkages changes
throughout the assembly in order to fit the variable curvature of the target profiles: (a) axonometric views, (b)
detail, and (c) front view at the partially flat-folded state.

Fig. 10 A folding spiral. The spherical length of links within the mixed linkages changes throughout the assembly
in order to fit the variable curvature of the target profiles: (a) axonometric views, (b) detail, and (c) front view at the
partially flat-folded state.

/

/l
®)
L ©

N\
i
\

Fig. 11 A folding spiral. The spherical lengths of links are constant throughout, while the linear length of plates
changes throughout the assembly in order to fit the variable curvature of the target profiles: (a) axonometric views, (b)
detail, and (c) front view at the partially flat-folded state.

illustrate such possibilities applied to the approximation of a Fibo-  The models have been tested in Catia@ and developed in a para-
nacci spiral. The design’s aim was to transform the spiral into a  metric design environment, Grasshopper@ for Rhino@.

series of longer straight segments, and finally to give it a fully In the system depicted in Fig. 9, the spherical length of links
folded state, avoiding self-intersection of the overall mechanism.  within the doubly symmetrical 4R-linkages varies from one
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Fig. 13 Folding phases of a surface defined by a circular generatrix and an arched directrix

linkage to the other along the longitudinal direction. This method
has been already employed in the assemblies illustrated in Figs.
1-4. There are no constraints that apply to such modifications: the
chain of doubly symmetrical 4R-linkages keeps folding harmo-
niously to the flat-folded states.

In the system exemplified in Fig. 10, the target spiral is
obtained by varying the spherical length of the mixed linkage
according to Eq. (3). It could be pointed out that the linear length
of plates within the mixed linkage changes in consequence;
although a constant visual depth of the overall mechanism at one
desired position can be restored, this modification is not applied
here for clarity.

Finally, in the system exemplified in Fig. 11, the spherical
image of the modules is actually the same, and so their degree of
curvature, »*"t1. As detailed in Sec. 4.1, the reference curve is
reproduced by varying the length of the approximating polyline
and, with it, the linear length of plates and the slope o***!¥. Of
course, the three methods can be combined.

Looking at any of these examples, it is interesting to note that
the very same linkages can point both upward and downward. The
variation allows inverting the way of rotation and it is obtained by
shifting spherical links &;; and a}; , within the single module.
This change does not create new, different linkages because the
two shifted planar angles at that position are supplementary,
which means that the spherical length is constant, Eq. (4).

3.4 Examples of Transformable-Foldable Surfaces.
According to the constraints, modules can be freely assembled
into surfaces until they have the very same spherical image in one
direction, i.e., modules are repeated with constant planar angles
along that direction. Once designing a desired planar rib, two
options arise. The first possibility is to approximate a straight line
transversally adding the very same plates. In this case, both

072301-8 / Vol. 139, JULY 2017

S5t t4-1 sit,t+1

the slope o and the degree of curvature w are null. The
derived surface is straight in the transversal direction, Fig. 12. The
second option is to approximate a desired transversal curve by
adding plates with constant planar angles but variable transversal
linear length, Fig. 13. In this way, the slope 0%***! changes along
Ji it is @ = 0deg # 0%, In the picture, a surface with
spherical inside ceiling is obtained. The method of approximating
the curve is conceptually similar to what is illustrated in Fig. 11,
and detailed in Ref. [23] with reference to simple foldable plate
structures. With this method, the mechanism can approximate cur-
vilinear grids whose generatrix can be a desired planar curve.

4 Dimensioning the Plates

One should have noticed that the linear length of plates has not
been detailed until now. Indeed, spherical linkages are scale-
independent. However, a brief introduction to dimensioning is
worthwhile to fully understand the proposed illustrative examples
and generally the capability and constraints of the plate mecha-
nism. Far from being exhaustive, this section presents the related
issues, leaving full discussion to a successive paper oriented
toward implementation.

4.1 From Transformable Linkages to Transformable
Curves. Under a design perspective, setting not only the slope but
also the span of modules allows reproducing desired curves.

