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Experimental and numerical investigation of hyper-elastic
submerged structures strengthened with cable under seismic
excitations

A. Ersin Dinçer

Department of Civil Engineering, Hydraulics Laboratory, Abdullah G€ul University, Kayseri, Turkey

ABSTRACT
This study presents dynamic responses of submerged highly elastic struc-
tures, strengthened with cable elements and the fluid interacting with the
structure. For this purpose, fluid and structure are modelled with smoothed
particle hydrodynamics and finite element methods, respectively. The inter-
action is satisfied with contact mechanics. In order to simulate the cable, a
finite element model with a two-node cable element is used. The stiffness
obtained from the cable is added to the structure and the whole fluid-
structure system is solved together. The novel contribution of the present
study is the coupling a two-node cable element model with the fluid-struc-
ture interaction method. In order to validate the numerical method, a set
of novel experiments is carried out. In the experiments, cable elements are
attached to an elastic structure that is placed in a water tank. Near-fault
and earthquake excitations are applied to the tank and the displacement
of the structure and the free surfaces of the water are recorded. All the
results show that the proposed two-dimensional numerical model is cap-
able of modelling the submerged elastic structure strengthened with the
cable under the seismic excitations.
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Introduction

Analysis of hyper-elastic structures is difficult due to high nonlinearity causing very large deformations
(Kim et al., 2001). If these structures are submerged, the analysis becomes much harder because of the
continuous interaction with the fluid. An example of these structures can be a submerged minaret of a
mosque. Since many of the submerged structures are historical such as the ruins of Halfeti, whose foun-
dation dates back to ninth century and located in the southeastern of Tukey, strengthening of the struc-
tures becomes more important. The easiest way to protect the structures from the seismic excitations is
to assemble cable elements that decrease the deformation. Although strengthening of these structures
with cable elements may decrease the deformation, the complexity of the problem increases. A suitable
numerical or experimental model is required to analyse submerged hyper-elastic structures strengthening
with cable elements.

There are some recent studies related to the submerged structures. The flexibility of an elastic sub-
merged structure was investigated with the coupling of boundary element and finite element methods
in Ghalandari et al. (2019). The flows over rigid submerged vegetation were investigated in Wai Li and
Busari (2019). Although there are no studies investigating the behaviour of a submerged elastic structure
having a cable element, offshore structures whose dynamic response is controlled by cable elements
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have been studied in the literature. Offshore structures such as offshore wind farms or offshore oil plat-
forms are floating on the sea surface and a mooring system, any type of cable, fibre rope, wire or chain
that connects a floating platform to an anchoring system fixed at the sea floor (Davidson & Ringwood,
2017) is used to limit their motions. To simulate cable elements different type of models have been pro-
posed such as: closed form solution (Orgill et al., 1985), finite-element models (Fogazzi & Perotti, 2000;
Zhu et al., 2013) and lumped-mass method (Nakajima, 1982).

In a recent study, the behaviour of the mooring floating objects was numerically investigated by mod-
elling mooring with a closed form catenary function (Barreiro et al., 2016). The fluid was modelled with
smoothed particle hydrodynamics (SPH), a Lagrangian particle method and rigid body dynamics was
used to simulate the floating object. The same method was also applied to simulate the offshore oscillat-
ing water column converters with mooring systems (Crespo et al., 2017). The main drawback of the
method is modelling the mooring with a catenary equation which may not provide accurate results for
nonlinear problems (Cui et al., 2019). To overcome this problem, lumped-mass method was used to
model mooring by keeping the simulation method of the fluid and the solid bodies the same with the
former study (Cui et al., 2019). In a different study, the mooring was taken as a light spring and the cal-
culated force and the torque of the mooring were transmitted to the solid floating body (Ren et al.,
2017). In the aforementioned studies, solid was assumed as rigid. Although this assumption may be cor-
rect for floating offshore structures, it does not include the elasticity of the solid body, so it cannot be
used for the elastic submerged structures.

The problem domain of a submerged elastic structure with a cable element includes fluid, solid and
cable parts. Traditional computational fluid dynamics (CFD) techniques may be used to simulate the fluid
(Akbarian et al., 2018; Rebouillat & Liksonov, 2010). However, extensive mesh generation is usually
required in Eulerian mesh-based techniques. Therefore, Lagrangian mesh-free techniques have become
popular especially for the problems having free surfaces. Amongst them SPH is one of the most popular
Lagrangian particle methods. It was first introduced by Gingold and Monaghan (Gingold & Monaghan,
1977) and Lucy (Lucy, 1977) for astrophysical problems and then applied to many fields such as free-sur-
face (Monaghan, 1994), closed-conduit (Dinçer, 2017; Dinçer et al., 2018) and multiphase (Calderer et al.,
2014) flows, solid mechanics (Cyril et al., 2019), geomechanics (Blanc & Pastor, 2011), fluid sloshing (Shao
et al., 2012), fluid-structure interaction (FSI) problems (Antoci et al., 2007; Demir et al., 2019; Dinçer et al.,
2019; Yang et al., 2012), etc.

