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We study the Multiple Allocation Tree of Hubs Location Problem where a tree topology is required among the hubs
and transportation cost of sending flows between OD pairs is minimized. Unlike most studies in the literature that
assume a complete network with costs satisfying the triangle inequality to formulate the problem, we define the
problem on non-complete networks and develop a modeling approach that does not require any specific cost and
network structure. The proposed approach may provide more flexibility in modeling several characteristics of
real-life hub networks. Moreover, the approach may produce better solutions than the classical approach, which
may result from the differences in the selected hubs, the flow routes between origin-destination points, and the
assignment of non-hub nodes to hub nodes. We solve the proposed model using CPLEX-based branch-and-bound
algorithm and Gurobi-based branch-and-bound algorithm with Norel heuristic and develop Benders
decomposition-based heuristic algorithms using two acceleration strategies, namely, strong cut generation and
cut disaggregation. We conduct computational experiments using problem instances defined on non-complete
networks with up to 500 nodes. The results indicate that the Benders-type heuristics are especially effective in

finding good feasible solutions for large instances.

1. Introduction

Hubs act as aggregation, distribution, switching, and sorting centers
in telecommunication, transportation, and computer networks where
commodities (e.g., data, packages, etc.) are sent between many origin-
—destination (OD) pairs. In these networks, instead of sending flows
directly between each OD pair, the flows are sent through hub facilities
in at most three movements: collection from the origin to a hub, transfer
between hubs, and distribution from the last hub to the destination
(transfer movement may be skipped for some OD pairs). The transfer of
consolidated flow between hubs enables to capture the economies of
scale. Moreover, advantages resulting from reducing setup costs,
centralized commodity handling, and sorting operations are obtained.

A generic Hub Location Problem (HLP) is concerned with determining
the locations of hubs, allocation of supply and demand points to hubs,
and determining the routes between OD pairs such that total cost is
minimized. The research on hub location addresses different types of
problems, e.g., p-hub median, p-hub center, hub location problem with
fixed costs, and hub covering. These problems are also categorized ac-
cording to the allocation strategy as single allocation problems, i.e., all the
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incoming and outgoing traffic of each node is routed through a single
hub, and multiple allocation problems, i.e., each origin (destination) node
can be allocated to more than one hub to send (receive) flows. For a
comprehensive review of the problems, see, for instance, Alumur and
Kara (2008), Campbell and O’Kelly (2012), Farahani et al. (2013),
Contreras and O’Kelly (2019), and Alumur (2019).

In this paper, we study the Multiple Allocation Tree of Hubs Location
Problem (MATHLP) that imposes a tree topology requirement on the part
of the network where the transfer between hubs is carried out, i.e., on the
backbone or hub-level network, using multiple allocation strategy. As a
motivating example, consider the problem of determining a public
transportation network in a city where the nodes represent bus/rail
stations and the arcs represent the roads/railways between bus/rail
stations. The objective is to move the passengers from their origin sta-
tions to their destination stations such that the total transportation cost
(e.g., travel time or operating cost) is minimized. There are different
types of public transport networks, e.g., direct, trunk-and-feeder, radial,
diameter, hybrid, etc. (Vuchic, 2007). In a trunk-and-feeder system,
which is similar to the hub-and-spoke system, the demand on the feeder
routes is served by small vehicles and combined on the trunk routes so
that passengers from multiple feeder routes can all use a much larger
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Nomenclature
oD Origin-destination
HLP Hub location problem

MATHLP Multiple Allocation Tree of Hubs Location Problem

RealN  Real-world network

MN Modeled network

HN Hub network

HLN Hub-level network

AN Access network

MATHLM Multiple allocation tree of hubs location model
MP Master problem at iteration h of BD algorithm
Sp Subproblem at iteration h of BD algorithm

Model SPD Linear problem obtained by fixing integer variables in
MATHLM at iteration h

