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In this paper, we investigate the existence of positive solutions for a nonlinear m-point boundary value problem for the
p-Laplacian dynamic equations on time scales, by applying a Krasnosel’skii’s fixed point theorem. As an application, an
example is included to demonstrate the main results. Copyright © 2017 John Wiley & Sons, Ltd.
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1. Introduction

The theory of dynamic equation on time scales was initiated by Stefan Hilger in his PhD thesis in 1988 [1] as a means of a unifying
structure for the study of differential equations in the continuous case and the study of finite difference equations in the discrete case.
In recent years, it has received a considerable amount of interest and attracted the attention of many researchers. It is still a new area,
and research in this area is rapidly growing. The study of time scales has led to several important applications, for example, in the study
of insect population models, heat transfer, neural networks, phytoremediation of metals, wound healing, and epidemic models [2-5].
Some basic definitions on dynamical systems on time scales can be found in [2, 6].

In [7], Ma, Du, and Ge considered the existence of monotone positive solutions for the following multipoint boundary value problem
(BVP) with p-Laplacian operator,

(B (1) +q®Of(tu®) =0,  te(0,1),
VO =) ol &) u(l) =) Bu().
i=1 i=1

The main tool is the monotone iterative technique.
In [8,9], Wang and Ge studied the equation

(P (' (1)) + a®f(tut) =0,  te(0,1),

with the following boundary conditions:
m—2

u(0) =0, u(l) = Z aju(&),

i=1

m—2 m—2
U0 =) el E),  u(l)=) Bu).
i=1 i=1

By applying fixed point index theory, they found sufficient conditions for the existence of twin positive solutions for the aforementioned
problems by constructing available operators.
In [10], He and Jiang studied the existence of positive solutions of the p-Laplacian dynamic equations on time scale

@)Y +gOf(u(t)) =0,  teloT]r,
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satisfying the boundary conditions
u(0) —Bo(0) =0,  ut(T) =0,
or
uB(0) =0,  u(l)+BiUT) =0,
where ¢, (s) is p-Laplacian operator. By defining an appropriate Banach space and cones, they imposed the growth conditions on f that
allow them to apply the triple fixed point theorem in obtaining existence of at least three positive solutions.
Recently, there is much current interest in questions of positive solutions for three-point BVPs on time scales, one may see [11-20] and

the references therein. But there have been few papers considering the p-Laplacian problems on time scales [21-23]. In this paper, we
study the existence of at least three positive solutions to the following p-Laplacian multipoint BVP on time scales

(G ®)Y +a@®f(tu®) =0, te©Nr, (1.1)
m—2 m—2
u@© =Y au(E),  $put(T) =) bigp(ut(E)), (12)
i=1 i=1
where ¢, (u) is p-Laplacian operator, that is, ¢,(u) = |ulP~2u, forp > 1, with (¢,)~" = ¢, and :—, + % =1,&eT,0<& <--- <

Em—2 < p(T),and a;, b;, a, f satisfy

(H1) a;,b; € [0,400), satisfy 0 <Y " %a;<1,and 72 b; < 1;

(H2) a(t) € ([0, T]T, [0, +00)) and there exists ty € (§m—2, T), such that a(ty) > 0;
(H3) f e C([0,T] x [0, +00), [0, +00)).

In this paper, we will establish two new theorems concerning two positive solutions of (1.1) and (1.2). Our work concentrates on the
case when the nonlinear term does not satisfy the conditions of Theorem 3.1 in [24]. Our results generalize Theorem 3.1 in [24] and
Theorem 3.1 in [9].

The conditions we used in the paper are different from those in [9, 19, 24]. The results in the paper improve those presented in [23].The
results are even new for the special cases of difference equations and differential equations, as well as in the general time scale setting.

The rest of this paper is arranged as follows: we state some basic time scale definitions and prove several preliminary results in
Section 2. We state and prove two theorems for at least two positive solutions of (1.1) and (1.2) in Section 3. The existence of single
positive solution of problems (1.1) and (1.2) is given in Section 4. In Section 5, we give an example to demonstrate our results.