SPH is superior to deal with the problems having large deformations or free surfaces. On the other
hand, for the simulation of the solid, finite element (FE) method is superior in terms of accuracy and sta-
bility. Therefore, in the present study, the behaviour of a submerged elastic structure with a cable elem-
ent under seismic excitations is investigated by simulating fluid and structure with SPH and finite
element methods, respectively. The coupling of fluid and solid domains is satisfied with contact mechan-
ics which is the main difference from the previous SPH-FE methods. Numerical instabilities may be
observed when contact mechanics is used as the interaction method. In order to prevent these instabil-
ities, shifting the surface of the structural domain (SSOSD) is used. In SSOSD, an intermediate boundary
layer between fluid and structure domains is defined. The fluid particles in this domain are repositioned
based on an exponential function. Since the particles are allowed to stay within the intermediate domain,
the forces on the particles due to contact mechanics algorithm are more uniform (Dinçer et al., 2019).
The novel contribution of the numerical model in the present study is that a finite element model with a
two-node cable element is integrated with a recently developed fully coupled SPH-FE method. In the
model, the interaction between the water and the cable is assumed as negligible. Numerical results are
validated with novel experimental studies. In the experimental studies, a submerged hyper-elastic plate
or simply rubber, is placed in the middle of a tank filled with water. Highly elastic cable elements are
attached to the rubber. By applying near-fault and earthquake excitations, the top displacements of the
rubber and free-surface profiles of fluid are measured and compared with the numerical data. As far as
the author’s best knowledge, this is the first study in which a comprehensive finite-element cable model
is incorporated with SPH-FEM FSI method in which highly elastic structure is in interaction with the fluid.
Besides, the behaviour of a highly deformable structure with a cable element under near-fault and earth-
quake excitations has never been investigated before. Additionally, the experiments conducted to valid-
ate the numerical model are novel.

The paper is organised as follows:
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i. first SPH, coupling mechanism of SPH and FE and the implementation of cable are described in
Section 2,

ii. the experimental setup is described in Section 3.
iii. Section 4 is dedicated to the comparison of the numerical model with experiments
iv. conclusions are drawn in Section 5.

2. Numerical models

2.1. Smoothed particle hydrodynamics

For a weakly compressible and barotropic fluid, Navier-Stokes equations can be shown in Lagrangian
form as:

Dq
Dt

¼ �qr � u (1)

q
Du
Dt

¼ �rpþ lr2uþ qg (2)

where q, u and g represent density of the fluid, flow velocity vector and gravitational acceleration vector,
respectively. p denotes the pressure and l denotes the dynamic viscosity of the fluid.

In the study, instead of density filtering technique (Colagrossi & Landrini, 2003) which violates the con-
servation of the total volume of the particles (Antuono et al., 2010), d-SPH model is used due to its
superiority on the problems having violent free-surface flows (Marrone et al., 2011). In d-SPH model,
numerical diffusive terms are added to the governing equations to decrease the numerical oscillations in
pressure field. The governing Navier-Stokes equations in d-SPH scheme can be represented as:

Dqi
Dt

¼
X
j

mj uj � uið Þ � riWij þ dhc0
X
j

uij � riWij (3)

qi
dui
dt

¼ �
X
j

mj pi þ pjð ÞriWij þ qigi þ ahc0q0
X
j

pij
mj

qj
riWij þ DC (4)

uij ¼ 2 qj � qið Þ
rji

rij
�� ��2 � rqi

L þrqj
L

h i
(5)

where m is the mass of a fluid particle, d and a are coefficients to control the intensity of diffusion of
density and velocity, respectively. In the simulations, as proposed in Marrone et al. (2011), d and a are
taken as 0.1 and 0.02, respectively. c0 is the speed of sound and assumed to be constant throughout the
simulation. Wij is the kernel function. At first Gaussian kernel function was introduced into the SPH, but
cubic spline kernel is the most common one in SPH method (Gomez-Gesteira et al., 2010; Liu & Liu,
2010). Lately, Wendland kernel function (Dehnen & Aly, 2012) has become popular in SPH simulations
(Cao et al., 2014). In the present study, cubic spline kernel with a smoothing length equals to 1.33 times
the initial spacing between the particles and a support of radius equal to 2 times the smoothing length
is used. Since the first derivative of the cubic spline kernel goes to zero, a well-known tensile instability
problem resulting in particle clustering may be observed. To prevent tensile instability, the correction
method proposed in Monaghan (2000) is adopted. DC is the acceleration vector due to the contact force
exerted by the structure. rqL is the renormalised density gradient and calculated by,

rqh iiL ¼
X
j

mj

qj
qj � qið ÞLiriWij (6)

Li ¼
X
j

mj

qj
rij �riWij

" #�1

(7)

where rij is the difference of the position vectors between particles i and j:
pij is the artificial viscosity term to be used both to stabilise the numerical scheme and to mimic the

real viscosity and can be calculated as (Monaghan, 1994):
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pij ¼
uj � uið Þ � rji

rij
�� ��2 (8)