Model SP  Subproblem obtained by taking the dual of SPD at
iteration h

Model PRT Model to find a pareto-optimal solution

Model MPM Master problem with disaggregated cuts at iteration
h

Model RelMP Relaxed master problem with a single cut

Model MCMP Relaxed master problem with multiple cuts

SPTree  Rooted spanning tree formulation

BDHEUR1 Benders-Type Heuristic 1 employing strong cut
generation

BDHEUR2 Benders-Type Heuristic 2 employing strong cut
generation and cut disaggregation

trunk vehicle. The operating costs of large vehicles per passenger are
lower than those of smaller vehicles. The trunk network, i.e., the back-
bone network, has mostly a tree structure, e.g., a tram network and/or a
road network with high-capacity buses operating with higher frequency
along rapid transit corridors or paths. The stations on the backbone
network that are incident to feeder lines are transfer points (hub nodes)
where the passengers change line. In a trunk-and-feeder system, a de-
mand point is served by a single line and most passengers need to make
two transfers, which is not desired by the passengers. In this regard, a
hybrid system where direct travel service between some OD pairs is
made possible by allowing some bus lines to go beyond the trunk route
as necessary. In such a case, these bus lines are required to pass through
a transfer point on the backbone network for the passengers that need to
change line. Moreover, more than one bus line may be planned to serve
the same demand point (bus station) so that passengers can prefer the
line closer to their destinations, i.e., multiple allocation. Most of the
cities in Turkey operate such a hybrid public transport system. A tree-
like backbone network is especially preferred in cities where the
metro/tram system is still in its infancy. The metro/tram network is
complemented by high-capacity buses operated on rapid transit corri-
dors. In the context of public transportation, MATHLP allows us to
determine the physical network including the tree-like trunk routes on
which the flow of passengers is achieved with the minimum cost. The
resulting network and passenger loads on the links may be used to
determine bus lines and their frequencies in accordance with the public
transport service planning process (e.g., Ceder, 2007).

Tree topology on the hub-level network has been used or suggested
for applications in railway transportation, telecommunication networks,
electricity and water distribution networks, and pipeline transportation,
where the connectivity between hubs is required but the setup costs for
inter-hub links are significant. For example, a backbone network with
tree topology is required in designing the high-speed train network in
Spain with the stations being hubs (Contreras et al., 2010); private data
networks, metropolitan area networks, and community antenna televi-
sion network systems in a hierarchical structure with concentrators (that
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aggregate and forward data packets) being hubs (Klincewicz, 1998); gas
pipeline network with valve sets being hubs, which receive gas produced
in wells through production pipes and transfer it to a station via gath-
ering pipes (Zhou et al., 2019); electricity power distribution networks
with distribution substations being hubs (Sabattin et al., 2018); urban
and public transport network with transfer points between cities and
towns being hubs (Zhong et al., 2018).

Most hub location problems are known to be NP-hard (e.g., Carello
et al., 2004; Alumur and Kara, 2008; Contreras and O’Kelly, 2019).
MATHLP is NP-hard as well. When the hub locations and the allocation
of supply and demand points to hubs are fixed in MATHLP, the problem
of finding a tree spanning the hub nodes is equivalent to the Optimum
Communication Spanning Tree Problem, which is NP-hard (Johnson
et al., 1978; Contreras et al, 2010).

We will use the network terminology and definitions given by Akgiin
and Tansel (2018) to further discussion about MATHLP. They define five
different types of networks: (1) Real-world network (RealN): The physical
network, e.g., road and rail networks, in which hub system will operate.
(2) Modeled network (MN): The network used as an input in developing a
model for the problem. MN is not necessarily the same as RealN but may
be obtained from RealN through preprocessing. (3) Hub network (HN):
The sub-network of MN that consists of the hub nodes, non-hub nodes,
and the arcs on the service routes between OD pairs. (4) Hub-level
network (HLN): The subnetwork of HN consisting of the hub nodes and
the hub arcs connecting them. (5) Access network (AN): The sub-network
of HN consisting of the hub nodes, non-hub nodes, and access arcs that
connect non-hub origin and destination nodes to hub nodes.