2. Preliminary lemmas

LemmaZI
If1— Z ai#0 and 1— Z b; # 0, then for h € Cy4[0, T]T,

i=1

(@@ +h(®) =0, te©Nr, @1
m—2 m—2
u@© =Y au(E),  $p(T) =) bigp(ut (&) (2.2)
i=1 i=1
has the unique solution
t s
u(t) = /(; ¢q (Q —/O h(r)Vr) As + G, (2.3)
where
o _ [Th(@) VT = X2 by [ h(r)Ve
b = 2,'"_3 by ’
¢, = > 2ai fo $q (Cr — fo h(r)Vt) As
1— Zm 12 a
Proof

Let u be asin (2.3). Taking the delta derivative of (2.3), we have

uA(t) =¢q (C1 - /th(t)Vr);
0

. ______________________________________________________________________________________________________|
Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 4385-4399

85UR0| 7 SUOWILLOD BAFER1D 3(eo!|dde auy Aq paueoh a1e S YO ‘88N JO S3|NU 10} AfIq 1T BUIUO AB]IAN UO (SUOIPUOO-PUR-SWIRYW00" A 1M AReaq)1 U JUO//SONY) SUORIPUOD PUe SWie | U3 88S *[£202/70/90] Uo A1 auljuo A8im *AisRAIIN IND UeIINPAY Aq TTEReWW/Z00T 0T/I0p/W00"A8| M A1 1[Bul|Uo//:SARY WO1) papeo|umoq ‘2T ‘LT0Z ‘9LyT660T



A. DOGAN
I ——

moreover, we obtain

(Ul (t) = C — / h(r)Vr,
0

taking the nabla derivative of this expression yields
(¢p(®)Y = ~h(o).

Now, we prove that u satisfies the boundary conditions (BCs) in (2.2). On the one hand, we have

7 ai f5' ¢q (G = Jg h(©)V7) As

u@ =G = oy ,
i=1 di
and )
i s
u) = /0 &q (Q —[O h(r)Vr) As+ G,
so that
N gye) = T 0 f5 90 (G~ [;h(®)Ve) As.
Y auE) = —s ;
i=1 1= a
thus,

m—2
u(0) = Y au(&).
=1
On the other hand, we can find

m2b; [ h(1) VT — Y2 b [ h()Ve

i
GoU>(T) = Cy — / h(2)Vr =
0

1=
and T 2 T
h(x)Vt = Y2 b; [ h(r)VT & h(t)Vzt — [ h(T)Vt
¢p(uA(Ei)) — fO i ml_zlfo _ h(T)VT — .fO m/éz ,
1= b; 0 1= b
so that m—2 m—2 T m—2 i
Z i (U2 () = Y bi fy (VT =35 by i h(x)Vr
i=1 L ’ T- 27:12 bi .
Therefore,

m—2
Bt (1) =Y bigp(u™ (&),
i=1

so that u given in (2.3) is a solution of (2.1) and (2.2).
It is easy to see that BVP (¢,(u))Y = 0,u(0) = Y>> au(§),
dp(UP(T)) = Y12 bigh, (U (£)) has only trivial solution. Thus, u in (2.3) is the unique solution of (2.1) and (2.2). O
Lemma 2.2
Suppose (H1) holds for h € Cy,4[0, T] and h(t) > 0.Then, the unique solution u of (2.1) and (2.2) satisfies u(t) > 0, fort € [0, T].

®o(S) = ¢q (C1 —/0 h(r)Vr).

s Th(t)Vr — "2 b; (5 h(2)V
a—/ h(o)ve = L1 ’1 '—nj_z’bff Ve
0 - i

i=1

Proof
Let

Then, we have

If s <& Vithen [5h(r)Vr < [ h(r)Vr, we have
T m—2 &
/ h(x)Vt—Y b | h(1)Vr
s i=1 s
T m—2 T
z/ h(z)Vt — Zb;/ h(z)Vt
s i=1 s
m—2 T
= (1 - Z b,-) / h(z)Vt > 0.
i=1 s

Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 4385-4399
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Because

JTh(0) VT = Y2 b, [5 h(1)Ve -
m—2 20,
T—=2i=bi
it follows that ¢o(s) > 0. According to Lemma 2.1, we obtain
m—2 i
i1 ai [ po(s)As
M®=Q=Z“‘Jiﬁo >0
1=25 a
and
T T 1 m—2 &
u(M) = / Po()As + G = [ Po(HAS + ———— a-/ @o(s)As > 0.
0 0 1-Y"2q ; “Jo
If t € (0,T)T, wehave
t 1 m—2 &
w0 = [ woas+ ———>a [ weaszo
o 1—2,(":120,-;’0 °
Therefore, u(t) >0, te [0, T]r. 0

Lemma 2.3
Suppose (H1) holds, for h € C4[0, T]T and h(t) > 0. Then, the unique solution u of (2.1) and (2.2) satisfies

inf u(t) = yllul,

te[0,T]T
where
Yl ai
v = =2 lull = max u()l.
T—>5 a(T—§&) teloTr
Proof

Clearly, u (t) = @o(t) > 0. This implies that

min u(t) = u(0), llull = u(™).

