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A R T I C L E  I N F O   

Keywords: 
Topological data analysis 
EEG 
Brain-Computer interface 
Persistent homology 
False nearest neighbors 
Motor intention waves 

A B S T R A C T   

Topological data analysis (TDA) methods have become appealing in EEG signal processing, because they may 
help the scientists explore new features of complex and large amount of data by simplifying the process from a 
geometrical perspective. Time delay embedding is a common approach to embed EEG signals into the state space. 
Parameters of this embedding method are variable and the structure of the state space can be entirely different 
depending on their selection. Additionally, extracted persistent homologies of the state spaces depend on 
filtration level and the number of points used. In this study, we showed how to adapt false nearest neighbor 
(FNN) test to find out the suitable/optimal time embedding parameters (i.e., time delay and embedding 
dimension) for EEG signals, and compared their effects on different types of artefacts and motor intention waves 
that are commonly used in brain-computer interfaces. We extracted and compared persistent homologies of state 
spaces that were reconstructed with four different sets of parameters. Later, the effect of filtration level on 
extracted persistent homologies was compared, and statistical significance levels were computed between left- 
and right-hand movement imaginations. Finally, computational cost of the discussed methods was found, and the 
adaptability of this method to a real-time application was evaluated. We demonstrated that the discussed pa
rameters of the TDA approach were highly crucial to extract true topological features of the EEG signals, and the 
adapted testing approaches depicted the applicability of this approach on real-time analysis of EEG signals.   

1. Introduction 

As the acquisition of high resolution multichannel EEG signals got 
cheaper and easier, its usage in brain-computer interfaces (BCIs) has 
become widespread. Sampling frequency and the number of channels 
used have been increased in order to collect more information from 
subjects leading to more data to process and analyze, which requires 
more time and processing power. On the other hand, BCIs need to 
respond quickly to patient’s requests in real life. For that matter, topo
logical data analysis (TDA) methods have become appealing to be uti
lized in BCI systems, because they may help the scientists explore new 
features of complex and large amount of data by simplifying the process 
from a geometrical perspective [1,2]. Especially, when one considers 
that TDA is more convenient to handle complex and large amount of 
data, it is a good idea to focus on TDA of EEG signals [3]. Despite in 
many studies TDA was used on EEG signals [4–6], many questions 
remain to be answered. EEG signals are acquired from multiple channels 

and frequently contain artefacts and noise. This study aimed at tackling 
the following questions from the perspective of persistent homology 
analysis method of topology: What is the performance of TDA under 
noisy EEG signals? Is it critical to have clear EEG signals for TDA to 
perform well? At what extend do noise and artefacts spoil TDA perfor
mance? What are the key parameters of TDA for an effective EEG 
analysis? How can we optimize those parameters? Can this method 
operate in real-time if implemented in BCI systems? 

EEG signals can be treated as scalar time series that are collected 
from multiple channels, and there are two main ways of mapping such 
time series into multidimensional Euclidean space, which are time delay 
embedding and spatial embedding. Time delay embedding is based on 
Taken’s embedding theorem [7], and it is very useful to reconstruct state 
space from single signal source [8]. Even if there are multiple sources, 
one can reconstruct state space of each signal source independent from 
other sources with time delay embedding. Spatial embedding is an 
alternative method to reconstruct state space. It uses signals from 
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multiple channels to create state space. This allows reduction of data to 
be processed in the O(n). Both embedding approaches are suitable for 
reconstruction of state space from EEG signals. Stam shared several 
studies in which these embedding approaches were tested [9], however, 
which approach was favorable for which case has remained unknown. 
Additionally, parameters of both embedding methods need to be 
well-tuned, otherwise arbitrarily chosen parameters mislead recon
struction of the state space and cause to fade underlying assets and 
highlight noises. Liebert et al. [10], Mindlin et al. [11], and Rosenstein 
et al. [12] showed that optimal values for the parameters of time delay 
embedding can be found using several tests. Even though Pritchard et al. 
[13] and Celluci et al. [14] presented the applicability of these test 
methods to EEG signals, it is still not clear how these test results are 
affected by the artefacts and noise. 

