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In this paper, we investigate the existence of positive solutions for a nonlinear m-point boundary value problem for the
p-Laplacian dynamic equations on time scales, by applying a Krasnosel’skii’s fixed point theorem. As an application, an
example is included to demonstrate the main results. Copyright © 2017 John Wiley & Sons, Ltd.
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1. Introduction

The theory of dynamic equation on time scales was initiated by Stefan Hilger in his PhD thesis in 1988 [1] as a means of a unifying
structure for the study of differential equations in the continuous case and the study of finite difference equations in the discrete case.
In recent years, it has received a considerable amount of interest and attracted the attention of many researchers. It is still a new area,
and research in this area is rapidly growing. The study of time scales has led to several important applications, for example, in the study
of insect population models, heat transfer, neural networks, phytoremediation of metals, wound healing, and epidemic models [2–5].
Some basic definitions on dynamical systems on time scales can be found in [2, 6].

In [7], Ma, Du, and Ge considered the existence of monotone positive solutions for the following multipoint boundary value problem
(BVP) with p-Laplacian operator,

.�p.u
0.t///0 C q.t/f .t, u.t// D 0, t 2 .0, 1/,

u0.0/ D
nX

iD1

˛iu
0.�i/, u.1/ D

nX
iD1

ˇiu.�i/.

The main tool is the monotone iterative technique.
In [8, 9], Wang and Ge studied the equation

.�p.u
0.t///0 C a.t/f .t, u.t// D 0, t 2 .0, 1/,

with the following boundary conditions:

u.0/ D 0, u.1/ D
m�2X
iD1

aiu.�i/,

u0.0/ D
m�2X
iD1

˛iu
0.�i/, u.1/ D

m�2X
iD1

ˇiu.�i/.

By applying fixed point index theory, they found sufficient conditions for the existence of twin positive solutions for the aforementioned
problems by constructing available operators.

In [10], He and Jiang studied the existence of positive solutions of the p-Laplacian dynamic equations on time scale

.�p.u
�.t///r C g.t/f .u.t// D 0, t 2 Œ0, T�T ,
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satisfying the boundary conditions

u.0/ � B0.u
�.0// D 0, u�.T/ D 0,

or

u�.0/ D 0, u.T/C B1.u
�.T// D 0,

where �p.s/ is p-Laplacian operator. By defining an appropriate Banach space and cones, they imposed the growth conditions on f that
allow them to apply the triple fixed point theorem in obtaining existence of at least three positive solutions.

Recently, there is much current interest in questions of positive solutions for three-point BVPs on time scales, one may see [11–20] and
the references therein. But there have been few papers considering the p-Laplacian problems on time scales [21–23]. In this paper, we
study the existence of at least three positive solutions to the following p-Laplacian multipoint BVP on time scales

.�p.u
�.t///r C a.t/f .t, u.t// D 0, t 2 .0, T/T , (1.1)

u.0/ D
m�2X
iD1

aiu.�i/, �p.u
�.T// D

m�2X
iD1

bi�p.u
�.�i//, (1.2)

where �p.u/ is p-Laplacian operator, that is, �p.u/ D jujp�2u, for p > 1, with .�p/
�1 D �q and 1

p C
1
q D 1, �i 2 T , 0 < �1 < � � � <

�m�2 < �.T/, and ai , bi , a, f satisfy

(H1) ai , bi 2 Œ0,C1/, satisfy 0 <
Pm�2

iD1 ai < 1, and
Pm�2

iD1 bi < 1;
(H2) a.t/ 2 Cld.Œ0, T�T , Œ0,C1// and there exists t0 2 .�m�2, T/, such that a.t0/ > 0;
(H3) f 2 C.Œ0, T� � Œ0,C1/, Œ0,C1//.

In this paper, we will establish two new theorems concerning two positive solutions of (1.1) and (1.2). Our work concentrates on the
case when the nonlinear term does not satisfy the conditions of Theorem 3.1 in [24]. Our results generalize Theorem 3.1 in [24] and
Theorem 3.1 in [9].

The conditions we used in the paper are different from those in [9,19,24]. The results in the paper improve those presented in [23].The
results are even new for the special cases of difference equations and differential equations, as well as in the general time scale setting.