When the fluid is assumed to be incompressible, Poisson’s equations should be solved resulting the
higher computational time (incompressible SPH – ISPH). To avoid solving Poisson’s equations, weakly
compressible SPH model is used. According to the weakly compressible SPH assumption, the pressure of
a particle is calculated by:

pi ¼ c0
2 qi � q0ð Þ (9)

where q0 is the initial density. In order to satisfy weakly compressible assumption, density variations are
kept below 1%. Therefore, speed of sound should be used much lower than that of the real fluid.
According to Morris et al. (1997), the square of the speed of sound should be compatible with the follow-
ing equation:

c2 ¼ max ub
2 q0
Dq

,
lub
ql

q0
Dq

, Fl
q0
Dq

� �
(10)

where F is the magnitude of external force, l is the length scale, ub is the fluid bulk velocity, Dq is the
absolute density variation. In order to ensure the neighbouring particles to move with closer velocities,
the XSPH correction can be used (Monaghan, 1994).

dri
dt

¼ ui þ 0:05
X

mj
ui�uj
q i

� �
Wij (11)

Leap frog algorithm is used to integrate the differential equations due to its computational efficiency
and the requirement of less memory (Liu & Liu, 2003). Courant-Friedrichs-Lewy (CFL) stability condition is
adopted to define the maximum time step in the simulation (Anderson, 1995).

To simulate the walls two types of boundaries have been used in SPH literature. In the first type, walls
are filled with the particles, so the kernel support for a fluid particle near a wall is completed. In the
second method, particles are placed on the wall and an artificial repulsive force is applied to the fluid
particles. The magnitude of the force increases whilst a fluid particle is approaching to the boundary.
Hybrid methods are also available in which both boundary treatments are used (Shao et al., 2012).

In the first method, ghost particles, the mirror images of fluid particles along the surface, are created.
Dealing with the complex boundaries and high computational time are the two limitations of this bound-
ary type (Morris et al., 1997). To deal with these limitations some remedies have been proposed. For
example, a correction to the ghost particle method was proposed to deal with the complex geometries
(Adami et al., 2012). Fixed ghost particle technique in which ghost particles are created at the beginning
of the simulation and the positions of them are not modified at every time step were also used in
Marrone et al. (2011).

In the second method, single layer of boundary particles is created at the beginning of the simulation,
so dealing with the complex geometries is easier. The hydrodynamic properties of the boundary particles
are modified at each time step. Since the boundary particles are not created at every time step, the com-
putational efficiency is higher. The main problem of this boundary method is that kernel support of fluid
particles near the walls is not completed, so kernel truncation error is observed.

In the present study, the boundary method proposed in Monaghan and Kos (1999) is adapted in the
regions where the deformation of the structure is not important. According to the method, when a fluid
particle approaches a boundary particle, a force is exerted to the fluid particle. Local unit normal vectors
from boundary to the fluid should be defined at the beginning of the simulations so that a force normal
to the boundary is produced from the boundary particles.

A different type of boundary should be implemented in the regions where the structural deformation
is important. To represent this boundary, contact mechanics previously proposed by the author is used
(Dinçer et al., 2019). The mechanism of contact mechanics and the application to the SPH-FE method
were explained in detail in the previous studies (Demir et al., 2019; Dinçer et al., 2019) and a brief explan-
ation is given in the coupling algorithm part of the present study. In contact mechanics, the velocity
component in local tangential direction of a particle near the boundary is zero, so the parallel movement
of SPH particles is not disturbed.
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2.2. Cable

A two-node cable element is used to solve catenary cable considering nonlinear geometric effects (Yang
& Tsay, 2007). In the two-node cable element, each cable of a cable-supported structure can be modelled
by a single or a small number of elements. The horizontal and the vertical equilibrium conditions of the
cable can be determined as:

T
dx
ds

¼ Tx (12)

T
dy
ds

¼ Ty �mcgs0 (13)

where T is tension of the cable, Tx and Ty are directional components of tension of the cable, mc is the
mass of the cable per unit length, s0 and s are unstretched and stretched lengths of the portion of the
cable measured from the support, respectively. The cable tension and the coordinates can be determined
from the Equations (12) and (13).

T s0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tx2 þ Ty �mcgs0ð Þ2

q
(14)

x s0ð Þ ¼ Txs0
EA

þ Tx
mcg

sinh�1 Ty
Tx

� �
� sinh�1 Ty�mcg

Tx

� �� �
(15)

y s0ð Þ ¼ mcgL0s0
EA

Ty
mcgL0

� s0
2L0

� �
þ Tx
mcg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ty

Tx

� �2
s

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ty�mcgs0

Tx

� �2
s2

4
3
5 (16)

where E is the elasticity modulus of the cable and A is the cross-sectional area of the cable in
unstretched profile. By applying boundary conditions of x 0ð Þ ¼ 0, y 0ð Þ ¼ 0, x L0ð Þ ¼ l and y L0ð Þ ¼ h, the
vertical, h, and horizontal, l, projection lengths of the cable can be found. Using the relation between
tension components and projection lengths, flexibility matrix, flx, can be determined.