Topological structures of the state spaces are expressed by homol
ogies such as connectivity, edge, hole and surface [15]. Vietoris-Rips 
filtration is a resourceful method to extract homologies of the state 
spaces [16]. This filtration approach assumes points of the state space as 
expanding disks with initial radii equal to zero. Disk radii start to grow 
step by step, and filtration ends when the disk radii reach a pre
determined value, τmax. When any two disks overlap during the filtration 
new connections between them emerge, and when one disk embraces 
another disk’s center, connection between them dies. Fig. 1a shows a 
simple example of filtration. At the end of filtration, existing homologies 
are counted and represented by Betti numbers (βn). Betti0 (β0) is the 
number of connected point groups, Betti1 (β1) corresponds to the number 
of connections (edges) between points, and Betti2 (β2) indicates surfaces, 
and so on. For instance, in Fig. 1a all 5 points are connected and there 
are 2 edges at the end of filtration. The corresponding Betti numbers of 

this state space are β0 = 1 and β1 = 2. 
It can be seen that some edges emerge and die between step 1 and 6, 

but Betti numbers do not carry this evolution information. The evolution 
of the state space can be visualized by Betti barcodes as shown in Fig. 1b. 
When a new homology emerges, new bar appears on the graph with the 
corresponding birth value, and the bar ends when that homology dies. 
Eventually, Betti barcodes show the lifetime of all emerged homologies. 
Short lived homologies correspond to noise and artefacts. Homologies 
with long lifetime are referred as persistent homologies, and they 
possess the underlying features and dominant structures of the state 
space [17]. Perea et al. proposed an algorithm to extract periodicity of 
gene expression signals using persistent homology [18], while Wang 
et al. [19]. and Dabaghian et al. [20] used persistent homology to reveal 
main features of brain signals. Persistent homology analysis aims to 
provide robustness against noise, but without the numerical evaluation 
of a certain application it is not clear how much noise or artefact can be 
ignored with persistent homology method. Besides, the value of τmax is 
an important parameter for the extracted persistent homologies. If 
chosen τmax is too small, then many noise related homologies may 
appear as persistent homologies. On the contrary, if chosen τmax is too 
large, feature related homologies disappear and resultant persistent 
homologies become meaningless. Top it all, computational cost in
creases exponentially as τmax value gets larger, and it detracts real-time 
applicability of this method. Thus, the τmax value should be large enough 
to eliminate noise related homologies; meanwhile it should be small 
enough to keep feature related homologies of analyzed state space. 
Moreover, computational cost of the analysis should be feasible to be 
used in real-time BCI systems. 

As mentioned above, determination of suitable/optimal parameters 
for real-time applications of TDA is required. In the previous studies on 
TDA of EEG signals, state space reconstruction and filtration steps have 
no common methodology to follow. There is no information about 
processing time, and whether it is possible to implement TDA in real- 
time BCIs. Noise and artefacts are inherent to the EEG signals, and 
TDA has proven to be robust against noise [2,21]. However, how this 
approach is affected by noise and artefacts needs to be addressed. In this 
study, we handled each of these issues systematically. Firstly, in state 
space reconstruction, determination of optimal parameters for time 
delay and spatial embedding approaches was investigated using syn
thetic and real EEG signals with various noise and artefact types. In 
addition, persistent homologies were extracted as Betti numbers with 
Vietoris-Rips filtration and compared for left- and right-hand motor in
tensions on two EEG channels located on the left and right sides of the 
scalp on the motor cortex (C3 and C4 channels). Moreover, processing 
times of these steps were recorded to demonstrate the feasibility of this 
approach for real-time BCIs. 