As implicit in the definition of foldable mechanisms, the span
covered by each module changes with time as a function of the
angles between links, here expressed by ¥, 1y and 7, ;. However,
one may recall that the mechanism is composed of two kinds of
modules, which alternate to each other along the j direction and
whose dihedral angles at the same instant are different. With an
added degree of complexity compared to simply foldable
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Fig. 14 A plate structure composed by three modules, two of which are composed by
plates of different linear length; degrees of curvature »***! and /! = 0deg; inclina-

tion angles 0%5*'! and oS!+

mechanisms, the proposed system can approximate two desired
curves. Assuming links of zero thickness, at the partially folded
configuration, one every two modules has zero span and the curve
is approximated by half the modules. Meanwhile, in the second
desired position, the total number of modules contributes repro-
ducing the target curve. In the examples of Figs. 6 and 7, first the
desired span in the partially folded position C” has been achieved
by setting the linear length of half the number of modules; eventu-
ally, the linear lengths of previously flat-folded modules have
been set so that, in the fully folded position C, opposite plates
touch each other. Vice versa, in the example illustrated in Fig. 8,
opposite plates touch in the partially folded position C”, and the
lengths of the two kinds of plates have been optimized at once. On
the contrary, as illustrated in Fig. 13, along the transversal direction
i, spherical links are simply translated and just one target curve can
be approximated by carrying the linear dimension of plates.

With reference to Fig. 14, the span is related to the linear
lengths of plates. Applying the cosine rule, the span in the two
directions of a module s;¢ diagonally defined from vertex (ig; jo) to
(io+2; jo+2) reads

~ (Toro) o + Tjo)sind, 1)
+ ((iosjo) (o + 13jo) — (i + Tosjo) (o + 23j0))°
+2(ios jo) (io + 13j0) ((ios.jo) (io + 1;jo)

. 12
— (io + 15j0) (io + 2%]0))51n19io+1;j0> (I1a)
(i03jo) (i03 jo +2)
((z(io;jo)(i0§jo + 1)8111?5030)2
+ ((iosjo) (o3 jo + 1) = (iosjo + 1)(Gosjo + 2))°
+2(i03jo) (i57 + 1) (03 jo) (03 jo + 1)

— — . 1/2
—Giozjo + Dlioio +2)sine ;) (11h)

If plates within each module are symmetrical, i.e., if they have same
linear length in addition to same planar angles, Eq. (11) reduces to
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(i03jo) (io +2,/) = 2(i03jo)(io + 1;jo)sind; ., (12a)

(i030) (i03 Jo +2) = 2(io3 jo) (03 jo + 1)sinT; ; 1| (12b)

The slope over module s;¢ of a module s+ 1; ¢ diagonally defined

from vertex (ip + 2; jo) to (io +4; jo + 2) reads

oSSt

— o

cos (9575, ) (Go+ Zjo) o + 3570) — Gio + o) o + 454 )
(io + 2;jo) (fo + 43 o)

+
(13a)

skl _ cos(=1/") (DTE R TERETE)

(i57) (i3] + 2)
where @**! is formulated according to Eq. (6). If plates within
each module have equal linear length, then

5,541 — 0s,s+1;/

W (14a)

@ = o = 0 deg (14b)

and Eq. (13a) reduces to Eq. (6).

Concerning the parameterization method, the source data to be
extracted from the curve is the span and reciprocal slope of con-
secutive secants traced along the curve. The length of the secants
may be set to be constant, to increase with decreasing curvature,
to subtend a constant angle, etc. One may refer to the examples in
literature based on one’s own design intention. Figures 9 and 10
show spirals parameterized in terms of constant arc length, while
Fig. 11 shows a spiral where inclination angles are constants and
the length of chords varies. It should be noted that constant angles,
and thus constant spherical links, are a kinematic constraint along
the transversal direction according to Eq. (4). Meanwhile, it is
optional along the longitudinal direction. Here, keeping angles
constant between as many modules as possible reduces the
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computational effort because, if the angles of inclination between
modules are the same, then the same geometrical parameters
derived by the kinematic constraints, Sec. 3.1, can be applied to
all the modules. However, this is a small benefit compared to all
the aesthetical, structural, and technological considerations, which
affect the evaluation of the numbers and dimensions of plates.