The rest of this paper is arranged as follows: we state some basic time scale definitions and prove several preliminary results in
Section 2. We state and prove two theorems for at least two positive solutions of (1.1) and (1.2) in Section 3. The existence of single
positive solution of problems (1.1) and (1.2) is given in Section 4. In Section 5, we give an example to demonstrate our results.

2. Preliminary lemmas

Lemma 2.1

If 1 �
m�2P
iD1

ai ¤ 0 and 1 �
m�2P
iD1

bi ¤ 0, then for h 2 CldŒ0, T�T ,

.�p.u
�.t///r C h.t/ D 0, t 2 .0, T/T , (2.1)

u.0/ D
m�2X
iD1

aiu.�i/, �p.u
�.T// D

m�2X
iD1

bi�p.u
�.�i// (2.2)

has the unique solution

u.t/ D

Z t

0
�q

�
C1 �

Z s

0
h.�/r�

�
�sC C2, (2.3)

where

C1 D

R T
0 h.�/r� �

Pm�2
iD1 bi

R �i

0 h.�/r�

1 �
Pm�2

iD1 bi

,

C2 D

Pm�2
iD1 ai

R �i

0 �q

�
C1 �

R s
0 h.�/r�

�
�s

1 �
Pm�2

iD1 ai

.

Proof
Let u be as in (2.3). Taking the delta derivative of (2.3), we have

u�.t/ D �q

�
C1 �

Z t

0
h.�/r�

�
;
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A. DOGAN

moreover, we obtain

�p.u
�.t// D C1 �

Z t

0
h.�/r� ,

taking the nabla derivative of this expression yields

.�p.u
�//r D �h.t/.

Now, we prove that u satisfies the boundary conditions (BCs) in (2.2). On the one hand, we have

u.0/ D C2 D

Pm�2
iD1 ai

R �i

0 �q

�
C1 �

R s
0 h.�/r�

�
�s

1 �
Pm�2

iD1 ai

,

and

u.�i/ D

Z �i

0
�q

�
C1 �

Z s

0
h.�/r�

�
�sC C2

so that
m�2X
iD1

aiu.�i/ D

Pm�2
iD1 ai

R �i

0 �q

�
C1 �

R s
0 h.�/r�

�
�s

1 �
Pm�2

iD1 ai

;

thus,

u.0/ D
m�2X
iD1

aiu.�i/.

On the other hand, we can find

�p.u
�.T// D C1 �

Z T

0
h.�/r� D

Pm�2
iD1 bi

R T
0 h.�/r� �

Pm�2
iD1 bi

R �i

0 h.�/r�

1 �
Pm�2

iD1 bi

,

and

�p.u
�.�i// D

R T
0 h.�/r� �

Pm�2
iD1 bi

R �i

0 h.�/r�

1 �
Pm�2

iD1 bi

�

Z �i

0
h.�/r� D

R T
0 h.�/r� �

R �i

0 h.�/r�

1 �
Pm�2

iD1 bi

,

so that
m�2X
iD1

bi�p.u
�.�i// D

Pm�2
iD1 bi

R T
0 h.�/r� �

Pm�2
iD1 bi

R �i

0 h.�/r�

1 �
Pm�2

iD1 bi

.

Therefore,

�p.u
�.T// D

m�2X
iD1

bi�p.u
�.�i//,

so that u given in (2.3) is a solution of (2.1) and (2.2).
It is easy to see that BVP .�p.u�//r D 0, u.0/ D

Pm�2
iD1 aiu.�i/,

�p.u�.T// D
Pm�2

iD1 bi�p.u�.�i// has only trivial solution. Thus, u in (2.3) is the unique solution of (2.1) and (2.2).

Lemma 2.2
Suppose (H1) holds for h 2 CldŒ0, T�T and h.t/ � 0. Then, the unique solution u of (2.1) and (2.2) satisfies u.t/ � 0, for t 2 Œ0, T�T .

Proof
Let

'0.s/ D �q

�
C1 �

Z s

0
h.�/r�

�
.

Then, we have

C1 �

Z s

0
h.�/r� D

R T
s h.�/r� �

Pm�2
iD1 bi

R �i

s h.�/r�

1 �
Pm�2

iD1 bi

.