te[0,T]T

It is easy to see that u®(t;) < u®(t;) forany t;,t; € [0, T] with t; < t,. Hence, u® is a decreasing function on [0, T]. This means that
the graph of u is concave down on (0, T). Foreachi € {1,2,...,m — 2}, we have

u(T) —u(©) _ u(T) — u(t)
T—0 ~— T-¢

’

that s,
Tu(&) — &u(T) > (T — &)u(0),

so that
m—2 m—2

m—2
T auE) — Y agu(T) = > a(T - &)u(0).
i=1

i=1 i=1

m—2
With the boundary condition u(0) = Y a;u(§;), we obtain

i=1

> a

T s

u(T).

Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 4385-4399
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This completes the proof. O

Let the norm on Cy[0, T] be the maximum norm. Then, the Cj4[0, T] is a Banach space. It is easy to see that BVPs (1.1) and (1.2) have a
solution u = u(t) if and only if the operator u — Su

(Su)(t) = /O %(G - /O a(r)f(r,u(r>>Vr)As+€z,

where

¢ = fOTa(r)f(r,u(r))Vt -y 2y Jo! a(r)f(r,u(r))Vt,

1= %
. _ 2 ai [ ¢q (G — [s a(0)f (r,u(x)Vr) As
2= 1 m—2 a .

i=1
Define the cone P C E by

pP= {u: ueCylo,T), ut) >0, inf u(t)> leUII},
te[o,T]T

where y is the same as in Lemma 2.3. It is obvious that P is a cone in C,4[0, T].

Lemma 2.4
S: P — Pis completely continuous.

Proof
Firstly, we show that S(P) C P.

Yu € P, itis easy to check that Su is nonnegative, concave, and decreasing on [0, T]T. Thus, Su € P. Moreover, we know that Su
satisfies (2.2). Hence, Lemma 2.3 implies the Harnack-like inequality

inf (Su)(t) > y||Sul|, for ueP,
te[0TlT

thatis, Su € P. Therefore, we can find that S(P) C P.
Secondly, we show that S maps bounded set into itself. Suppose that ¢ > 0is a constantand u € P, = {u eP:|ul| < c}. Note that
the continuity of f guarantees that thereisa L > 0 such that f(t,u(t)) < ¢,(L) for t € [0, T]T. Therefore,

lISul

OrgtagT(SU)(t)

T s
=/ ®q (61 —/ a(r)f(r,u(r))Vr) As
0 0

1 m=2 & B s
+ W Z ai/o ¢q(c1 —/(; a(T)f(t,u(r))Vr) As

i=1 i j=

B /T¢ ( [T a(@)f(z,u(x))Ve — X022 b; [ a(0)f(z,u(r) Ve
= q
0

1— m—2 bi

i=1

1- 3,
1 mfa,- / ) ¢q(fora(f)f(f,u(f))v"7 — Jo a(f(z, u(x) Ve
0

N Y2 b fs a(o)f(r,u(r))Vr — 5 a(r)f(z, u(r))Vr)AS

t oy, m—7 .
—2i=1 i j= T—2i="bi
S22 f5 a(o)f(z,u(x)) Ve — Y2 by [ a(o)f(z,u(x)) Ve ) As
1-Y"% b
(T [la@f(u@) VT + S5 b [ a()f (z,u(r) Vi
B / % 1Y 2p,
N Y2 b f3 a(o)f(z,u(r)Ve ) A

+

1-Y"%b

Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 4385-4399
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& a(‘[)f(t u(r))Vrt
+1— Yla o / ( S 2y
b fs a(o)f(r,u(r))Vr + 31 b fé a(o)f(z,u(r))Ve A
1T— Z:[‘n=12 bi ’
5 /r¢q ( fla(o)f(z,u(@)Vr + z;’%n—,_zzb, Je a(@)f(z,u(r))Ve
T—=2i= bi
N m2p, 7 a(r)fgt,u(r))VI)As
T- an 1 bi
& a(‘[)f(‘z,' u(r))Vrt
+1_ 11‘71;1 / ( _ZL12bi
b fo a()f(z,u(x))Vr 4+ Y12 b; f; a(t)f(z,u(r))Vr A
1— Zm—Z b s
f a(0)f(z,u(x))Vr + Y12 b; fg a(o)f(z,u(r))Vr
=/ Pq — As
0 1-— i=1 b,'
& G(‘L’)f(‘( u(t))Vr
iy 1- I 1 G, i=1 ‘/ ( m 2b
"2h ] a(r)f(nu(r))vf) N
11— Z:n 12 bi
_ fs a(t)Vr 4+ Y12 b; fé a()Vt T Yt fo As
_L¢q< 1—2,’-71:12(); X /(; AS—FTW

That is, SP, is uniformly bounded.
Thirdly, for t1,t, € [0, T]T, we have

e~ supie| = l I (d -/ G(t)f(r,u(r))Vr) As

fs a(t)Ve 4+ Y77 b; fg a(t)Vr
T- 277:12 bi '
Therefore, by applying the Arzela-Ascoli theorem on time scales [25], we can find that SP, is relatively compact.