Using the given terminology, MATHLP requires HLN to have a tree
topology. Most studies in the literature impose a complete HLN topology
but do not discuss whether this is a result of the nature of the application
or the assumptions regarding the network or data structure. It occurs
that there are three main assumptions in most HLP models (For a
detailed discussion, see, e.g., Contreras and O’Kelly, 2019; Akgiin and
Tansel, 2018): (1) MN is a complete network with arc distances satisfying
the triangle inequality, (2) transportation costs on all hub arcs are discounted
by a constant factor independent of the actual amount of flow on the arcs, i.
e., collection and distribution are more costly, and (3) all flows are routed
via a set of hubs, i.e., no direct flows between non-hub nodes. A model
with these three assumptions and a cost minimization objective and
without any topological requirements produces a solution where the
flows between an OD pair visit at most two hubs. In other words, a route
between an OD pair in an HN consists of at most three arcs, namely,
collection (access), transfer (hub), and distribution (access) arcs. Given non-
zero flows between all OD pairs, the resulting HLN is a complete
network, i.e., all hubs are fully interconnected by hub arcs.

Considering the complete HLN topology to be restrictive, several
researchers have studied incomplete HLN topologies. Some of these
studies (e.g., Alumur et al.,, 2009; Nickel et al., 2001; Mohri and
Akbarzadeh, 2018; Calik et al., 2009; Alumur and Kara, 2009; Yoon and
Current, 2008; and Alumur et al., 2012; Martins de Sa et al., 2018a;
Martins de Sa et al., 2018b) require HLN only to be connected and do not
impose any specific HLN topology. Some studies (e.g., Campbell et al.,
2005a; Campbell et al., 2005b; Campbell, 2010) do not even require
HLN to be connected. The studies that impose a particular HLN topology
other than a tree structure are Labbé and Yaman (2008) and Yaman
(2008) that study a star HLN, Martins de Sd et al. (2015a), Martins de Sa
et al. (2015b) that address a line HLN, and Lee et al. (1993) and Con-
treras et al. (2017) that investigate a cycle HLN.

To our knowledge, all studies that require a tree HLN address the
single allocation version of the problem. Contreras et al. (2010) propose
a mixed integer programming (MIP) formulation and present several
families of valid inequalities and an exact separation procedure to
strengthen the proposed formulation. Contreras et al. (2009) develop a
new formulation that yields tighter LP bounds than that in Contreras
et al. (2010) and propose an algorithm employing the Lagrangean dual,
subgradient optimization, and a simple heuristic. Martins de Sa et al.
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(2013) propose a Benders Decomposition (BD) approach to solve the
model developed by Contreras et al. (2009). Sedehzadeh et al. (2016)
address a multi-objective and multi-modal problem with uncertain input
data allowing hubs to have different capacity levels and to be connected
with different transportation modes. Blanco and Marin (2019) offer two
MIP models for upgrading nodes, which implies a decrease in the cost of
traversing arcs connecting those upgraded nodes. The largest problem
instance solved in these studies is defined on networks with 100 nodes.
The proposed models in these studies are hub location models with hub
and/or arc fixed costs rather than p-hub median models.

We remark that the models that require a connected HLN may pro-
duce hub networks with a tree HLN depending on the data. For example,
Martins de Sa et al. (2018b) obtain optimal solutions having a tree HLN
for problem instances with sufficiently high fixed arc setup costs for a
multiple allocation incomplete hub location problem with service time
requirements.

Like most models developed for hub location problems, the models
developed for problems requiring a tree HLN classically assume that the
modeled network MN is a complete network with arc distances (costs)
satisfying the triangle inequality. If the real-world network RealN is not
complete or complete but its distances do not satisfy the triangle
inequality (e.g., bus fares) as is the case for most real-life networks, a
preprocessing on RealN is required to construct a complete MN by an
algorithm (e.g., Floyd, 1962) that finds the shortest path lengths be-
tween all OD pairs in RealN. Thus, the resulting complete MN consists of
the shortest path lengths in RealN and hence its distances satisfy the
triangle inequality. That is, an arc in a complete MN (and hence in a hub
network HN) may actually correspond to a shortest path consisting of several
arcs and not necessarily a single arc in RealN. Most studies do not differ-
entiate between RealN and MN and directly assume that a complete MN
with arc distances satisfying the triangle inequality is given. Even
though this approach has gained acceptance, this may cause several
modeling and computational disadvantages. For example, when the
triangle inequality is not satisfied, the models do not work correctly (e.
g., Marin et al., 2006). Moreover, the shortest path may not be preferred
or correct in some cases, e.g., communication networks.