2. Materials and methods 

2.1. Synthetic EEG 

The approach suggested in [22] used real EEG signals for generating 
synthetic ones to decrease the calibration time of BCI. In our approach, 
we aimed at imitating mu and beta band power changes during the 
presence of motor imagery rather than imitating all the characteristics of 
EEG signals. For that reason our approach, the synthetic EEG signals 
were composed of summation of pure sine waves generated using 
MATLAB 2016a built-in ‘sin’ function. Besides, this approach allowed us 
to observe and isolate the effects of different types of noise and artefacts 
on further steps of the topological analysis. Later, noise and artefacts 
were added gradually to investigate their effects on the state space 
reconstruction. The resultant signals had frequency components be
tween 0.5 Hz and 100 Hz. Certain band powers of the generated signals 
were altered in order to simulate motor intention (MI) waves. The band 
powers of two frequency bands, mu band (7.5–12.5 Hz) and beta band 
(15–30 Hz), were changed by simply changing the amplitude of sine 

Fig. 1. a) Illustration of a state space that consists of points. Six steps of 
filtration are visualized. Emerged and engulfed homologies shown through 
steps. b) Betti barcodes of state space shown for β0 and β1 numbers. 
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waves in association with band frequencies [23]. As depicted in Fig. 2 
during imagery period while the subject is imagining the movement of 
the extremities, for example, without actually moving them, the ratio of 
beta and mu band powers increases when compared to the resting state, 
which is called event-related desynchronization (ERD). This concept is 
defined as the motor intension waves, and is commonly used in BCI 
applications. 

2.2. Real EEG 

Here, we used a publicly avaliable EEG dataset that was published by 
the Technical University of Graz, Austria in 2008 for a BCI competition 
[24]. This dataset (Graz dataset) included EEG signals that were ob
tained from 8 subjects. Each subject performed 120 right-hand and 120 
left-hand movement imaginations. The experimental paradigm used 
during the EEG recordings was shown in Fig. 3. The sampling rate in the 
experiments was 250 samples/s, and each imagery movement trial las
ted around 9 s. EEG signals of this dataset did not contain any artefacts 
such as eye blinks. 

2.3. Noise types 

Four different noise types were simulated and added to synthetic 
EEG signals to investigate their effect. These were i) muscle related ar
tefacts in the frequency range of 40− 80 Hz, ii) eye blinks, iii) signal 
discontinuities and iv) linear trends (Fig. 4) [25]. The artefacts lasted 
between 0.5 and 1 s. 

2.4. State space reconstruction 

Time delay embedding is a standard procedure in topological anal
ysis to reconstruct state space from single signal source, i.e., time series 
[11,26,27]. Let time series x(t), t ∈ Z belongs to a single channel EEG 
signal, where each x(t) corresponds to one sample from the signal. This 
x(t) signal can be embedded into M -dimensional state space with ΔT time 
delay according to Taken’s theorem, where M and ΔT ∈ Z [7]. Conse
quently, coordinates of the points in the state space can be represented 
with the following equation; 

y(t) = {x(t), x(t + ΔT ), x(t + 2ΔT), ..., x(t + (M − 1)ΔT)} (1) 

These two parameters, ΔT and M, determine the location of each 
point, y(t), on the state space. Additionally, the number of points that are 

present in the state space is decided using the length of the time window. 
Three parameters shape the state space using single channel EEG signal 
as shown in Fig. 5. 

Each stage of topological analysis, starting from embedding EEG 
signal into the state space up to extracting persistent homologies, re
quires delicate approaches to decide parameter values that are crucial 
on that particular stage. It is highly important to avoid any ambiguities 
because mistakenly assigned parameter values will have major impacts 
on the resultant topological features. 

The method called “false nearest neighbor” (FNN) test first proposed 
in [10] has been widely used for determining proper embedding 
dimension of nonlinear systems [28]. It can be considered as an optimal 
way to find the lowest embedding dimension to reconstruct the state 
space. Due to the nonlinear structure of the EEG signals, it is suitable to 
employ FNN test to find proper embedding dimension. Better yet, FNN 
test returns the minimum embedding dimension that is possible to 
reconstruct state space, which directly helps to reduce computational 
cost of further steps of topological analysis. 

Here, we adapted the same test with an extended approach as [31] 
suggested to find not only the embedding dimension but also delay time 
and time window parameter values. The methodology of choosing 
proper values for the optimizing embedding parameters of nonlinear 
systems should be well-defined; otherwise further analysis may lead to 
arbitrary results. For instance, if the chosen embedding dimension is 

Fig. 2. Synthetic EEG signals for resting (blue) and imagery (red) states, and their power spectra are shown respectively.  