Finally, from the continuity of f and a(t) € Cy([O, T]T, [0, +00)), we can find that S is continuous. Thus, S is completely continuous.
This proof is complete. O

=Lt - T2|¢q(

Lemma 2.5
Let

@(s) =¢q(c~1 - /0 a(<]f(z, u(t))Vr).

For& (i=1,...,m—2),then ¢p(s) > 0.

Proof
Because

@(s) :¢>q<c”1 - /0 a(r)f(t,u(r))Vr),

then we have s
G - f(z, v
: /0 a(0)f(z,u(x) Ve
_ Jya(f(r,u(m)Vr — Y52 b [y a(0)f (r,u(1) Ve
- 1= by
— /S a(t)f(z,u(r))Ve
0
_ Jya(f(r,u(m)Vr + [ a()f(z,u(1)) Ve
B 11— 2,

. ______________________________________________________________________________________________________|
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Z,"’ 22 f5 a(o)f(z,u(n)Ve — Y m 2 br [ a(o)f (zr,u(x) Ve

1-Y"% b

_ [la(of(r,u(x) Ve
IR Vil
Y2 [P a(n)f(ru(n) Ve + Y2 by 5 a(o)f(z,u(x)) Ve
) ( 1T b )
j a(O)f(r,u(0)Vr — Y152 b; (¥ a(o)f (. u(®)Ve
-5 b,

If s <§& Vithen ff" a(t)f(z,u(x))Vr < fSTa(r)f(r, u(z))Vt, we have

T m—2 &
/ a(o)f(z,u(r))Vr — Z b,»/ a(t)f(z,u(r))Vr

s

2/ a(o)f(z, u(r))Vr—Zb/ a(t)f(z,u(r))Vt

i=1

m—2 T
= (1 - b,) / a(x)f(z,u(x))Vt > 0.
i=1 s

Because
[la@)f(z,u(x)Vr — Y72 by [5 a()f (x, u(x)) Ve

1= b
then ¢(s) > 0. This proof is complete. O

ZOI

The proof of our main result is based upon an application of the following fixed point theorem in a cone.

Theorem 2.1 ([26]) _
Let £ be a Banach space, and let P C E be a cone. Suppose €21, 2, are open bounded subsets of E with 0 € Q4,7 C 2, and let
S:PN(R2\21) — Pbe acompletely continuous operator such that

a) |ISull < jull, uePna,, and ||Sul| > |lull, ue PN ay;or
) ISull = |lull, uePna,, and ||Sull < |lull, ue PN IR,.

Then, S has at least one fixed point in P N (Q,\21).

3. Two positive solutions
Forl>0, Q={ucP:|ull </}, 0 ={ueP:|u|=1I,
a(l) = sup{l|Sull : v € 32},  B() = inf{||Sul| : u € 3},

by Lemma 2.2, « and 8 are well defined.
Throughout this paper, we will suppose that 0 < u < v < T. Now, for convenience, we introduce the following notation. Let

T Ta()Ve + Y2 b; [ a(r)Ve
w=t[ s eV + S b a0V
0 1— i=1 bi
sm2g. (T [Ta@)Vr + Y1520 [ a() Ve -
+ T ~m—2 ¢q m—2 As ’
T=2i=1aiJo T=2 = bi
—1
s e[
My ={—== a(t)Vr | As
2 1— Z:n 12 a ¢q ( )

Theorem 3.1
Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

(H4) p;i € C([0,400),[0,+00)), i=1,2 and

/ _ —pa(/ _
lim TimP D) <M, lim p2(D <M
I—>0 fp—1 |—o0 [P—1
. ______________________________________________________________________________________________________|
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(H5) ki € ([0,T],[0,400)), i=1,2;
(H6) Thereexist0 < ¢; < ¢, 0 <A, <p—1< Ay,suchthat

f&, ) <pi(h) + k@™, (&) €[0,T]x[0,ci],
ft,h) <p2(h) + kz(t)l’“, (t,)) € [0, T] x [cz, +00);

(H7) There exist b > 0, such that
min{f(t,1) : (t,1) € [, v]T X [yb, b]} > (bMy)P~",
where u, v are nonnegative constantsand u,v € T.