dl
dh

� 	
¼ flx11 flx12

flx21 flx22

� �
dTx
dTy

� 	
(17)

where components of the flexibility matrix can be determined as follows:

flx11 ¼ L0
EA

þ 1
mcg

sinh�1 Ty
Tx

� �
� sinh�1 Ty�mcgL0

Tx

� �� �
þ 1
mcg

� Ty
T 0ð Þ � Ty�mcgL0

T s0ð Þ

" #
(18a)

flx12 ¼ 1
mcg

� Tx
T 0ð Þ � Tx

T s0ð Þ

" #
(18b)

flx21 ¼ flx12
�1

mcgð Þ2 þ
1

mcgTx2
� TxTy2

T 0ð Þ þ Tx Ty �mcgL0ð Þ2
T s0ð Þ

" #
(18c)

flx22 ¼ L0
EA

þ 1
mcg

� Ty
T 0ð Þ � Ty�mcgL0

T s0ð Þ

" #
(18d)

The stiffness matrix of the cable, Kcable, is the inverse of the defined flexibility matrix. In order to rep-
resent the stiffness matrix in the global coordinate system, it should be multiplied with a transformation
matrix. In the present study, the interaction between the cable and fluid is ignored.

2.3. Coupling algorithm

In FSI problems, interface between fluid and structure should be treated correctly for all coupled meth-
ods. Contact mechanics is used to eliminate the invasion of fluid particles of the solid domain. Contact
mechanics is usually preferred to simulate the contact between two solid bodies. It was first applied to a
fluid-structure interaction problem in a recent study (Dinçer et al., 2019). The first advantage of contacts
mechanics may be the elimination of predictive corrective steps so that the completeness of the whole
system is guaranteed. Second, a continuous boundary is achieved since master nodes or SPH particles
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are not defined on the boundary. Third, a uniform tangential force is applied from the boundary to the
SPH particles. In Figure 1, the interface between fluid particles and structural elements is shown. An inter-
mediate boundary layer is defined in the fluid domain located at the surface of structural domain and
fluid particles inside this domain are relocated based on a predefined nonlinear function. In order to
relocate the particles, an exponential function is used. SPH particles are allowed to stay within the inter-
mediate boundary layer whilst exposed to displacements. The method is called (SSOSD) and the formula-
tions of contact mechanics and SSOSD are given below.

As can be seen in Figure 1, there is a deformable body and a number of fluid particles in an FSI prob-
lem. In the proposed method, SPH particles invading the structural domain are repelled by solving the
contact mechanics equations derived below. In contact mechanics, a contact potential should be defined
before calculating the contact force. A two-dimensional node to line (in this case particle to line) contact
potential due to the invasion of the solid domain can be stated as (Bathe & Chaudhary, 1985; Demir
et al., 2019):

Pinv ¼ CtþDt
inv þ DCinv


 �T
Duinv þ Oinvð Þ � 1� gð ÞDuF � gDuS

� 

(19)

where inv denotes the invader particle and superscripts denote time, Cinv is the contact force, Duinv , Oinv

are the incremental displacement and overlap of invader particle, respectively. DuF and DuS are the incre-
mental displacement of the first and the second nodes of line element, respectively. g is a parameter
defining the position of contact point from the first node of line element and can be calculated from the
following equation:

g ¼ n T

le
rtþDt
inv � OtþDt

inv


 �
� rtþDt

F

h i
(20)

where n is the unit normal vector of the line element, le is the length of the line element, rinv and rF
are the position vectors of the particle and node, respectively.

By subtracting the summation of the contact potential of the invader particles from the existing
potential, incremental finite element equations with contact conditions are obtained.

KtþDt
solid þ KtþDt

cable KtþDt
c

KtþDt
c


 �T
0

2
4

3
5 DU

DCinv

� �
¼ RtþDt

0

� �
� FtþDt

0

� �
þ RtþDt

c
OtþDt

inv

" #
(21)

where Ksolid and Kcable are the stiffness matrices of solid structure and cable, respectively, Kc is the
contact stiffness matrix, DU is the incremental displacement vector, R is the total applied external load
vector, F is the equivalent nodal forces vector, Rc is the contact force vector elements calculated by
using the position of contact point defined by g:

Mass participation of invading particles is added to Equation (21) by using Newmark’s method
(Newmark, 1959) which is a well-known, unconditionally stable, second order method. Before the

Figure 1. Interface between fluid and structure.
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substitution of mass participation of invaders, mass matrix should be multiplied by 2=Dt2 : A more detailed
derivation can be found in a previous study of the author (Dinçer et al., 2019).

After adding mass participation, by solving Equation (21), the contact force is obtained and added to
the governing equation of SPH method as shown in Equation (4).

According to SSOSD formulation, overlap vector of invader particles should be modified in accordance
with the following equation.

newO
tþDt
inv


 �
n
¼ OtþDt

inv


 �
n
� d þ e

� OtþDt
invð Þnj j.

dj j

� �
d (22)

where OtþDt
inv


 �
n
is the overlap of the invader particle in local normal direction n of the boundary surface.

newO
tþDt
inv


 �
n
is the modified overlap vector, d is a flow dependent vector in local normal direction n: The

upper and lower limits of d can be calculated from:

5 �
~d
��� ���h0
umaxDt

� 50 (23)

where h0 is the initial distance between two adjacent particles assuming that the particles are placed uni-
formly and the horizontal and the vertical initial distances between two particles are the same. umax is
the magnitude of the maximum particle velocity and Dt is the time step calculated by CFL condition.
Hydrodynamics variables of the particles should also be modified in accordance since the particles are
shifted from the original positions found in Equation (21) according to the following equation.

newxi ¼ xi þ newO
tþDt
inv � rxð Þi (24)

where xi is a general hydrodynamic variable such as pressure, newO
tþDt
inv is the distance between the par-

ticle’s old position and new position.