Fig. 3. Experimental paradigm for each trial started with a fixation cross (left), 
a cue for right or left-hand imagery (middle and right respectively) was shown 
to the subject, and then hand movement imagery period started. 
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lower than the optimal value, it yields a densely reconstructed state 
space. This is not desired because features of the state space may overlap 
in the dense structure. On the other hand, if the embedding dimension is 
high, it causes sparsity in the reconstructed state space, because 
embedded points in the state space land far from each other. Besides, 
high dimensional state spaces are not cost effective, because they require 
exponentially increased computational power for further steps of topo
logical analysis. 

FNN test examines the changes in the distance between points and 
their nearest neighbors, while incrementing embedding dimension one 
by one starting from 1-dimensional state space. Let (M-1)-dimensional 
state space be created with time delay embedding method and let the 
distance between a point and its nearest neighbor be 

R2
M− 1 =

∑M− 2

k=0
[x(t + kΔT) − xr(t + kΔT) ]2 (2)  

where x(t + kΔT) are coordinates of a point in the state space and xr(t +
kΔT) are the coordinates of the nearest neighbor of that point. Let this 
state space be folded up into M -dimension by adding Mth coordinate (by 
adding another data point while creating a point in the state space) to 
every point. Then, the new distance between a point and its nearest 
neighbor will be 

R2
M = R2

M− 1 + [x(t + (M − 1)ΔT ) − xr(t + (M − 1)ΔT)]2 (3) 

Consequently, the amount of distance change between M − 1 to M 
dimension can be calculated with the following equation; 

|RM − RM− 1|

RM− 1
(4) 

Firstly, while going from M − 1 to M dimension if the nearest 
neighbor changes for a point we accept this neighbor as the false nearest 
neighbor. Secondly, if the change in distance is below a predefined 
threshold (Rtol), then FNN test accepts corresponding nearest neighbor 
as a true nearest neighbor, or else it is marked as the false nearest 
neighbor. We would like to state that, Kennel et al. [28] and Liebert et al. 
[10] showed that Rtol can take a value between 10 and 20 and it is 
assumed as Rtol = 10 in this study as suggested in [10]. Total percentage 
of the FNN is calculated for all dimensions starting from 1 to M. The 
lowest embedding dimension that has FNN percentage lower than 1% 
was chosen as the best embedding dimension. 

In addition to embedding dimension, time delay (ΔT) needs to be 
optimized because if ΔT is too low, points in the reconstructed state 
space may land on same places and cause redundancy in the state space. 
On the other hand, a high time delay value causes points to land on 
independently and randomly. Mutual information or autocorrelation 
methods can be used to find the suitable time delay value, however, 

Fig. 4. Synthetic EEG signals with and without MI waves are depicted. Clean signals (first row) and signals with different artefact types (the type is shown on the 
right side of each panel) are presented. 

Fig. 5. Time delay embedding uses signal samples as the coordinates of state space points. Time window determines the number of points, phase delay determines 
the amount of time window shift, and embedding dimension corresponds to the state space dimension. 
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rather than finding suitable values for embedding dimension and time 
delay parameters independently, Kravoskâ discussed an approach to 
find suitable ΔT value using FNN test [31]. We utilized the same 
approach and used FNN test as a basis and repeated the test for 
sequentially increasing ΔT values. Eventually, a grid of FNN test results 
for different time delay and embedding dimension pairs was created. 
Time delay and embedding dimension pair that has the lowest FNN rate 
was chosen to be the best (most suitable) values for reconstructing the 
state space. Moreover, we repeated the tests for different time window 
lengths to find out its best value. Thanks to this approach, not only the 
most suitable parameter values but also computationally efficient 
parameter values were found. 

Synthetic EEG signals were first used in FNN test to find out the 
optimal values for embedding dimension, time delay and time window. 
Each test was executed for 15 consecutive time delay and embedding 

dimension values starting from 1. The test results were plotted as heat 
maps that showed the percentage of FNN for every combination of 
embedding dimension and time delay values. Next, the effect of the 
number of points (length of the time window) in the state space was 
examined to find out the best time window length. Three different time 
window lengths, which have 50, 150, and 250 points in the recon
structed state space, were used. More importantly, different artefact 
types and motor activity imagination (intension) were simulated on 
synthetic signals to investigate how FNN test results were affected by 
them. 