Then, BVPs (1.1) and (1.2) have at least two positive solutions uy, uj satisfying 0 < |[uf|| < b < [|u3].

Proof
Let

i)

p—1 _ —P2()
/—>olP—1'M1 — lim

L
€ = —min {M?
I—o0 IP~1

2

Then, there exist 0 < a; < ¢q,¢; < a; < 400, such that

pi(h) <M =P, 0<i<a,
po) < M — )P, @ <1< +oo.

If0 </ <ay,ued,then, 0 <u(t) <l 0<t<T.Fromassumption (H6), we obtain

F(t,u(®) < pr(u(d) + ki (Ou™ (2)
<M —uP (1) + ke (DUt (1)
< (M = ollullP™" + ke (0)[Jull*
=M =P + k(DI

So that
G — f(z, v
1 /o a(o)f(z,u(r))Vr
_ fOTa(r)f(r, u(0)Ve — Y12 b; Jo a(@f(r,u())Vt
- 1- Y72 b,
— /5 a(o)f(r,u(r))Vr
0
_ Jya(f(r,u(m)Vr + [ a()f(z,u(1)) Ve
- 1-Y by
ST fs a(o)f(z,u(n)Ve — Y2 by [ a(o)f (z,u(e) Ve
1=

+

_ [l a0 u@) Ve
1= b;
220 f5 a(o)f(z,u(c))Ve — Y02 by fo a(o)f(z,u(z)) Ve
m—2
T—=2i= bi
- fSTa(r)f(r, u(@)Ve + Y2 b; Joa()f(z,u(r))Vr
- 1=
B fla(@)f(z,u(x))Ve + X2 b; f5 a(0)f(z, u(x)) Ve
- 1= %
T p—1 p—1 Aq
fla(o)| (M P~ + ki (1) |V
<
1= b
SR b [y a@ W = P! 4 k(0 | Ve
+ - .
1-Y"%b
|
Copyright © 2017 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 4385-4399
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So

[ISull

Orgtagr(SU)(t)

T s
:/ ¢Q(C~1 _/ a(T)f(TIU(T))VT)AS
0 0
& s
Ty T— I 1 al i=1 al/ ¢q (C1 ,/(; a(T)f(T’u(t))vf) As

_/‘ fo a(o)f(r,u(x))Vr — m:_1 b 5" a(t)f(r,u(r))Vt
1=
220 f5 a(o)f(r,u(z))Ve — [sa(o)f(z,u(z)) Ve y
1=
fOTCl(‘[)f(‘L',U(‘[))V‘E — fos a(r)f(r,u(r))Vr
1 _Nm— 2 Z / ( 1— :"72*12 b;
> b,~ fo a(t)f(r,u(r))Vt — 271:—12 b [y a(t)f(z,u(r))Vt o
1— 25”:2 b;
/‘ f a(v)f(z,u(z))Vr + >, b fé a(t)f(r,u(x)) Ve
% 1= Z,m=12 bi
Y2 b f3 a(n)f(z, u(r))Vr)
As
1T
a(r)f(r u(z))Vr
iy 1-y "2 Z / ( b

’l 1
> b,~ fs,- a(0)f(r,u(@)Ve + X2 b; fo a(r)f(t,u(r))Vr)As
1= %
/T . Ha@f(r,u@)Vr + X057 b; 2 a(0)f(r,u(0) V'

! Iy

L XL b g af u(r))vf) N
1= 12 b
a(r)f(r u(r))Vr

1_ - Z / ( — X b

ai =
b fg a(t)f(z,u(r)) Ve + Y02 b; fo a(t)f(z,u(r))Vr A
- ;n 12 b' ’
T f a(0)f(z,u(x))Vr + Y12 b; fé a(o)f(z,u(r))Ve
/¢q 1—2’" b As
i=1
a(r)f(‘z,' u(t))Vr
1_ mz’; / ( 1= b
] a(t)f(r,u(r))Vr)As
1=
< f T fa@IE T — P! + k(@)
=), % 11—y 2p

r—

+

=

b [ a@ M — P + kg (r)/h]vf)A
— S
11— an 12 bi
g ([Ta@ (M — )P + ki (1)M]Vz
+1_ :1“!,1 / ( 1= by
Z,"’ b fs a@)[M;"" — P~ + ki (1)P1]VT )
As.