Akgiin and Tansel (2018) discuss these issues in detail and propose a
problem setting and modeling framework that allows (non-complete or
complete) RealN with any cost structure to be directly used as MN. They
present the modeling framework in the context of the p-hub median
problem defined on non-complete networks (RealN) and show how to
extend it to handle different hub location problems. The approach
provides flexibility in modeling several characteristics of real-life hub
networks, e.g., the interactions between location and routing decisions,
arcs with different costs and capacities, different topology and service
level requirements.

Similar advantages exist for MATHLP as well. In this regard, we
propose a new MIP model for MATHLP that is built upon the problem
setting adopted by Akgiin and Tansel (2018). We show through exam-
ples that the proposed modeling approach may produce better solutions
than the classical approach, which may result from the differences in the
selected hubs, the flow routes between origin—destination points, and
the assignment of non-hub nodes to hub nodes. The proposed model is
defined on non-complete networks but can also be used with complete
networks. We solve the model by the CPLEX-based branch-and-bound
algorithm and Gurobi-based branch-and-bound algorithm with Norel
heuristic and develop a BD-based heuristic algorithms. We conduct
computational tests to assess the performance of the proposed heuristics
using instances defined on different networks with the number of nodes
changing from 81 to 500. The results indicate that the BD-based heu-
ristic algorithm can find good solutions within the allocated time for the
test instances.

The rest of the paper is organized as follows: We discuss how the hub
network and hence the total cost differs when different modeling ap-
proaches are used with different assumptions in Section 2. We define the
problem and present the details of the MIP model for MATHLP in Section
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3. We give the BD-based heuristic approach for the proposed formula-
tion in Section 4. We present the computational studies in Section 5 and
conclude the paper in Section 6.

2. Comparison of the hub networks for different modeling
approaches

In this section, we investigate how the hub network topology and the
total cost change depending on the modeling approach used under
different assumptions. We compare two modeling approaches: (1) The
classical approach: Modeled network MN is complete and its distances
satisfy the triangle inequality. (2) The proposed approach: MN is the same
as the real-world network RealN that may be complete or non-complete.
For comparison purposes, we use two different types of networks: a 7-
node complete network whose distances do not satisfy the triangle
inequality and a 30-node non-complete network. The complete network is
the network used by Marin et al. (2006) to show that some hub location
models do not work correctly when the triangle inequality is not satis-
fied. The distance matrix of the complete network and other parameters
used are given in Appendix A. The non-complete network given in Fig. 1
is the network that consists of 30 cities in Turkey as the nodes and the
roads between neighboring cities as the arcs. The distances are direct
distances between the neighboring cities. We assume that a discount
factor of 0.7 is applied to the hub arc costs.

To represent the classical approach, we extend the model of Ernst and
Krishnamoorthy (1998) developed for multiple allocation hub location
problem by adding necessary constraints to achieve a tree HLN. The
resulting classical model given in Appendix B produces a hub network
having a tree HLN by minimizing total transportation cost and allowing
multiple allocation. We remark that the classical model needs as MN a
complete network whose distances satisfy the triangle inequality to
work correctly. In this regard, we apply the Floyd’s Algorithm (Floyd,
1962) to the non-complete network to find all-pairs shortest path dis-
tances and construct a complete network in order to obtain a solution for
the non-complete network using the classical model. To represent the
proposed approach, we use our proposed model for MATHLP, whose
details are given in Section 3. The proposed model can use any type of
network, i.e., complete or non-complete, as MN. In this regard, the
proposed model uses directly the non-complete network and complete
network as MN.