2.5. Persistent homology 

Topological analysis was performed using a Java based software, 
called JPLEX, that could also run on MATLAB [29]. This software allows 

Fig. 6. FNN rates of synthetic EEG signals for every combination of time delay and embedding dimension were shown as heat maps. In addition, each column 
corresponds to FNN rates for different time window lengths (50, 150 and 250 points), and the first row and second to fifth rows correspond respectively to the FNN 
rates of artefact-free and artefact added (blink, muscle, discontinuity, and linear) synthetic EEG signals. 
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the researcher to reconstruct state space using Euclidean coordinate 
arrays of points, and can perform Vietoris-Rips stream analysis [17]. 
Once the state space was created, the radius (R) of spherical volume of M 
-dimensional state space was calculated, which was also used to deter
mine the maximum filtration (τmax) value. Since the volume of state 
space calculated in terms of radius (R), τmax could take a value propor
tional to the radius. Thereby, how much of the state space would be 
covered at the end of the stream would be known beforehand. For 
instance, if the τmax value was one fourth of the radius (τmax = R/4), 
then any point of state space would be large enough to cover 25% of the 
whole state space at the end of the filtration. Even if we considered two 
distant points, 50% of the state space would be covered just by them at 
the end. We chose 5 different τmax values, R/4, R/10, R/25, R/50, and 
R/100, for the analysis by taking space coverage into consideration. 
Hence, the stream analysis became adaptive since τmax values were 
adjusted according to the state space radius. 

3. Results 

3.1. FNN tests 

First, we examined synthetic EEG signals simulating the resting state. 
Four different artefact types (blink, muscle, discontinuity, and linear) 
were added to the signal to investigate their effect on FNN test. Each 
heat map in Fig. 6 corresponds to FNN test results of a pair of an artefact 
type and a time window length. Apart from the muscle artefact, test 
results were slightly affected by the artefacts. The lowest embedding 
dimension and time delay pair that resulted lower than 1% FNN rate 
(depicted dark blue on the heat maps) was selected as the best values for 
reconstructing the state space. Results showed that 3 or 5-dimensional 
state spaces with 1 sample time delay (the lowest row on each heat 
map) were sufficient to represent EEG signal in the reconstructed state 
space irrespective of the time window and artefacts. The dark blue re
gions on the heat maps demonstrated this result visually. Even for the 
muscle artefact case, time delay and embedding dimension values that 
provided the lowest FNN rate turned out to be the same values found for 
other artefact types. 

Secondly, motor imagery (MI) waves were simulated as synthetic 
EEG signals, and FNN test results were shown in Fig. 7 as heat maps. 
Results indicated that low embedding dimension (3–5) with 1 sample 
time delay provided less than 1% FNN rate similar to the former test on 
resting state. Meanwhile, increased time delay and embedding dimen
sion caused higher FNN rates (exceeding 1% threshold). 

The FNN test findings of the real EEG signals were similar to the 
former two FNN test results. In Fig. 8, it can be seen that 1 sample time 
delay and 3–5 embedding dimension provided the lowest FNN rate, and 
those were chosen as the most suitable values. Distinctively, FNN rates 
for optimal values that were shown in Fig. 9 highlighted the importance 
of time window for reconstructing state space for real EEG signals. While 
150 and 250-point time windows provided less than 1% FNN rate with 
optimal parameters, 50-point time window failed to comply with the 
findings of synthetic EEG signals. This meant that wider time windows 
should be preferred to reconstruct state spaces. 

3.2. Topological features 

In this part of the study, we employed C3 and C4 channels (corre
sponding to the motor cortex regions of the right- and left-hand move
ments respectively) of the real EEG data coming from 8 subjects as 
described in the materials and methods section. Persistent homologies 
were extracted for the left- and right-hand movement imaginations to be 
used in brain-computer interfaces. In order to demonstrate the impor
tance of having the most suitable values that can provide less than 1% 
FNN rate, we used 4 different sets of M and ΔT values to construct state 
spaces: i) the optimal values of M and ΔT, ii) arbitrary values of M 
(greater than 4) and ΔT, iii) arbitrary M and the optimal ΔT, and iv) the 

optimal M and arbitrary ΔT (greater than 2). Extracted topological 
features, β1 numbers, of the left- and right-hand movement imaginations 
were compared using the paired t-test with a significance level of 
p < 0.05. bar graphs in Fig. 10 show the number of persistent homol
ogies extracted from C3 and C4 channels for each case. As shown in 
Table 1, state spaces created with the optimal parameters on the channel 
C4 were significantly different (p < 0.05) while other combinations were 
not. 