3. Experimental setup

A rectangular tank made of plexiglass was placed on a shake table as shown in Figure 2. A rubber was
located in the middle of the tank. The rubber was fixed at its lower end and it was free at its upper end,
thus representing a submerged structure. The width, length and height of the tank were 15 cm, 30 cm
and 40 cm, respectively. Thickness of plexiglass was 1 cm, so the walls of the tank can be assumed as
rigid. The height and the width of the rubber were 8 cm and 0.3 cm, respectively. The elastic modulus of
the rubber was measured in the laboratory and an average value of 10MPa was decided to be used in
the simulations. The rubber was supported with symmetrically placed highly elastic cables. Three cables
were used to satisfy two-dimensional assumption. Although three-dimensional models are more popular
with the advances in computing technology, experiments that can be considered as two-dimensional
benchmark problems were conducted. Researchers may validate their two-dimensional numerical model
including elastic structure and cable elements with the present experiments. The cross-sections of cables

Figure 2. Experimental setup.
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are square having a side length of 2mm. One end of the cables was attached to the top of the rubber,
whilst the other end was attached to the left or right walls and they were placed 1 cm above the bottom
of the tank. The unstretched length of a single cable was 16.2 cm. To observe the deformation of the rub-
ber clearly and validate the numerical model, cables having small modulus of elasticity were used in the
experiments. The modulus of elasticity of the cable was measured as 1.14MPa.

The tank was partially filled with water with a depth of 10 cm. The density of water was 1000 kg/m3. A
high-resolution camera, capturing 30 fps, was fixed in the middle of the tank and it was in the same
motion with the tank. The sloshing of water and the deformation of the rubber was obtained with an
image processing technique.

Since the purpose of this study is to validate a newly proposed numerical algorithm, a theoretical
experimental setup was chosen. The dimensions were small compared to the real case. In addition, a
smaller elasticity of the cable was preferred to allow to clearly observe the tip displacements of the rub-
ber. Although they are theoretical, the experiments may be the benchmark for the researchers who want
to validate their FSI method incorporated with cable elements. All the experiments were conducted 5
times to satisfy the repeatability. It should be pointed out that the main experimental parameters are
taken the same with the previous experiments in which the deformation of a submerged rubber under
seismic excitations was investigated (Dinçer, 2019). The main contribution of this study is the attachment
of the cable elements to the rubber.

4. Numerical results

In the numerical simulations, the initial distance between two SPH particles was taken as 1.5mm, accord-
ingly approximately 13,150 SPH particles were used. The number of finite elements for elastic plate was
120. The numbers of particles and finite elements were defined after a convergence analysis which is
explained in the next part. Maximum time step was controlled by CFL stability condition. The initial water
depth in the tank was 10 cm.

In Table 1, the parameters used in the numerical model are summarised. Initial particle and mesh dis-
tributions are shown in Figure 3. It should be pointed out that the interaction between the fluid particles
on different sides of the rubber is prevented by excluding those particles from their neighbouring list in
the searching algorithm.

4.1. Near-fault-type excitation

Structures may be highly damaged due to the near-fault excitations in which a high energy is transferred
to the structure resulting from the impulsive character of the velocity and the ground motions of near-
fault excitations (Zhang & Wang, 2013). In order to find the nonlinear behaviour of a submerged struc-
ture with cable and the sloshing of the water, the tank was applied idealised near-fault excitations as
shown in Figure 4.

A convergence analysis for the rubber with cable under one-cycle cosine impulse was performed by
changing the number of SPH particles and finite elements and presented in Figure 5. The left column
labelled with (a) shows water level change on the right wall of the tank, whereas the right column
labelled with (b) presents the horizontal tip displacements of the rubber. First, the number of finite ele-
ments was kept constant and the number of particles was changed and the change in water level on the
right wall was observed. A slight change in results is observed with the increase in particle numbers

Table 1. The parameters used in the numerical model.

The initial distance between SPH particles (cm) 0.15
The height of the plate (cm) 8.0
The width of the plate (cm) 0.3
Modulus of elasticity of the plate (MPa) 10.0
The number of SPH particles 13,146
The number of finite elements 120
Max. time step (s) 0.000016
The initial length of the cable (cm) 16.2
The modulus of elasticity of the cable (MPa) 1.14
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from 8750 to 13,150 particles. Further increase in the number of particles do not affect the results.
Similar analysis was performed by changing the number of finite elements whilst keeping the number of
particles constant and the horizontal tip displacements of rubber were observed. Accordingly, 120 finite
elements were decided to be used in the simulations.