Our first goal is to show that the classical model does not work correctly
when a complete network whose distances do not satisfy the triangle
inequality is used as MN. We solve both the proposed model and the
classical model to optimality using the complete network given in Fig. 2
(a) and setting p = 3. Fig. 2(b) and (c) indicate hub networks for the
proposed model and the classical model on the original network,
respectively. Filled circles and empty circles represent hub nodes and
non-hub nodes, respectively. Solid lines and dashed lines indicate hub
arcs and access arcs, respectively. Fig. 2(b) and (c) show that both
models produce an HLN with a tree structure. However, the selected
hubs, the tree structures, and the resulting objective function values are
different. In Fig. 2(b), HLN consists of nodes 2 through 6 with nodes 2, 4,
and 6 being the hub nodes and nodes 3 and 5 being the non-hub nodes.
The tree in Fig. 2(b) consists of non-hub nodes 3 and 5 as intermediate
nodes between hub nodes, which may be possible when the triangle
inequality is not satisfied (e.g., Marin et al., 2006). We can think of
nodes 3 and 5 as transshipment points in HLN. These nodes receive
service from their adjacent hub nodes. Specifically, non-hub node 3 is
assigned to hub nodes 2 and 4 while non-hub node 5 is assigned to hub
nodes 4 and 6. Accordingly, dashed lines between hub nodes represent
collection and distribution flows between non-hub nodes 3 and 5 and
their adjacent hub nodes. Non-hub nodes 1 and 7 are assigned to a single
hub. In Fig. 2(c), HLN consists of the nodes 2, 3, and 6 as the hub nodes.
All non-hub nodes receive service from a single hub. The optimal
objective function values for the proposed model and the classical model
are 88 and 1266, respectively. This difference results from the fact that
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Fig. 3. Optimal hub network obtained with the proposed model (H = 30, p=3).
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the proposed model is allowed to find and use routes with less cost than
that of direct arcs between nodes to send flows while the classical model
uses only direct arcs. For example, to send flow from node 2 to node 6,
the classical model uses direct arc (2,6) with a cost of 100 while the
proposed model uses the path consisting of the arcs (2,3), (3,4), (4,5),
and (5,6) with a cost of 4.

Our second goal is to show that the proposed model may find a better
solution than the classical model even when the triangle inequality is satisfied.
We will consider two cases: (1) The proposed model and the classical
model find different flow routes even though their optimal hub set and
the tree structure are the same. (2) The proposed model and the classical
model find different optimal hub sets and hence different hub networks.
For both cases, we solve the models to optimality using appropriate
versions of the non-complete network in Fig. 1 (non-complete version
for the proposed model and complete version for the classical model).
For Case 1, we allow all 30 nodes to be selected as hub nodes and setp =
5. Figs. 3 and 4 indicate the resulting hub networks for the proposed
model and the classical model, respectively. Nodes 3, 16, 19, 21, and 25
are selected as the hub nodes by both models. Hub network in Fig. 3
directly gives the routing information on the real-world network RealN.
For example, the route between hubs 3 and 21 is (3,1)-(1,2)-(1,21) with
nodes 1 and 2 being transshipment points in HLN.

In Fig. 4, however, hub nodes 3 and 21 are connected by a single arc
as expected and postprocessing is required to determine that the
shortest-path arc (3,21) corresponds to the route consisting of the arcs
(3,1)-(1,2)-(2,21) in RealN. Nevertheless, this should not be interpreted
as that the routes between nodes are always the same in both models.
Consider the routes between hub nodes 3, 16, and 19. In Fig. 4, these
nodes are connected to each other by direct arcs (16,19) and (19,3). Any
flow sent from node 16 to node 3 follows the route consisting of the arcs
(16,19) and (19,3). The direct arcs (16,19) and (19,3) in Fig. 4 corre-
spond to the routes (16,26)-(26,6)-(6,18)-(18,19) and (19,18)-(18,6)-
(6,26)-(26,3) in RealN as shown in Fig. 3, respectively. This means that
flow sent from 16 to 3 covers the route (26,6)-(6,18)-(18,19) twice, one
going from 16 to 19 and one going from 19 to 3. In Fig. 3, however, flow
from node 16 to node 3 follows the route (16, 26)-(26,3). That is, even
though the tree structures of both models seem to be the same in RealN
(after postprocessing the solution of the classical model), the resulting
flows are different. This also affects the assignments of origin and
destination nodes to the hubs. As a result, the optimal objective function
values for the proposed model and the classical model are 14,279,772
and 14,297,370, respectively.