Apart from the time delay and embedding dimension parameters of 
the reconstruction, we tested the effect of time window length together 
with the maximum filtration, τmax,amount. State spaces were analyzed 
with 5 different τmax values and 3 different time window lengths in order 
to compare their effects. 

The effect of τmax values on the extracted topological features was 
presented in twofold. First, the change of extracted Betti numbers 
through the filtration steps was shown. Initially, filtration started with 
τ = 0, and it incrementally reached τ = R/4. Persistent homologies of 
resting and imagery period (left hand) were extracted and plotted at 5 
different points (τmax = R/100, R/50, R/25, R/10, R/4) in Fig. 11. 
Stepwise investigation of filtration enabled us to understand how Betti 
numbers evolved through the filtration steps. As seen in that figure, Betti 
numbers converged to 1 with increasing filtration level. Another 
important point we should note from the figure is that Betti numbers of 
imagery period differed for 3 filtration values (R/25, R/50, R/100) 
while they were similar for other 2 filtration values. Secondly, paired t- 
test of the channels for resting and imagery periods that were shown in 
Table 2 supported this finding. 

Fig. 7. FNN rates of synthetic EEG signals with MI waves for every combination 
of time delay and embedding dimension were shown as heat maps. In addition, 
each column corresponds to FNN rates for different time window lengths (50, 
150 and 250 points), and the first row and second to fifth rows correspond 
respectively to the FNN rates of artefact-free and artefact added (blink, muscle, 
discontinuity, and linear) synthetic EEG signals. 
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Moreover, we investigated the effect of time window length on the 
extracted persistent homologies. We used the same time window lengths 
(50, 150 and 250 points) that were used in the state space reconstruction 
phase. Extracted persistent homologies that belonged to resting and 
imagery periods, were compared, and paired t-test results are depicted in 
Table 2. Extracted persistent homologies were significantly different 
only for 250-point time window. Other two time window lengths failed 
to provide significantly different persistent homologies for C3 and C4 

channels. 
Finally, we analyzed EEG signals of all subjects using optimal 

parameter values that were found above. Extracted persistent homol
ogies of EEG signals coming from C3 and C4 channels were compared for 
left- and right-hand imagery states. Paired t-test results showed that 
features obtained from of at least one of the channels were significantly 
(p < 0.05) different during imagery state of all subjects (Table 3). 

3.3. Computation time 

Computation time of EEG trials was recorded for different parameter 
combinations. For the same time window reconstructed state spaces 
were evaluated at 5 different filtration levels. Means of the total elapsed 
time for all trials were plotted. This process was repeated for 3 time 
window lengths, and the results were shown on the same figure 
(Fig. 12). Computations were carried out on Windows 10 desktop 
computer with 3.4 GHz processor and 8 GB RAM (Table 4). 

4. Discussion 

The first aim of the present study was to clarify ambiguous parameter 
values of state space reconstruction for EEG signals to be used in topo
logical data analysis. We found that 3–5 embedding dimension and 1 
sample time delay provided the lowest FNN rate for synthetic EEG sig
nals. Our FNN test results supported the fact that any increase in 
embedding dimension or time delay may cause redundancy in the 
reconstructed state space. Since any misrepresented data will lead to 
redundant or erroneous topological features on the further steps of the 
topological analysis, it is crucial to have true representation of the 
embedded data in multidimensional state space [28]. 

The FNN test was examined for noise and artefact included synthetic 
EEG signals to find out its robustness. Apart from the muscle artefacts, 
robustness against the different types of artefact was high, i.e., the test 
results remained unchanged. More importantly, wider time window 
usage enhanced the robustness of the state space. This was expected 
because as we embedded more signal samples into the state space, ratio 
of the artefact related points became smaller thereby distortions 
diminished. FNN test on real EEG signals supported the importance of 
having a wide time window for overcoming the distortions of artefacts, 
because while test results of 150- and 250-point time windows were 
below 1% FNN rate, 50-point time window failed to reach this threshold. 