If s < �i 8i, then
R �i

s h.�/r� �
R T

s h.�/r� , we have

Z T

s
h.�/r� �

m�2X
iD1

bi

Z �i

s
h.�/r�

�

Z T

s
h.�/r� �

m�2X
iD1

bi

Z T

s
h.�/r�

D

 
1 �

m�2X
iD1

bi

!Z T

s
h.�/r� � 0.
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A. DOGAN

Because R T
s h.�/r� �

Pm�2
iD1 bi

R �i

s h.�/r�

1 �
Pm�2

iD1 bi

� 0,

it follows that '0.s/ � 0. According to Lemma 2.1, we obtain

u.0/ D C2 D

Pm�2
iD1 ai

R �i

0 '0.s/�s

1 �
Pm�2

iD1 ai

� 0

and

u.T/ D

Z T

0
'0.s/�sC C2 D

Z T

0
'0.s/�sC

1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
'0.s/�s � 0.

If t 2 .0, T/T , we have

u.t/ D

Z t

0
'0.s/�sC

1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
'0.s/�s � 0.

Therefore, u.t/ � 0, t 2 Œ0, T�T .

Lemma 2.3
Suppose (H1) holds, for h 2 CldŒ0, T�T and h.t/ � 0. Then, the unique solution u of (2.1) and (2.2) satisfies

inf
t2Œ0,T�T

u.t/ � �kuk,

where

� D

Pm�2
iD1 ai�i

T �
Pm�2

iD1 ai.T � �i/
, kuk D max

t2Œ0,T�T
ju.t/j.

Proof
Clearly, u�.t/ D '0.t/ � 0. This implies that

min
t2Œ0,T�T

u.t/ D u.0/, kuk D u.T/.

It is easy to see that u�.t2/ � u�.t1/ for any t1, t2 2 Œ0, T� with t1 � t2. Hence, u� is a decreasing function on Œ0, T�T . This means that
the graph of u is concave down on .0, T/T . For each i 2 f1, 2, : : : , m � 2g, we have

u.T/ � u.0/

T � 0
�

u.T/ � u.�i/

T � �i
,

that is,

Tu.�i/ � �iu.T/ � .T � �i/u.0/,

so that

T
m�2X
iD1

aiu.�i/ �

m�2X
iD1

ai�iu.T/ �
m�2X
iD1

ai.T � �i/u.0/.

With the boundary condition u.0/ D
m�2P
iD1

aiu.�i/, we obtain

u.0/ �

Pm�2
iD1 ai�i

T �
Pm�2

iD1 ai.T � �i/
u.T/.
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A. DOGAN

This completes the proof.

Let the norm on CldŒ0, T� be the maximum norm. Then, the CldŒ0, T� is a Banach space. It is easy to see that BVPs (1.1) and (1.2) have a
solution u D u.t/ if and only if the operator u! Su

.Su/.t/ D

Z t

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�sC QC2,

where

QC1 D

R T
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

,

QC2 D

Pm�2
iD1 ai

R �i

0 �q

�
QC1 �

R s
0 a.�/f .� , u.�//r�

�
�s

1 �
Pm�2

iD1 ai

.

Define the cone P � E by

P D
n

u : u 2 CldŒ0, T�, u.t/ � 0, inf
t2Œ0,T�T

u.t/ � �kuk
o

,

where � is the same as in Lemma 2.3. It is obvious that P is a cone in CldŒ0, T�.

Lemma 2.4
S : P! P is completely continuous.

Proof
Firstly, we show that S.P/ � P.
8u 2 P, it is easy to check that Su is nonnegative, concave, and decreasing on Œ0, T�T . Thus, Su 2 P. Moreover, we know that Su

satisfies (2.2). Hence, Lemma 2.3 implies the Harnack-like inequality

inf
t2Œ0,T�T

.Su/.t/ � �kSuk, for u 2 P,

that is, Su 2 P. Therefore, we can find that S.P/ � P.