Free-surface profiles at random instants under one-cycle cosine and one-cycle sine impulses can be
seen in Figures 6 and 7. In the figures, the left column shows the experimental results when upper end
of the rubber is free, whereas in the middle column experimental results when cable elements are
attached are shown. In the right column, simulation results when cable elements are attached to the rub-
ber are given. Numerical results when the upper end of rubber is free can be found in a previous study
of the author (Dinçer, 2019). It should be noted that although the cable elements are shown in the fig-
ures for the sake of completeness, the interaction between the fluid and the cable is ignored. As seen in
the figures, free-surface profiles change considerably when cable elements are attached to the rubber. In
addition, the tip displacement of the rubber decreases as expected. Numerical results are similar to the
experimental results, although water bubbles could not be captured in the simulations. Pressure distribu-
tion is also given in the numerical results. Since, pressures at different levels were not measured in the
experiments, it is not possible to validate them. The simulated positions of cable elements at different

Figure 3. Initial particle and mesh distribution.

Figure 4. Idealised near-fault impulses (a) one-cycle cosine and (b) one-cycle sine.

Figure 5. Convergence analysis under one-cycle cosine impulse.
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instants are generally close to the experimental data. In Figure 7 at t¼ 0.53 s, a small sag is observed in
the simulation on the cable located on the left side of the tank. The cable is not in tension, so the sag is
due to its own weight. Although it is obvious in the experimental data that the same cable is not in ten-
sion, the sag is not observed in the experiments. However, the positions of three cables are not the
same in the experiments as can be seen in the figure. In fact, the position of the cable not in tension
does not affect SPH-FEM solution, because there is not any significant force contribution from the cable
to the rubber when the cable is not in tension.

In order to validate free surfaces quantitively, water levels near the right wall are compared in Figure 8 in
which water levels due to one-cycle cosine and sine impulses are given in the left and right columns,
respectively. Initial water level is 10 cm. The maximum increases in the water levels at the right wall are
approximately 24% and 26% for one-cycle cosine and sine impulses, respectively, and observed at the
second peak. After the attachment of the cable, the maximum increases in water levels are observed at the
first peak. Although the water level increase at the second peak decreases considerably, attachment of the
cable does not change water levels at the first peak (at t¼ 0.24 s and t¼ 0.30 s for one-cycle cosine and sine,
respectively), noticeably. Maximum decreases in water levels are lowered about 30% and 40% for cosine

Figure 6. Free-surface profiles under one-cycle cosine impulse of (a) experiment without cable, (b) experiment with cable, (c)
simulation with cable.

Figure 7. Free-surface profiles under one-cycle sine impulse of (a) experiment without cable, (b) experiment with cable, (c) simu-
lation with cable.
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and sine impulses, respectively. Figures show that the attachment of the cable lowers the sloshing of the
water. In addition, it can be said that numerical model can predict the water levels with high accuracy.

The deformation of the rubber is also important in order to clearly observe the effect of the cable and
the accuracy of the numerical model. In Figure 9, the horizontal displacement of the upper right end of
the rubber is presented. Maximum horizontal tip displacement under cosine and sine impulses are about
40% and 35%, respectively. When cable elements are attached, tip displacements decrease considerably,
i.e. it becomes approximately 10% under cosine impulse and 8.5% in the negative direction under sine
impulse. Consequently, maximum tip displacements drop nearly to a quarter when the cable is attached.
As it is understood from the figures, numerical method can predict the tip displacement profile of the
rubber very well.

In order to analyse the behaviour of the cable quantitively, the tension calculated in the left and the
right cables is given in Figure 10. Since the unstretched length of the cable is less than the initial length,
a same tension in the left and the right cable is observed at the beginning of the simulation. The tension
reaches its initial value, approximately 135 kPa, also at the end of the simulation. When the length of the
cable is equal to or less than the unstretched length, a tension due to its own weight is observed. It is as
small as nearly 0.25 kPa. The tension due to sine impulse is larger than the tension due to cosine impulse.
The time history of tension is consistent with the tip displacement history of the rubber.

Velocity profiles of water particles under cosine and sine impulses when the tip displacements are
maximum in both directions are shown in Figures 11 and 12, respectively. In the figures, (a), (b), (c) and
(d) denote to the free-surface profile captured from the experiment, velocity distribution in horizontal
and vertical directions and velocity vector, respectively. When the tip displacement is maximum in nega-
tive direction (t¼ 0.40 s and t¼ 0.48 s for cosine and sine impulses, respectively), the highest magnitudes
of velocity for cosine and sine impulses in horizontal direction are 0.35m/s and 0.60m/s, and in vertical
direction 0.2m/s and 0.25m/s, respectively. They are 0.4m/s and 0.16m/s in horizontal direction and
0.2m/s and 0.12m/s in vertical direction for the maximum tip displacement in positive direction
(t¼ 0.64 s and t¼ 0.12 s for cosine and sine impulses, respectively). When maximum tip displacements are
in positive horizontal direction, higher magnitudes of velocity are observed for cosine impulse, whereas
when they are in negative horizontal direction, magnitudes of velocities are higher due to sine impulse.