For Case 2, we allow 20 nodes indexed between 1 and 20 to be
selected as hub nodes and set p = 8. Figs. 5 and 6 indicate the resulting

@ Hub node () Non-hub node
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hub networks for the proposed model and the classical model, respec-
tively. The resulting hub networks are different because different
optimal hub sets (2-6, 8, 12, and 16 for the proposed model and 1, 2, 4,
5, 6, 12, 16, and 20 for the classical model) are selected. The optimal
objective function values for the proposed model and the classical model
are 13,762,410 and 13,795,031, respectively.

We remark that the results in Case 1 and Case 2 are valid when we
address MATHLP. When we relax the tree-HLN requirement, both ap-
proaches find solutions that are the same in RealN as long as arc dis-
tances (costs) satisfy the triangle inequality. This is also true for the
single allocation version.

To sum up, using the proposed approach in addressing MATHLP may
allow to obtain better solutions that may result from different hub
network topologies, assignments, flows, and costs. The approach may
also provide more flexibility in modeling several real-life issues directly,
e.g., arc capacities or disruptions.

3. Problem definition and mathematical formulation

We define Multiple Allocation Tree of Hubs Location Problem
(MATHLP) based on the modeling framework given by Akgiin and
Tansel (2018). Let G = (N, E) be an undirected and connected network
representing RealN with N = {1, ---,n} and E being the node set and edge
set, respectively. N consists of supply/origin nodes S, demand/destina-
tion nodes D, and transshipment nodes T. The nodes in S generate a
positive flow wy for at least one node j € D. The same node can be the
element of both S and D.

Let G° = (N*,E") represent the subnetwork of G that can be used for
inter-hub transportation (e.g., potential links for rapid transit corridors).
E" is the set of edges that can be used as hub arcs for some reason, e.g.,
they have high capacities or more appropriate for construction. N is the
set of nodes that are incident to E*. We define HCN™ as the set of nodes
that can be hubs.

Let I denote the length of edge {i,j} with l; = l;. The y;;, a; and &;
are the cost of moving one unit of flow per unit length along the edge {i,
Jj} for collection, transfer, and distribution, respectively, with a;; < y; and
a; < &; to achieve economies of scale.

MATHLP aims to (1) select p nodes from hub set H, (2) determine the
service routes between OD pairs that visit at least one hub node, (3)
connect all hubs through a tree structure and require all flows to use this
tree structure by using a multiple allocation strategy such that total
transportation cost is minimized.

We formulate MATHLP using a three-layer network Go = (No,Ay) as
the modeled network MN where the first, second, and third layers

Hubarc ———— Access arc

Fig. 4. Optimal hub network obtained with the classical model (H = 30, p=3).
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Fig. 5. Optimal hub network obtained with the proposed model (H = 20, p=8).

@ Hubnode (O Non-hub node ——— Fub arc
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Fig. 6. Optimal hub network obtained with the classical model (H = 20, p=8).

represent the collection/supply, transfer/hub, and distribution/demand
layers, respectively. To construct Gy, we use the directed version of G =
(N,E), G = (N,A), which is obtained by replacing each edge {i,j} € E
with a pair of directed arcs (i,j) and (j,i) such that [ = ;.