Secondly, we show that S maps bounded set into itself. Suppose that c > 0 is a constant and u 2 Pc D
n

u 2 P : kuk � c
o

. Note that

the continuity of f guarantees that there is a L > 0 such that f .t, u.t// � �p.L/ for t 2 Œ0, T�T . Therefore,

kSuk D max
0�t�T

.Su/.t/

D

Z T

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

D

Z T

0
�q

 R T
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s
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A. DOGAN

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

�

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
0 a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

� L�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�

 Z T

0
�sC

Pm�2
iD1 ai

R �i

0 �s

1 �
Pm�2

iD1 ai

!
.

That is, SPc is uniformly bounded.
Thirdly, for t1, t2 2 Œ0, T�T , we have

ˇ̌̌
.Su/.t1/ � .Su/.t2/

ˇ̌̌
D

ˇ̌̌
ˇ̌ Z t2

t1

�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

ˇ̌̌
ˇ̌

� Ljt1 � t2j�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
.

Therefore, by applying the Arzela–Ascoli theorem on time scales [25], we can find that SPc is relatively compact.
Finally, from the continuity of f and a.t/ 2 Cld.Œ0, T�T , Œ0,C1//, we can find that S is continuous. Thus, S is completely continuous.

This proof is complete.

Lemma 2.5
Let

'.s/ D �q

 
QC1 �

Z s

0
a.��f .� , u.�//r�

!
.

For �i .i D 1, : : : , m � 2/, then '.s/ � 0.

Proof
Because

'.s/ D �q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
,

then we have
QC1 �

Z s

0
a.�/f .� , u.�//r�

D

R T
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Z s

0
a.�/f .� , u.�//r�

D

R T
0 a.�/f .� , u.�//r� C

R 0
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi
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C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

D

R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

 Pm�2
iD1 bi

R 0
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!

D

R T
s a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

.

If s < �i 8i, then
R �i

s a.�/f .� , u.�//r� �
R T

s a.�/f .� , u.�//r� , we have

Z T

s
a.�/f .� , u.�//r� �

m�2X
iD1

bi

Z �i

s
a.�/f .� , u.�//r�

�

Z T

s
a.�/f .� , u.�//r� �

m�2X
iD1

bi

Z T

s
a.�/f .� , u.�//r�

D

 
1 �

m�2X
iD1

bi

!Z T

s
a.�/f .� , u.�//r� � 0.

Because R T
s a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

� 0,

then '.s/ � 0. This proof is complete.

The proof of our main result is based upon an application of the following fixed point theorem in a cone.

Theorem 2.1 ([26])
Let E be a Banach space, and let P � E be a cone. Suppose 	1,	2 are open bounded subsets of E with 0 2 	1, N	1 � 	2, and let
S : P \ . N	2n	1/! P be a completely continuous operator such that

(a) kSuk � kuk, u 2 P \ @	1, and kSuk � kuk, u 2 P \ @	2; or
(b) kSuk � kuk, u 2 P \ @	1, and kSuk � kuk, u 2 P \ @	2.

Then, S has at least one fixed point in P \ . N	2n	1/.

3. Two positive solutions

For l > 0, 	l D fu 2 P : kuk < lg, @	l D fu 2 P : kuk D lg,

˛.l/ D supfkSuk : u 2 @	lg, ˇ.l/ D inffkSuk : u 2 @	lg,

by Lemma 2.2, ˛ and ˇ are well defined.
Throughout this paper, we will suppose that 0 � 
 � � � T . Now, for convenience, we introduce the following notation. Let

M1 D

( Z T

0
�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

C

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z T

0
�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

)�1

,

M2 D

( Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/r�

!
�s

)�1

.

Theorem 3.1
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H4) pi 2 C.Œ0,C1/, Œ0,C1//, i D 1, 2 and

lim
l!0

p1.l/

lp�1
< Mp�1

1 , lim
l!1

p2.l/

lp�1
< Mp�1

1 ;
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A. DOGAN

(H5) ki 2 .Œ0, T�, Œ0,C1//, i D 1, 2;
(H6) There exist 0 < c1 � c2, 0 � �2 < p � 1 < �1, such that

f .t, l/ � p1.l/C k1.t/l
�1 , .t, l/ 2 Œ0, T� � Œ0, c1�,

f .t, l/ � p2.l/C k2.t/l
�2 , .t, l/ 2 Œ0, T� � Œc2,C1/;

(H7) There exist b > 0, such that

minff .t, l/ : .t, l/ 2 Œ
, ��T � Œ�b, b�g � .bM2/
p�1,

where 
, � are nonnegative constants and 
, � 2 T .