For clarity and convenience, we reported the lengths of time win
dows used in terms of the number of points rather than seconds. How
ever, we chose these values based on their time equivalents considering 
the sampling rate, because the number of points time window has solely 
depends on sampling rate of the signal. Chosen time windows of 50, 150 

Fig. 8. FNN rates of real EEG signals for every combination of time delay and 
embedding dimension were shown as heat maps. In addition, each column 
corresponds to FNN rates for different time window lengths (50, 150 and 250 
points), and the first row and second to fifth rows correspond respectively to the 
FNN rates of artefact-free and artefact added (blink, muscle, discontinuity, and 
linear) real EEG signals. 

Fig. 9. FNN rates of state spaces that were reconstructed with the best embedding dimension and time delay pairs on real EEG signals for different time win
dow lengths. 
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and 250 points were equal to 0.2, 0.6 and 1 s respectively. Paired t-test 
results in Section 3.2 showed that the features extracted from 250-point 
time windows were significantly different during motor imagery period. 

Finding the optimal embedding values (embedding dimension, time 
delay and time window) using FNN test was the first step towards 

extracting distinctive topological features from EEG signals. In fact, 
exploring the extracted features whether they were significantly 
different (p < 0.05) or not, showed that using the optimal parameters 
were crucial to have distinctive topological features. Moreover, com
parisons depicted that how drastically the topological structure changed 
when the time delay or embedding dimension was arbitrarily chosen. 
Our findings demonstrated the parallelism with the studies aimed at 

Fig. 10. Extracted β1 numbers of signals that were taken from C3 and C4 channels showed on bar graph. The cases of left and right hand imaginations were 
compared. State spaces that were constructed using the optimal parameters showed significantly different β1 numbers. 

Table 1 
Paired t-test results of extracted persistent homologies that were constructed 
with different combination of time delay and embedding dimension values. 
Numbers indicate the significance levels, p.   

Optimal ΔT& 
Optimal M  

Arbitrary ΔT& 
Arbitrary M  

Optimal ΔT& 
Arbitrary M  

Arbitrary 
ΔT&Optimal M  

C3 0.1021 0.2511 0.1500 0.2372 
C4 0.0027 0.8763 0.0754 0.5005  

Fig. 11. Extracted β1 numbers of resting (top) and imagery (bottom) periods were shown for signals coming from C3 and C4 channels, demonstrating the effect of 
filtration level. 

Table 2 
Paired t-test results of the channels for resting and imagery periods and for 
different filtration values. Numbers indicate the significance levels, p.   

R/4 R/10 R/25 R/50 R/100 

Resting 0.8986 0.2039 0.6481 0.8280 0.5061 
Imagery 0.4719 0.0797 0.0128 0.0094 0.0073  
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determining the optimal embedding dimensions [30,31]. Krakovska 
et al. discussed roles of embedding dimension and time delay for the 
FNN test of Lorenz and Rössler system [31]. In another study [30], 
Kennel et al. shared the FNN test results of Lorenz model and synthetic 
periodic time series and they discussed the reliability of FNN test. Both 
studies concluded that FNN test method offers to find minimum 
embedding dimension from observed data. 

Reconstruction of the state space with optimal parameters was not 
enough to extract statistically meaningful features. We should note that 
when the filtration level was chosen arbitrarily, the computed homol
ogies tended to converge. As we mentioned in Section 1, when the radii 
of the disks around the points of the state space grow, they overlap and 
create connections through filtration. This means that the space 
coverage of each point increases correspondingly. However, when the 
radii of the disks around the points grow too much, they start to engulf 
feature related homologies, and the state space converges to a singular 
structure [2,32]. From this perspective, filtration level should be high as 
much as possible to eliminate non-persistent homologies (noise related 
perturbations), but at the same time it should be low enough to avoid 
convergence. Our findings showed that, filtration level providing 4% 
coverage for each point was the highest filtration level that was good 
enough to extract distinctive features related to the persistent 
homologies. 