The supply layer network G; = (N1,A;) and the distribution layer
network Gs = (N3,A3) are copies of G = (N,A) while the hub layer
network Gy = (N3, A>) is the subnetwork of G’ that corresponds to G =
(N",E") with Ny ={ml,m2, - mn} and A= {(mi,mj): (i,j) €A}
where m =1,2,3. To exemplify, node 3 in RealN G is represented as 13,
23, and 33 in Gi, G2, and Ggs, respectively. G; and G, are connected by
arcs of the form A;; = {(1i,2i) : i € H} while Gz and G3 are connected
by arcs of the form Ajs = {(2i,3i):i € H} Thus, Np = U;o;l:le and
Ag = Uﬁ,zlAm UAjp UAgs. Fig. 7 shows a three-layer MN constructed
using the structure of RealN G where E* = {{2,3},{2,4},{3,4},{4,5}},
N' ={2,3,4,5)},H = {3,4,5},and S =D = {1,2,3,4,5}.

We formulate MATHLP as a multicommodity flow problem with side
constraints in Go. The flows w; with i € Sand j € D are sent from 1i € N;
to 3j € N3 through G,. We associate with each node i € S a different
commodity. W; = Y, ,wj is the total supply of commodity i at node 1i.

j
We use the parameter by to represent the amount of supply/demand of

commodity k at node peNo.by = >, pwy for f=1i and i €S, by =
—Wys = —Wyj for f = 3j and jeD, and by = O for all other nodes and keS.
Fg“‘ (P}") is the forward (inward) star of a node g € (N; UNz UN3).

We also associate with each arc (i,j) a unit cost c;, where I; is the
length of arc (i,j), as follows:

Z;‘/‘ x ll] for (ll7 1./)7 (171) € A
@y x Iy for (2i,2)), (i,j) €A’
8 x Iy for (3i,3)), (i,j) €A
0 for (1i,2i) or (2i,3i), i€ H

¢ =

We define the following decision variables: (1) x is the amount of
flow of commodity k € S in arc (i,j), (2) y»: is a binary variable that takes
on the value of 1 when a hub is located at node i € H and 0 otherwise, (3)
s is a binary variable that takes on the value of 1 when arc (i,j) belongs
to the tree structure in G, and O otherwise, and (4) t; is a flow variable
used to construct the tree structure in G, and represents the amount of
fictitious flow in arc (i,j).

We construct the tree structure in G, by using a rooted spanning tree
formulation based on single-commodity flows t;. We define a node 6 €
N as the root/supply node from which one unit of fictitious flow is sent
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Fig. 7. Three-layer MN G, constructed from RealN G (Adapted from Akgiin and
Tansel, 2018).

to each other node i € (N2 —6), i.e., a total of [Ny — 1| units of flow is sent
from 6. The arcs with positive flows t;; are selected as the arcs of the tree
by the variables s;;.

We present the sets, indices, parameters, and decision variables used
in the formulation of the problem in Table 1. With these definitions, the
proposed model, MATHLM, is given below:

Model MATHLM: Multiple allocation tree of hubs location model

Z* = MIHZZ A(;Cin;jk (1)

kes (ig)e

s.t.
injkfzxjik:bﬁk ﬂe N UN, UN; ,kES (2)
jert JEFy
Zhi =p 3
ieH
Xizik < Wyyy i€H,k€ES “4)
Xaizik < Wyyy i€H,k€ES 5)
Ztsj =[N, — 1] (6)
jern
DY =1 fe(N-0) %)
jerg JeFy
Ssp=1 peN-0) (8)
jer

D sp=0 ©)

jeERV2)

ty < [N=1fs; (1)) € Ag 10$)
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Table 1
Sets, indices, parameters, and decision variables of the proposed model.

Sets, Indices, and Parameters

G=(N,E) Undirected real-world network with node set N and edge set E, N
=SUDUT where S, D, and T are the set of supply, demand, and
transshipment nodes

G = (N,E") Subnetwork of G that can be used for inter-hub transportation, E”
is the set of edges that can be used as hub arcs, N* is the set of

nodes that are incident to E*

Directed version of G=(N,E) obtained by replacing each edge {i,
j} € E with a pair of directed arcs (i,j) and (j, i)

H Set of nodes that can be hubs with HEN"