Then, BVPs (1.1) and (1.2) have at least two positive solutions u�1 , u�2 satisfying 0 < ku�1 k < b < ku�2 k.

Proof
Let


 D
1

2
min

(
Mp�1

1 � lim
l!0

p1.l/

lp�1
, Mp�1

1 � lim
l!1

p2.l/

lp�1

)
.

Then, there exist 0 < a1 � c1, c2 < a2 < C1, such that

p1.l/ � .M
p�1
1 � 
/lp�1, 0 � l � a1,

p2.l/ � .M
p�1
1 � 
/lp�1, a2 � l � C1.

If 0 < l � a1, u 2 @	l , then, 0 � u.t/ � l, 0 � t � T . From assumption (H6), we obtain

f .t, u.t// � p1.u.t//C k1.t/u
�1.t/

� .Mp�1
1 � 
/up�1.t/C k1.t/u

�1.t/

� .Mp�1
1 � 
/kukp�1 C k1.t/kuk�1

D .Mp�1
1 � 
/lp�1 C k1.t/l

�1 .

So that

QC1 �

Z s

0
a.�/f .� , u.�//r�

D

R T
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Z s

0
a.�/f .� , u.�//r�

D

R T
0 a.�/f .� , u.�//r� C

R 0
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

D

R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

R T
s a.�/

h
.Mp�1

1 � 
/lp�1 C k1.�/l�1

i
r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R �i

0 a.�/
h
.Mp�1

1 � 
/lp�1 C k1.�/l�1

i
r�

1 �
Pm�2

iD1 bi

.
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A. DOGAN

So

kSuk D max
0�t�T

.Su/.t/

D

Z T

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

D

Z T

0
�q

 R T
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r� C
Pm�2

iD1 bi

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

�

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R 0
�i

a.�/f .� , u.�//r� C
Pm�2

iD1 bi

R T
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D

Z T

0
�q

 R T
s a.�/f .� , u.�//r� C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

�

Z T

0
�q

 R T
s a.�/Œ.Mp�1

1 � 
/lp�1 C k1.�/l�1 �r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/Œ.Mp�1
1 � 
/lp�1 C k1.�/l�1 �r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/Œ.Mp�1

1 � 
/lp�1 C k1.�/l�1 �r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/Œ.Mp�1
1 � 
/lp�1 C k1.�/l�1 �r�

1 �
Pm�2

iD1 bi

!
�s.
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A. DOGAN

It follows that

˛.l/

l
�

Z T

0
�q

 R T
s a.�/ŒMp�1

1 � 
 C k1.�/l�1�pC1�r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/ŒMp�1
1 � 
 C k1.�/l�1�pC1�r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/ŒMp�1

1 � 
 C k1.�/l�1�pC1�r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/ŒMp�1
1 � 
 C k1.�/l�1�pC1�r�

1 �
Pm�2

iD1 bi

!
�s.

Noticing �1 � pC 1 > 0, we obtain

lim
l!0C

˛.l/

l
�

Z T

0
�q

 R T
s a.�/.Mp�1

1 � 
/r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/.Mp�1
1 � 
/r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/.Mp�1

1 � 
/r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/.Mp�1
1 � 
/r�

1 �
Pm�2

iD1 bi

!
�s

D
�

Mp�1
1 � 


� 1
p�1

(Z T

0
�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/r� C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

)

D
�

Mp�1
1 � 


� 1
p�1

M�1
1

D
�

1 �M�.p�1/
1 


� 1
p�1

< 1.

So, there exists 0 < a1 < a1, such that ˛.a1/ < a1. This implies that kSuk < kuk, u 2 @	a1 .
If a2 � l < C1 and u 2 @	l , then 0 � u.t/ � l. Similar to the aforementioned argument, noticing that �2�pC1 < 0, we can obtain
Nliml!1

˛.l/
l < 1. So there exists 0 < a2 < a2, such that ˛.a2/ < a2. It implies that kSuk < kuk, u 2 @	a2 .