1-Y"%b;
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It follows that

0‘(/) / ¢q(f;ra(f)[/\/l¢_1 — e+ k()P PT1VL

1= b

26 [La@) T — e+ k (T)/)”_VH]VT)A
1—27’72b-

fla@M™" — e + k(PP Ve
+ m— 2 Z / m—2
1- i =1 T—=2i= " bi

il bifs- aOM — e + k@M TPV

- — s
1T— Z;n=12 bi

Noticing A1 —p + 1 > 0, we obtain

—a() - /()T%(fsra(r)(M']’_1 —€)Vr

—ot+ | 11— 2:1_12 bj
Y b [ a(m) (M — )V
+ —— As
T=2i=bi

fla@WE™" —e)ve
+1— T a Z / (

ai i—; 2?7:12 bi
2. (L a()(MPT — €)Vr
N i fg, (T) (M ) )As

1=Y"%b
_ Y f a(t)Ve + Y02 b, f a(t)Vt
_ p—1 _ P &
= (m e) %[0 ¢q< 1_2” = )As
& m—2
P P a, / < a(r)Vr1+_Z,m1 be fs a(r)vf)m}
i= i=1 !

(v - e)EMT‘

1
= (1=m ) <,

So, there exists 0 < a; < ay, such that w(aq) < a;. This implies that ||Su|| < |ul|, u € 9R,,.

Ifa; << +ooandu € 922;,then 0 < u(t) < /. Similar to the aforementioned argument, noticing that A, —p + 1 < 0, we can obtain
I|m,_>oo°‘(’) < 1.So there exists 0 < a; < a, such that a(az) < a,. Itimplies that ||Su|| < |lul|, u € 9R2,,.

On the other hand, because f : [0, T] x [0, +00) — [0, +00) is continuous, from assumption (H7), there exista; < b; < b < b, < a,
such that

min{f(t, 1) : (t,1) € [, v] x [yb, b]} = (biMa)P™", i =1,2.

If u € 32p,, then yby < u(t) < by, u <t < v.lItfollows that

[Sull = max (Su)(t)
0<t<T

T . s
/(j)q(Q —/ a(‘L')f(‘L’,U(‘E))V‘L’)AS
0 0
& s
+ = 1 171 ppa 101/ ¢q(C1 —/(; a(r)f(r,u(t))Vr)As
& s
> - o a,/ (I)q(G —/0 a(r)f(r,u(r))Vr)As

/ ( [T a(0)f(z,u(x))Vr — [F a(@)f(z,u(r)) Ve

2 —2
-5 1—27;1 bi

’11
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,_1 b fo a(t)f(z,u(z))Vr — ,m=_12 b; fo"a(r)f(r,u(r))Vt)AS
1— :m 12 bi

a(r)f(r u(t))Vr
1-Y"q; Z / ( Yl

’l 1
iff’ af(u@)Ve)
11— Z,'-n_12 bi
a(f)f(f u(t))Vr
1— m 2 a ; / ( :n 1Zb

_ Zﬁ;ﬁb»f a(n)f(z, u(r»vf) s

| \/

)
11—y g 12"'/ ¢q(/STa(f)f(r,U(r))Vr)As
1_292100 [ ¢q( /S TG(T)f(r,u(r))Vr) As
L —ZI 1 1ala, /U ¢q</sra(f)(b1Mz)”_‘Vr)As

m—2 _ v T
12’251712'aib1M2/ ¢q</s a(r)Vr)As

= b1M2M2_1 = b1 = ”U”

v

| \/

Similarly, we can show that if u € 92, then ||Sul| > [|u]|.

Now, we study the operator S on €2, \ 24, and 24, \Qy,, respectively. From Theorem 2.1, we claim that the operator S has two fixed
point uy,u;y € P,suchthata; < |uf| < by, by < |uf|| < ay. Therefore, uf,i = 1,2, are positive solutions of problems (1.1) and
(1.2). O

Theorem 3.2
Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

(H8) p; € C([0,4+00), [0, +00)), i = 3,4, and

p—1 p—1
p3() | pa()) )
lim,_, o+ — = > —y , lim,_, oo — = > y ;

(H9) ki € L'([1t,v], [0, +00)), i =3,4
(H10) Thereexist0 < ¢z < ¢4, 0 < A4 <p—1 < A3, such that

ft,) = ps() —ks(®O*2,  (t.1) € [1,v] x [0,c3],
f(t,1) = pal) — ka(®I*, (1) € [, v] x [ca, +00);

(H11) There exist a > 0, such that
max{f(t,/) : (t,1) € [0,T] x [0,a]} < (aM;)P~".