When it comes to the computational cost, our results demonstrated 
that the time window and filtration level were needed to be tuned to 
operate in real-time BCI systems. Our observation was that when the 
filtration level was high the computational cost of the analysis exploded, 
and the TDA approach could not respond quickly enough to perform 
real-time analysis. On the other hand, when our approach was utilized to 
extract persistent homologies computation time of the analysis went 

down to 1 s as we have shared in the Section 3.3. 
Finally, we compared the extracted features of topological analysis 

that used optimal values found by above-mentioned tests and compar
isons (max = R/25, ΔT = 1, M = 5, Time Window Length = 250). It was 
depicted that the features extracted from at least one channel were 
significantly different for left- and right-hand imagination. These find
ings suggest that when the signals are embedded into state space using 
optimal parameters, and analyzed with optimal filtration level, extrac
ted persistent homologies of the state spaces provide distinctive features 
for left- and right-hand movement imaginations to be used in motor 
intension wave based BCIs. 

The most important benefit of our approach for future studies is that 
it provides mathematically sound test results. Thus, it removes ambi
guities from the embedding dimension, delay time and time window 
parameters and enables reproducibility of future studies on topological 
analysis of EEG signals. Hence, step by step investigations showed that 
optimal parameters can be obtained by using FNN test in order to extract 
topological features from EEG signals in a fast and reliable manner. 

Additionally, we found that the filtration level of the Rips stream 
analysis should be chosen carefully in order to avoid singularity of to
pological structures. For this purpose, filtration level should be deter
mined based on the space coverage of each point in the state space so 
that reproducibility of the analyses on different EEG signals can be 
attained. Moreover, avoiding from singularity of topological structure 
by decreasing filtration level reduces computational cost of the analyses. 

The major limitation of the study was the analysis capacity and the 
speed of the topological analysis toolbox (JPLEX). Our aim was to find 
the optimal parameters of the TDA, while keeping the analysis time 
short enough to operate in real-time BCI systems. We were unable to 
widen time window more than 250 points, because toolbox failed to 
complete computation of the homologies. In fact, Bauer et al. [33] 
showed that JPLEX toolbox showed the penultimate performance be
tween 5 commonly used toolbox in terms of running times (in seconds) 
and memory usage. Nevertheless, JPLEX can be called from MATLAB 
and Simulink, and it can be embedded into custom MATLAB functions to 
run on real-time systems. Apart from that, if there were more channels in 
the dataset, it would be possible to collect more information to model 
general topological structure of the resting and imagery states. 

Table 3 
Paired t-test results of the channels for resting and imagery periods and for 
different time window lengths. Numbers indicate the significance levels, p.   

50 points 150 points 250 points 

Resting 0.9379 0.2674 0.6481 
Imagery 0.2688 0.5445 0.0128  

Fig. 12. Elapsed time to process state spaces that were constructed with different time window lengths are plotted for different filtration levels.  

Table 4 
Paired t-test results of persistent homologies of left- and right-hand imagery states using single channel signals. Numbers indicate the significance levels, p.   

B01T B02T B03T B04T B05T B06T B07T B09T 

C3 0.0000 0.0000 0.4421 0.4684 0.0156 0.0060 0.0000 0.4286 
C4 0.3767 0.0000 0.0119 0.0028 0.0413 0.1003 0.0000 0.0003  
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Moreover, it would be possible to investigate the spatial embedding for 
reconstruction of the state space if there were more channels. However, 
due to the number of channels in this dataset, spatial embedding method 
was excluded from this study. 

This study demonstrated the delicate issues of the topological anal
ysis for extracting persistent homologies from EEG signals. For the first 
time in the literature, we showed how different types of artefacts 
affected the optimization tests and analysis results. In the future, it will 
be possible to focus on reconstructing the state space with larger time 
windows. If more signal samples were embedded into the space, it may 
better highlight the changes between resting and imagery states. 
Furthermore, if the computational efficiency of the analysis toolbox 
were improved, multiple time windows might be used to extract 
persistent homologies, and the connection between the changes in short 
and long time windows could be discovered in real-time. 
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