On the other hand, because f : Œ0, T� � Œ0,C1/! Œ0,C1/ is continuous, from assumption (H7), there exist a1 < b1 < b < b2 < a2,
such that

minff .t, l/ : .t, l/ 2 Œ
, �� � Œ�b, b�g � .biM2/
p�1, i D 1, 2.

If u 2 @	b1 , then �b1 � u.t/ � b1, 
 � t � �. It follows that

kSuk D max
0�t�T

.Su/.t/

D

Z T

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

�
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi
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A. DOGAN

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Pm�2
iD1 bi

R �i

s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

�
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Pm�2
iD1 bi

R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 Z T

s
a.�/f .� , u.�//r�

!
�s

�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/f .� , u.�//r�

!
�s

�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/.b1M2/

p�1r�

!
�s

D

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

b1M2

Z �
�

�q

 Z T

s
a.�/r�

!
�s

D b1M2M�1
2 D b1 D kuk.

Similarly, we can show that if u 2 @	b2 , then kSuk � kuk.
Now, we study the operator S on N	b1n	a1 and N	a2n	b2 , respectively. From Theorem 2.1, we claim that the operator S has two fixed

point u�1 , u�2 2 P, such that a1 � ku�1 k � b1, b2 � ku�1 k � a2. Therefore, u�i , i D 1, 2, are positive solutions of problems (1.1) and
(1.2).

Theorem 3.2
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H8) pi 2 C.Œ0,C1/, Œ0,C1//, i D 3, 4, and

liml!0C
p3.l/

lp�1
>

 
M2

�

!p�1

, liml!1

p4.l/

lp�1
>

 
M2

�

!p�1

;

(H9) ki 2 L1.Œ
, ��, Œ0,C1//, i D 3, 4;
(H10) There exist 0 < c3 � c4, 0 � �4 < p � 1 < �3, such that

f .t, l/ � p3.l/ � k3.t/l
�3 , .t, l/ 2 Œ
, �� � Œ0, c3�,

f .t, l/ � p4.l/ � k4.t/l
�4 , .t, l/ 2 Œ
, �� � Œc4,C1/;

(H11) There exist a > 0, such that

maxff .t, l/ : .t, l/ 2 Œ0, T� � Œ0, a�g � .aM1/
p�1.

Then, BVPs (1.1) and (1.2) have at least two positive solutions u�3 , u�4 satisfying 0 < ku�3 k < a < ku�4 k.

Proof
Let


 D
1

2
min

(
liml!0C

p3.l/

lp�1
�

�
M2

�

�p�1

, liml!1

p4.l/

lp�1
�

�
M2

�

�p�1
)

.

Then there exist 0 < b3 � c3, c4 < b4 < C1, such that
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A. DOGAN

p3.l/ �

"�
M2

�

�p�1

C 


#
lp�1, 0 � l � b3,

p4.l/ �

"�
M2

�

�p�1

C 


#
lp�1, b4 � l � C1.

If 0 < l � b3, u 2 @	l then � l � u.t/ � l, 
 � t � �. From assumption (H10), we obtain

kSuk D max
0�t�T

.Su/.t/

D

Z T

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

�
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 
QC1 �

Z s

0
a.�/f .� , u.�//r�

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
0 a.�/f .� , u.�//r� �

R s
0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R s
0 a.�/f .� , u.�//r� �

Pm�2
iD1 bi

R �i

0 a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Pm�2
iD1 bi

R �i

s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

�
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

�

Pm�2
iD1 bi

R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

D
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 Z T

s
a.�/f .� , u.�//r�

!
�s

�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/f .� , u.�//r�

!
�s

�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/Œp3.u.�// � k3.�/u

�3 �r�

!
�s

�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/

"��M2

�

�p�1
C 


�

� .� l/p�1 � k3.�/l
�3

#
r�

!
�s.

It follows that
ˇ.l/

l
�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/

h
Mp�1

2 C �p�1
 � k3.�/l
�3�pC1

i
r�

!
�s.