The pressures on the right wall 5mm above the bottom are calculated and given in Figure 13. When
d-SPH model is used, the peak pressures are nearly two times of the initial hydrostatic pressure for both
sine and cosine impulses. The peak pressures for the cosine impulse are observed at the beginning of
the movement, whereas they are observed approximately at 0.18 and 0.48 s for the sine impulse which
are compatible with the input accelerations shown in Figure 4. Although the duration of one-cycle sine
and cosine impulses are the same as shown in Figure 4, the pressure due to sine impulse reaches the
hydrostatic pressure earlier than the one due to cosine impulse. The numerical results can be validated
according to the final pressures which converge to the hydrostatic pressure as expected. When d-SPH is
not implemented, the oscillations in the pressures at the beginning of the simulation are very high.
However, oscillations decrease at the later stages of the simulation. Oscillations vanish at t¼ 1.00 s in
d-SPH scheme. On the other hand, when standard SPH equations are used instead of d-SPH scheme,
oscillations are still observed at t¼ 1.00 s under one-cycle cosine impulse. In Figures 14 and 15, the com-
parison between free-surface profiles of the d-SPH scheme and the standard SPH is given under cosine

Figure 8. Water level changes near the right wall of (a) one-cycle cosine impulse and (b) one-cycle sine impulse.
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Figure 9. Horizontal tip displacement of the rubber for (a) one-cycle cosine and (b) one-cycle sine impulses.

Figure 10. The tension in the cable under (a) one-cycle cosine and (b) one-cycle sine impulses.

Figure 11. Velocity profiles under one-cycle cosine impulse of (a) experiment and simulation in (b) horizontal direction, (c) vertical
direction and (d) resultant velocity.

Figure 12. Velocity profiles under one-cycle sine impulse of (a) experiment and simulation in (b) horizontal direction, (c) vertical
direction and (d) resultant velocity.
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and sine impulses, respectively. As can be seen from the figures, pressure distribution is smoother in
d-SPH scheme.

4.2. Earthquake excitation

Although near-fault-type excitation may damage the structure substantially, submerged structure should
also be investigated under earthquake excitation. Since the accelerations on the water tank and rubber
change instantaneously during an earthquake, the simulation may be harder. The numerical model is vali-
dated under a real earthquake excitation. The 1940 El Centro earthquake occurred in the Imperial Valley
in Southern California is used and the corresponding accelerogram is given in Figure 16.

Free-surface profiles due to the 1940 El Centro earthquake for different times which are chosen when
the tip displacements of the rubber are the highest can be found in Figure 17. In the figure, left and
right column show the experimental and simulation results, respectively. Pressures are colourised in the
simulation results. Highest pressures are observed at t¼ 1.63 s and t¼ 3.02 s when the tip displacement
of the rubber is maximum in negative and positive horizontal directions, respectively. From the figure, it
can be said that the simulated free-surface profiles are in good agreement with the experimental data. In
addition, the simulated cable positions are close to the experimental data.

Figure 13. Pressure history under one-cycle cosine and sine impulses of (a) d-SPH scheme and (b) the standard SPH.

Figure 14. Comparison between free-surface profiles of (a) the d-SPH scheme and (b) the standard SPH under one-cycle cosine
impulse at t¼ 0.42 s.

Figure 15. Comparison between free-surface profiles of (a) the d-SPH scheme and (b) the standard SPH under one-cycle sine
impulse at t¼ 0.53 s.
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Time history analysis of the horizontal tip displacement of the rubber is shown in Figure 18. In the fig-
ure, experimental and numerical results when the upper end of the rubber is free and when the cable is
attached are shown. In order to show tip displacements in detail, the figure is divided into two and only
the results when the cable is attached are shown in Figure 19. The maximum tip displacement is about
20% of the total length of the rubber when upper end is free. It is approximately 6% when cable is
attached to the rubber. Therefore, the tip displacement of the rubber is significantly lowered with the
cable element. It should be pointed out that numerical results are very close to the experimental data.

The tension in the cables due to El Centro earthquake is presented in Figure 20. The maximum ten-
sion observed in the cable at the initial stages of the simulation is approximately 450 kPa which is lower
than the tensions under near-fault excitations although the magnitude of the maximum input accelera-
tions is similar.

The change in water levels near the right wall is given in Figure 21. Maximum changes in water levels
are about 20% and 15% when the upper end of the cable is free and cable is attached, respectively.

Figure 16. Time history of the 1940 El Centro earthquake.

Figure 17. Free-surface profiles under the earthquake for (a) experiment and (b) simulation.
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Therefore, it can be deduced that attaching the cable element to the rubber does not decrease the slosh-
ing significantly. In order to compare the numerical results with the experimental data, only the results
with the cable are shown in detail in Figure 22. The numerical model can successfully capture the change
in water levels.

Figure 18. Horizontal tip displacements of the rubber under El Centro earthquake.

Figure 19. Horizontal tip displacements of the rubber with cable under El Centro earthquake between (a) 0 and 10 s and (b) 10
and 20 s.

Figure 20. The tension in the cable under El Centro earthquake between (a) 0 and 10 s and (b) 10 and 20 s.
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Velocity profiles when the horizontal tip displacements in both directions of the rubber are the high-
est are given in Figure 23. The highest magnitudes of velocity in horizontal direction are 0.3 and 0.2m/s
when the tip displacement is in the negative and positive directions, respectively. In vertical direction,
they are found to be 0.15 and 0.1m/s. Although the tip displacements in both directions are close to
each other as can be seen in Figure 19, the magnitudes of velocity vectors are different. The velocity
when the tip displacement is in negative direction is nearly 1.5 times the velocity found when the tip dis-
placement is in positive direction.