4.2 From Links in the Unit Sphere to Plates. While the
motion of spherical linkages can be generally studied on the unit
sphere, assigning dimensions to plates may lead to unexpected
results. It may happen that some combinations of lengths result in
being impracticable because plates intersect with each other dur-
ing motion, while systems where a side length of plates is progres-
sively reduced to zero, obtaining triangular plates, may have
mobility higher than one. Concerning the first issue, if their planar
angles are acute and the curvature is particularly high, even plates
belonging to adjacent modules can intersect. Locally, the problem
may be addressed by changing either the value of some input vari-
ables or the linear length of plates. In Ref. [24], a similar problem
has been solved by locally changing the shape of plates and in
Ref. [25] by adding linkages with the function of “spacers” in
between otherwise interfering plates. Where assemblies are con-
cerned, assuming that the polyline traced by the modules is injec-
tive, still more distant plates in a row may intersect depending on
the relative dimension of them and of all the in-between modules
at each folding phase. In the examples proposed in Figs. 9-11,
absence of overall self-intersection had been guaranteed by alter-
natively inverting the direction of folding. Indeed, in so doing,
each module folds in respect to the adjacent ones like a panel in
a concertina. However, it should be remarked that all these solu-
tions alter the reciprocal slope of modules outside from the fully
unfolded configuration. The general case where all the configu-
rations are of concern requires to set optimization criteria and to
iteratively apply the same solutions adopted to solve local self-
intersection and may be established. However, the criteria,
which define the minimal detrimental effects of the desired over-
all designs, depend on the specific design itself; therefore,
addressing the problem exhaustively is out of the scope of this
paper.

The situation where triangular plates are used may instead
affect mobility. Following Ref. [26], any continuous assembly of
quad plates has mobility one by construction. Let us isolate two
consecutive vertexes on such generic assembly, Fig. 15(a). While
each link is defined by three rotational parameters, when
assembled, each revolute joint between them removes two rota-
tion parameters. If one considers the four links around vertex 1;1,
eight of their twelve rotation parameters are removed by the
joints, while fixing one link to the ground further removes three
parameters. As one may expect, the 4R-linkage has mobility one.
The adjacent linkage centered in 1;2 shares with it two links; thus
six of its originally free twelve rotational parameters are given.
The total of three joints with and between its other two links fur-
ther remove exactly six parameters so that the motion of this sec-
ond linkage is fully defined once given the motion of the previous
one. One may keep adding linkages and find the same situation
between the previous and the last linkages. Indeed, since by con-
struction each linkage shares two links with each adjacent one, all
the free motion parameters of the added plates are removed and
mobility is kept equal to one [27].

More interesting situations are the degenerate cases where
plates have zero linear lengths. Excluding plates reduced to lines
or points, even triangular plates actually can create linkages with
more than four links. Despite mobility of highly over constrained
linkages is a research topics of its own [27-29], the topology of
the proposed system is highly repetitive, and a simplified formula-
tion can be developed. The previous mobility condition should be
expressed in a generic form: mobility is equal to one until at any
inner vertex all plates except up to two are part of a continuous
two-plates wide strip whose motion parameters are fully defined.
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In such case, indeed, one comes back to the situation of a closed
chain where some parameters are given by adjacent chains, while
the remaining six rotational parameters are fully defined by the
joints with and between the two links. As an example, the move-
ment of the first group of hatched plates on the left in Fig. 15(b) is
fully defined by a common rotational parameter. While there are
vertexes where more than four plates meet, the same plates are
also part of 4R-linkages because of their symmetrical arrange-
ment. The same holds for the triangular plates depicted in Fig. 4.
Meanwhile, setting the rotation of four joints in the second
hatched area extends the condition expressed above to all this sec-
ond area, which becomes now fully defined. Similarly, each suc-
cessive group of plates represented with different color becomes
fully defined once four of its rotational parameters are set in addi-
tion to the previous ones. While this number is definite for the
given topology of the mechanism, in general, different sets of
rotational parameters can be selected. In the picture, the joints
required to restore mobility one, highlighted, are selected along
the boundary. In fact, given the longitudinal symmetry within
each module, 4R-linkages form by construction around inner ver-
texes. Therefore, if one is interested in knowing the exact degree-
of-freedom of a generic assembly whose vertexes are as usual i, j,
i varying from «a to b and j from ¢ to d so that vertexes a;c, a;d,
b;c, and b;d are at the corners of the external boundary; this can
be computed considering just a two-plates wide boundary strip,
Fig. 15(c).
Itis

b—1 i o
M=1+ 3 Pizj=c+1 ) + Pijj=d—1 )
i=a+1 2 2
b . ..
Pij=c Pij=d—1
T (= D=l
() (5 )

where M is the mobility of the mechanism’ and p;.; is the number
of plates around vertex i, j.