Noticing �3 � pC 1 > 0, we have

liml!0C
ˇ.l/

l
�

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �
�

�q

 Z T

s
a.�/

�
Mp�1

2 C �p�1

�
r�

!
�s

D
�

Mp�1
2 C �p�1


� 1
p�1

M�1
2

D
�

1C �p�1M�.p�1/
2 


� 1
p�1

> 1.
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A. DOGAN

So there exists b3 with 0 < b3 < a, such that ˇ.b3/ > b3. It implies that kSuk > kuk, for u 2 @	b3 .
If b4 � � l < C1 and u 2 @	l , then b4 � � l � u.t/ � l, 
 � t � �. As in the aforementioned argument, noticing that �4�pC1 < 0,

we can obtain liml!C1
ˇ.l/

l > 1. So, there exists b4 with 0 < b4 < C1, such that ˇ.b4/ > b4. It implies that kSuk > kuk, u 2 @	b4 .
From assumption (H11), there exist b3 < a3 < a < a4 < b4, such that

maxff .t, l/ : .t, l/ 2 Œ0, T� � Œ0, ai�g � .aiM1/
p�1, i D 3, 4.

If u 2 @	a3 , then 0 � u.t/ � a3, 0 � t � T , and f .t, u.t// � .a3M1/
p�1. It follows that

kSuk �

Z T

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/f .� , u.�//r�

1 �
Pm�2

iD1 bi

!
�s

� a3M1

(Z T

0
�q

 R T
s a.�/r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

C
1

1 �
Pm�2

iD1 ai

m�2X
iD1

ai

Z �i

0
�q

 R T
s a.�/r�

1 �
Pm�2

iD1 bi

C

Pm�2
iD1 bi

R T
�i

a.�/r�

1 �
Pm�2

iD1 bi

!
�s

)

D a3 D kuk.

In the same way, if u 2 @	a4 , then kSuk � kuk.
Now, we consider the operator S on N	a3n	b3 and N	b4n	a4 , respectively. From Theorem 2.1, we claim that the operator S has two

fixed points u�3 , u�4 2 P, such that b3 � ku�1 k � a3, a4 � ku�1 k � b4. So u�i , i D 3, 4, are positive solutions of problems (1.1) and (1.2).

4. One positive solution

If the conditions of Theorem 3.1 and 3.2 are weakened, we will obtain the existence of single positive solution of problems (1.1) and
(1.2).

Corollary 4.1
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H12) p1 2 C.Œ0,C1/, Œ0,C1//, and liml!0C
p1.l/
lp�1 < Mp�1

1 ;
(H13) k1 2 L1.Œ0, T�, Œ0,C1//;
(H14) There exist 0 < c1, p � 1 < �1, such that

f .t, l/ � p1.l/C k1.t/l
�1 , .t, l/ 2 Œ0, T� � Œ0, c1�;

(H15) There exist 0 < b, such that

minff .t, l/ : .t, l/ 2 Œ
, �� � Œ�b, b�g � .bM2/
p�1.

Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.2
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H16) p2 2 C.Œ0,C1/, Œ0,C1//, and liml!1
p2.l/
lp�1 < Mp�1

1 ;
(H17) k2 2 L1.Œ0, T�, Œ0,C1//;
(H18) There exist 0 < c2, p � 1 > �2 � 0, such that

f .t, l/ � p2.l/C k2.t/l
�2 , .t, l/ 2 Œ0, T� � Œc2,C1/;
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A. DOGAN

(H19) There exist 0 < b, such that
minff .t, l/ : .t, l/ 2 Œ
, �� � Œ�b, b�g � .bM2/

p�1.

Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.3
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H20) p3 2 C.Œ0,C1/, Œ0,C1//, and liml!0C
p3.l/
lp�1 >

�
M2
�

�p�1

;

(H21) k3 2 L1.Œ
, ��, Œ0,C1//;
(H22) There exist 0 < c3, p � 1 < �3, such that

f .t, l/ � p3.l/ � k3.t/l
�3 , .t, l/ 2 Œ
, �� � Œ0, c3�;

(H23) There exists 0 < a, such that
maxff .t, l/ : .t, l/ 2 Œ0, T� � Œ0, a�g � .aM1/

p�1.

Then, BVPs (1.1) and (1.2) have at least one positive solution.