The pressure history at the right wall 5mm above the bottom until reaching the steady flow can be
seen in Figure 24. The peak pressure is obtained approximately at 1.80 s after the beginning of the

Figure 21. Water level changes near the right wall under El Centro earthquake.

Figure 22. Water level changes near the right wall under El Centro earthquake between (a) 0 and 10 s and (b) 10 and 20 s.

Figure 23. Velocity profiles under El Centro earthquake (a) experiment and simulation in (b) horizontal direction, (c) vertical direc-
tion and (d) resultant velocity.
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simulation and it is nearly 2.5 times the initial hydrostatic pressure at that point. As can be seen in
Figure 16, the maximum input acceleration is observed nearly at the same time when the peak pressure
occurs. Pressures oscillate due to the movement of the tank around the hydrostatic pressure to which
they reach at the end of the sloshing motion.

4.3. Error analysis

Error measurements of simulations for the first three peaks are given in Table 2. The numerical differen-
ces between simulations and experiments in terms of peak displacements, time to peak displacements,
peak water levels on the right wall and time to peak water levels on the right wall are presented in the
table. The highest errors are usually observed at the first peak. After the first peak, the errors decrease
significantly. In fact, the difference between numerical and experimental results can also be seen in
Figures 8 and 10. Except from the peak displacements, average errors are generally below 10%.

5. Conclusions and future work

A cable model is incorporated with the fully coupled SPH-FE method previously proposed by the author
(Dinçer et al., 2019) and the behaviour of a highly elastic submerged structure as well as the sloshing of

Figure 24. Pressure history under El Centro earthquake.

Table 2. Error measurements for near-fault excitations.

One-cycle cosine impulse One-cycle sine impulse

With cable Without cable With cable Without cable

Error in peak displacement (%) Peak 1 16.28 21.35 32.43 16.74
Peak 2 1.52 11.67 2.25 12.59
Peak 3 1.69 5.71 20.59 1.20
Average 6.50 12.91 18.42 10.17

Error in time to peak displacement (%) Peak 1 20.00 11.11 18.75 4.35
Peak 2 5.56 4.76 2.08 1.89
Peak 3 1.33 0.00 1.56 1.18
Average 8.96 5.29 7.47 2.47

Error in peak water level on the right wall (%) Peak 1 15.45 20.35 7.25 6.75
Peak 2 7.48 1.77 0.63 3.92
Peak 3 16.10 7.69 6.45 10.37
Average 13.01 9.94 4.78 7.01

Error in time to peak water level on the right wall (%) Peak 1 0.00 14.29 7.69 14.29
Peak 2 0.00 7.69 3.70 3.45
Peak 3 0.00 2.27 1.82 0.00
Average 0.00 8.08 4.40 5.91
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the water under seismic excitations are investigated. The liquid sloshing height near one of the walls of
the water tank, the tip displacements of the rubber representing the elastic submerged structure, the
free surfaces of the water and the tensions in the cable due to near-fault and earthquake excitations are
discussed, the conclusions are as follows:

First, although the peak acceleration impulses of El Centro earthquake and near-fault motions are close
to each other, the tip displacement of the submerged rubber is approximately 20% and 40% of its initial
height, respectively. Near-fault excitation is far more destructive than an earthquake excitation with the
same peak acceleration. When a highly elastic cable element is attached to the rubber, tip displacements
become 6% and 10%, respectively. Therefore, cable significantly decrease the displacement of the rubber.

Second, attaching a cable element to the rubber does not lower the sloshing of the water in the tank
significantly for the earthquake excitation. On the other hand, for the near-fault excitations, maximum
sloshing height is lowered with the cable although sloshing heights at the first peak with and without
cable are very close.

Third, the magnitudes of the velocity of the water particles due to near-fault excitations are nearly twice
the ones due to earthquake excitation. Besides, the peak pressures recorded at the bottom of the right wall
due to one-cycle cosine and sine impulses are very close to each other and found to be approximately two
times of the initial hydrostatic pressure at the measurement point. However, peak pressure due to El Centro
earthquake is about three times of the hydrostatic pressure. Pressures at the end of the sloshing of the water
reach the constant hydrostatic pressure and they do not oscillate significantly.

Instead of using closed form solutions, a comprehensive finite element method with a two-node cable
element is implemented in the proposed FSI method. Simulation results show that the proposed model
can successfully simulate the behaviour of an idealised, submerged structure with a cable element.
Besides, the free surfaces of the water and the positions of the cable elements at different instants are
also captured correctly. It should be pointed out that in order to validate the numerical model derived
for this study, novel experiments are conducted and these experiments may be the benchmark for com-
plex FSI problems including cable elements.

The current version of the proposed numerical model still presents some limitations. The interaction
between the cable and water is ignored. However, the calculated and recorded positions of the cable are close
to each other. Future work will be focussed on the interaction of the cable with the fluid. In order to compare
the numerical and experimental results quantitively, the tension in the cable will also be measured.
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