Considering the overall two-plates wide boundary of the sur-
face would allow extending the formula to the extreme case where
all plates are triangular. However, in such cases, mobility will
always be higher than one.

Finally, while equal linkages on the unit sphere are coincident,
in practical applications, a high number of linkages require special
care when setting the input link, even if mobility is equal to one.
Interesting studies on the relationships between the position and
direction of symmetrical forces and symmetry-based linkages
have been proposed in Ref. [29].

15)

5 Conclusion

A novel, modular foldable plate mechanism had been pre-
sented. The mechanism, first in its field, has transformational
capabilities since the slope of each module over the adjacent one
can vary not only in magnitude but also in sign. In analogy with
planar linkages, the Grashof’s criterion has been used to demon-
strate the role of symmetry in the folding range of the mechanism.

The particular behavior of the proposed mechanisms is based
on the interposition of a 4R-linkage having one line of symmetry
between doubly symmetrical 4R-linkages. Its unequal links break
the transmission of even dihedral angles between the adjoined
linkages; they force the linkages on one side to become collinear
while the ones on the other side are still unfolded. Meanwhile,
since all linkages in the row share at least one common line of
symmetry, the mechanism is capable of folding flat in the plane
containing that line.

The dimensional synthesis for three target positions has been
illustrated in Sec. 3. There is no limit to the range of curvatures
that the mechanism can achieve while folding. Specifically, each
module can reach three desired slopes over the adjacent one dur-
ing motion, as exemplified in Sec. 3.2; eventually, other different
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Fig. 15 (a) Any assembly of quad plates has mobility one. A possible input joint is highlighted. (b) An assembly com-
posed by triangular and quadrangular plates. Highlighted joints are in the necessary number and possible position to
achieve a mechanism with mobility one. Moving from left to right, and setting the selected joints, the hatched areas
become fully defined. (¢) The mobility of an assembly composed by triangular and quadrangular plates can be studied

focusing on the border longitudinal strips of plates.

modules can be combined in order to obtain curves whose shape
changes over time, Sec. 3.3. Equal ribs can be added along the
perpendicular direction in order to create surfaces of translation
with a straight directrix. In case the directrix is not straight, the
transversal span of the obtained surface changes during folding.
The surface is also very sharp, which may make it unusable in
many applications. Since the mechanism is highly overcon-
strained, the problem may be solved through the removal of the
most pointed plates.

Setting the span of modules allows approximating two desired
curves. Since the linear length of plates does not affect the kine-
matic behavior of the spherical linkages, one may freely vary
the linear dimensions and test their formal results. In the sym-
metrical curves proposed in Figs. 5-7, the linear length of plates
is such that, in the fully folded configurations, opposite plates
touch each other. Meanwhile, each of the three spiral shapes
approximated in Figs. 9-11, which are formally equal, achieves
a different shape in the fully folded configuration. These design
explorations have been performed in real time in a parametric
design environment, Grasshopper@ for Rhino@. However, for
more rigorous applications, further studies are needed in order
to develop an optimization method, which allows avoiding inter-
ference of plates with minimal detachment from the shape to be
approximated, Sec. 4.1. Another issue which cannot be directly
addressed in the parametric environment is mobility. Until quad-
rangular plates are used, mobility is equal to one. However, if a
side of plates is reduced to zero length, then mobility may
increase because vertexes of the triangular plates become centers
of linkages composed by more than four links. Such possibility
is discussed in Sec. 4.2.

The capability of the proposed mechanism to substantially
change its shape may open new areas of application. A successive
theoretical development will be to further test the design possibil-
ities offered by the uneven folding of different linkages, extending
symmetry from the organization of the single module to the over-
all composition of modules. It is known that particular symmetri-
cal 3D arrangements of the overall modular structure have
mobility one and both transformable polyhedrons composed by
3D bodies [30] and scalable polyhedrons composed of planar links
[31] have been proposed in literature. Similarly, the proposed sys-
tem may be further studied in order to create 3D intertwine with
mobility one.
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