Corollary 4.4
Suppose (H1)–(H3) hold, and suppose that the following conditions hold:

(H24) p4 2 C.Œ0,C1/, Œ0,C1//, and liml!1
p4.l/
lp�1 >

�
M2
�

�p�1

;

(H25) k4 2 L1.Œ
, ��, Œ0,C1//;
(H26) There exist 0 < c4, p � 1 > �4 � 0, such that

f .t, l/ � p4.l/ � k4.t/l
�4 , .t, l/ 2 Œ
, �� � Œc4,C1/;

(H27) There exists 0 < a, such that
maxff .t, l/ : .t, l/ 2 Œ0, T� � Œ0, a�g � .aM1/

p�1.

Then, BVPs (1.1) and (1.2) have at least one positive solution.
The proof of the aforementioned results is similar to Theorems 3.1 and 3.2, we omit it.

5. Application

In this section, we present an example to explain our result. Let T D R, .0, T/ D .0, 1/, f .t, 0/ � 0. We consider the following BVP on
time scales

.�3.u
0//0 C f .t, u.t// D 0, t 2 .0, 1/, (5.1)

u.0/ D
1

2
u
�1

2

�
, �3.u

0.1// D
1

2
�3

�
u0
�1

2

��
, (5.2)

where

f .t, u/ D

8̂̂
<
ˆ̂:

223u3 Cmin
n

1p
t.1�t/

, 2
u

op
u5, for .t, u/ 2 Œ0, 1� � Œ0, 1�,

225, for .t, u/ 2 Œ0, 1� � Œ1, 3�,

74uC
p

3
6 min

n
1p

t.1�t/
, 2u

3

op
u3, for .t, u/ 2 Œ0, 1� � Œ3,C1/.

It is easy to see that f : Œ0, 1� � Œ0,C1/ ! Œ0,C1/ is continuous. In this case, p D 3, a.t/ � 1, m D 3, a1 D b1 D
1
2 , �1 D

1
2 , 
 D

1
2 , � D 1. Thus, we have by calculating that

� D
a1�1

1 � a1.1 � �1/
D

1
2 �

1
2

1 � 1
2 .1 �

1
2 /
D

1

3
,

M1 D

"Z 1

0
�q

 R 1
s d� C 1

2

R 1
1
2

d�

1 � 1
2

!
dsC

1
2

1 � 1
2

Z 1
2

0
�q

 R 1
s d� C 1

2

R 1
1
2

d�

1 � 1
2

!
ds

#�1

D

"
�1C 5

p
5

6
p

2
C

1

12
.�3
p

6C 5
p

10/

#�1

	 0.524932,

M2 D

"
1
2

1 � 1
2

Z 1

1
2

�q

� Z 1

s
d�
�

ds

#�1

D

"Z 1

1
2

p
1 � sds

#�1

	 4.24264 < 5.
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A. DOGAN

Now, we choose c1 D 1, c2 D 3, b D 3,�1 D
5
2 , �2 D

3
2 , p1.u/ D 223u3, p2.u/ D 74u, k1.t/ D k2.t/ D

1p
t.1�t/

. Then, it is easy to
see that

f .t, u/ � p1.u/C k1.t/u
5
2 , .t, u/ 2 Œ0, 1� � Œ0, 1�,

f .t, u/ � p2.u/C k2.t/u
3
2 , .t, u/ 2 Œ0, 1� � Œ3,C1/,

lim
u!0

p1.u/

u2
D lim

u!0

223u3

u2
D 0 < M2

1 D

"
�1C 5

p
5

6
p

2
C

1

12
.�3
p

6C 5
p

10/

#�2

	 0.275554,

lim
u!1

p2.u/

u2
D lim

u!1

74u

u2
D 0 < M2

1 D

"
�1C 5

p
5

6
p

2
C

1

12
.�3
p

6C 5
p

10/

#�2

	 0.275554,

min

(
f .t, u/ : .t, u/ 2

h1

2
, 1
i
� Œ1, 3�

)
D 225 > .bM2/

2 	 162.

It follows that f satisfies the conditions (H4)–(H7) of Theorem 3.1. Then, problems (1.1) and (1.2) have at least two positive solutions.
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