Then, BVPs (1.1) and (1.2) have at least two positive solutions u3, uj satisfying 0 < [[u} || < a < [lu}||.

Proof
Let

1 ps() (M \P7' pa() (M
€= Emm {llml—w‘* p—1 - 7 r@/—)oolpi_ 7 .

Then there exist 0 < b; < ¢3,¢4 < by < +00, such that
|
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My \P! _
ps() = [(;) + e}w—u 0</<b,

My \P! _
pa(l) = [(yz) + e}l"‘ﬂ by <1< +o0.

If0 << bs,ue dQ then yl <u(t) <1, u <t < v.Fromassumption (H10), we obtain

[Sull = max (Su)(t)
0<t<T

T s
= / ¢q<d— / a(r)f(r,u(r))Vr)As
0 0
& s
+ —— T ,_1 a & a,/ ¢q(C1 —/(; a(r)f(r,u(r))Vr)As
& s
2 101/ (I)q(G _/o Cl(‘[)f(‘[,U(‘[))V‘[)AS

fo a(o)f(z,u(x))Vr — [ a(x)f (z,u(x)) Ve
1-Y" g Z / ( 1-Y"%b
Yl fo a(o)f(z,u(x))Ve — Y02 b, Jo! G(T)f(l’,u(f))Vt)As
T

a(f)f(r u(t))Vr
e Sl ( Sl

’i1

Y2 b, [5 a()f(x,u(r)) Ve ) As

_1_ a

’11

+

1- X

- /51 a(r)f(‘[ u(t))Vr
_1_21 1a’i 1 =’ b
™2 [T a(0)f(r,u(z)) Ve M,
1— m Zb'
& T
= — a, 1) a(o)f(z, u(t))Vr)As
ai i= / q(/;
m—2
> 1_2' 1 “‘a / ¢q( /S a(0)f(z, u(t))Vr)As
> 1_2' 14 ( a(r)[paw(r))—kz(r)u“]w)
> 1_2: =1 a, ( a(t)|: Mz)P 1+e)

x (yl)P~ 1—k3(z)/*3}v )

It follows that

) o -
T z 1— ,1 ! I/I:L ¢Q([ a(f)l:Mg +)’p 16-/(3('[)/ P 1]V1’ AsS.

Noticing A3 —p + 1 > 0, we have

lmawﬁf/) v ’ / ¢q< /Ta(f) (v +yp—1€)vf) N

1— ,1a

(/\/lg"1 4P e) EM?

1

= (147 M) >,
. ______________________________________________________________________________________________________|
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So there exists b3 with 0 < b3 < g, such that (b3) > bs. Itimplies that ||Su| > [lu], for u € 92p,.

Ifbs < yl < +ooandu € 32, thenb, < yl < u(t) </, u < t < v. Asin the aforementioned argument, noticing that A, —p +1 < 0,

we can obtain I|m,_)_,_ooM > 1.So, there exists b, with 0 < b, < 400, such that (bs) > bs. It implies that ||Su|| > |ju|l, u € 0Qy,.

From assumption (H11), there exist b3 < a3 < a < a4 < by, such that
max{f(t,) : (t,I) € [0,T] x [0,a;]} < (@aiM;)P™", i=3,4.

Ifue 0Qq,,then0 < u(t) <as, 0 <t <T,andf(t,u(t)) < (asM;)P~". It follows that

T fla@f(z,u@)V
”SUH SL ¢q([5 a'l(f) gm(i(zfl))) T
- =1 Yi

m2y, f; a(r)f(r,u(t))vf)
— As
1= %

1 Ui
a(f)f(t,u(r))Vt
Tz 1-Y"a; Z / < Yl

ai i=

S fé a(o)f(z, u(r))Vr)As

1= %

T T m=2p (T oy
< a3M1 {[ ¢q( fs a(‘[)_V‘L' 4 i=1 bl fél_a(‘[) ‘L’)AS

1‘2?12[" 1_21{”12[31’

— T
Ta()Vr "2 bi [y a(n)Vr
+ + : As
1-y "2 Z / < "l b; 1-Y"% b

ai i=

=a; = IIUII-

In the same way, if u € 9Q2,,, then ||Su|| < |ull.
Now, we consider the operator S on 903\Qb3 and Qb4\Qa4, respectively. From Theorem 2.1, we claim that the operator S has two
fixed points u}, u} € P,suchthatb; < ||uf| < a3, as < ||u}| < bs.Sou},i = 3,4, are positive solutions of problems (1.1) and (1.2). O

4. One positive solution

If the conditions of Theorem 3.1 and 3.2 are weakened, we will obtain the existence of single positive solution of problems (1.1) and
(1.2).

Corollary 4.1

Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

(H12) p; € C([0, +00), [0, +00)), and fim,_ o+ 220 < M7
(H13) k; € L'([0,T], [0, +00));
(H14) Thereexist0 < ¢;,p — 1 < A4, such that

fth) < pr(l) + ki (01, (t,)) € [0,T] x [0,c1];

(H15) There exist 0 < b, such that
min{f(t,) : (t,1) € [, v] x [yb, b]} = (bMy)P~".

Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.2
Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

(H16) p2 € C([0, +00), [0, +00)), and Timj—oo 29 < M;™";
(H17) ky € L'([0,T], [0, +00));
(H18) Thereexist0 < c3,p— 1> Ay > 0, such that

fit,h <p2(l) + kz(t)l)‘z, (t,)) € [0, T] x [ca, +00);
. ______________________________________________________________________________________________________|
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(H19) There exist 0 < b, such that
min{f(t,0) : (t,1) € [, v] x [yb, b]} = (bMy)P~".
Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.3
Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

p—1
(H20) ps € C([0, +00), [0, +00)), and fim_q+ 28 > (%) ;
(H21) ks € L'([u, v], [0, +00));
(H22) Thereexist0 < ¢3,p — 1 < A3, such that

f(th) = ps(h) — ks, (&) € [ v] x [0,c3];
(H23) There exists 0 < g, such that
max{f(t,/) : (t,1) € [0,T] x [0,a]} < (aM;)P~".
Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.4
Suppose (H1)-(H3) hold, and suppose that the following conditions hold:

p—1
(H24) ps € C([0, +00), [0, +00)), and lim_, . 22D > (&) ;

Y
(H25) kq4 € L'( ([, v], [0, +00));
(H26) Thereexist0 < c4,p — 1 > A4 > 0, such that

f(t,1) = pal) — ka(®O*, (1) € [, v] x [ca, +00);

(H27) There exists 0 < a, such that
max{f(t,l) : (t,/) € [0,T] x [0,a]} < (aM;)P~".

Then, BVPs (1.1) and (1.2) have at least one positive solution.
The proof of the aforementioned results is similar to Theorems 3.1 and 3.2, we omit it.

5. Application

In this section, we present an example to explain our result. Let T = R, (0,T7) = (0,1), f(t,0) = 0. We consider the following BVP on
time scales

(¢3(7/))/1+ f(tu(t)) =0, te (o, 1)1 (5.1)
e w0 =5u(3) B =56(u(3)) (5.2
22303 +mm{m 5}\/@ for (t, u) € [0,1] x [0, 1],
f(t,u) = { 225, for (t,u) € [0,1] x [1,3],
74u + ‘[ mln{m }f for (t,u) € [0,1] x [3, +00).

It is easy to see that f : [0, 1] x [0, +00) — [0, 4+00) is continuous. In this case,p = 3, a(t) =1, m =3, a; = by = 2, & = 5, =
%, v = 1. Thus, we have by calculating that
ai& 33 1

2
Ti-—a(—&) 1—7(1—7) -3

M f1dt+—fldr 1 1 f1dr—|—lfl1dr -
My = /¢q s 21 2 ds + 21/ ¢q % ds
_0 1—5 1—5 0 1—5

14545 o
__ Ve +7( 3f+5f)} ~ 0.524932,

B % 1 1 -1
M, = _1_;[ ¢q(/s dr)dsi|

2

- —1
1
= / V1 —sdsi| A 4.24264 < 5.
L3
. ______________________________________________________________________________________________________|
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 pr(U) = 22303, py(u) = 74u, k(1) = k(1) =

Now, we choosec; = 1, ¢c; =3, b = 3,1 = %, Ay = Then, it is easy to

see that

3
2

1
V=t

ftu) <pr(u) + ki(Ous,  (tu) e[0,1]x[0,1],
f(t,u) < pa(u) + ka(Oui,  (tu) €[0,1] x [3, +00),

—2
_ 223 145
P 2B <M= [ thzf —( 3v6 + 510 )} ~ 0.275554,

u—0 U2 u—0 y?
—2
u —74u 145
fim P24 T M o < = [ * f+—( 376 + 510 )} ~ 0275554,

u—oo 2 u—00 U 6ﬁ

1
min %f(t,u) ((tu) e [5,1] X [1,3]} =225 > (bM)? ~ 162.
It follows that f satisfies the conditions (H4)-(H7) of Theorem 3.1. Then, problems (1.1) and (1.2) have at least two positive solutions.
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