Go = (No,Ao) Three-layer modeled network, Gy = G1|JG2JG3 with Gy, G2, and
Gj3 representing the supply (first), hub (second), and distribution
(third) layers of the network
G, = (N1,A1) Supply layer network with G; = G’
Gy = (N2,A) Hub layer network constructed from subnetwork of G’ that
corresponds to G* = (N, E")
G; = (N3,A3)i, Distribution layer network with G, = G
jeN Nodes in the network G=(N,E)
1i Nodes in the supply layer G;
2i Nodes in the hub layer G,
3i Nodes in the distribution layer G3
(13,1 Arcs in the supply layer
(2,2)) Arcs in the hub layer
(31,3)) Arcs in the distribution layer
A Arcs connecting G and G with Ay, = {(1i,2i):i € H}
A3 Arcs connecting G, and G3 with Axz = {(2i,3i):i € H}
ijeN Nodes in the network G=(N,E)
k Commodity type indicating the origin node of the flow, k =ic S
I Length of arc(i,j)
Xij» @, Gy Cost of moving one unit of flow per unit length along arc (i,j) for

supply, hub, and distribution layers, respectively
cjj Cost of arc (i, j) with ¢; = ly;;, ¢j = ljay;, and ¢ = Iy for supply,
hub, and distribution layers, respectively

wij Flow to be sent fromi € Stoje D

w; Total supply of commodity i, W; = Z]-E,)wij

b Amount of supply/demand of commodity k at node feN,

P (F/;‘) Forward (inward) star of a node g € (N; UNz UN3).

Decision Variables

Xijk Amount of flow of commodity k in arc (i,j)

Yoi 1, if a hub is located at node i € H and 0, otherwise

Sij 1, if arc (i,j) belongs to the tree structure in G, and 0, otherwise
t Flow variable used to construct the tree structure in G, and

represents the amount of fictitious flow in arc (i,j)

Xk < Wi(sy +s)  (1,j) € As, k€S an
ty > 0,55 € {0,1} (i,j) € Ay 12)
Xik >0 (i,j) € Ag,k €S (13)
v, €{0,1} i€H 14)

Objective function (1) minimizes the total transportation cost. Con-
straints (2) are the flow balance constraints for all the nodes in each
layer of the network G, and commodities. Constraint (3) requires p hubs
be selected. Constraints (4) and (5) ensure that the flow between layers
is possible only through arcs (1i, 2i) and (2i, 3i) if a hub is located at node
i, i.e, yo; = 1. Constraints (6)-(10) construct a spanning tree in Go.
Constraint (6) sends |[N,—1| units of fictitious flow from root node 6.
Constraints (7) are flow-balance constraints that ensure all nodes in
N, —6 receive one unit of fictitious flow. Constraints (8) require that
there be exactly one incoming arc to each node i € (N, —6). Constraint
(9) ensures that there is no incoming arc to root node 6 from the nodes in
N,. Constraints (10) require an arc with a positive fictitious flow to be
selected as an arc of the spanning tree in the hub layer. Constraints (11)
allow commodity flows only on the arcs of the spanning tree and hence
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Fig. 8. Illustration of the tree spanning all nodes in the hub layer (a) and the
resulting tree structure connecting the hubs (b).
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the arcs with positive commodity flows connect all hubs in a tree
structure. Fig. 8(a) illustrates an example of a tree spanning all nodes in
the hub layer constructed by positive fictitious flows. Accordingly, Fig. 8
(b) gives the resulting tree structure connecting the hubs. Nodes 1 and 6
are the non-hub nodes serving as transition nodes to connect the hubs
through a tree. Constraints (12)-(14) define the decision variables.

4. Proposed solution methodology

MATHLM is difficult to solve using standard optimization software.
Computational studies indicate that CPLEX-based and Gurobi-based
branch-and-bound algorithm can find optimal or near-optimal solu-
tions for problem instances defined on 81-node network with a run time
of 24 h. However, for larger size networks, they cannot find a solution or
the resulting optimality gaps increase up to 96%. This has led us to
develop a solution methodology based on Benders Decomposition (BD)
(Benders, 1962), which has been used successfully in solving several
variants of hub location problems including single allocation tree of
hubs location problem (e.g., Camargo et al., 2008a; Camargo et al.,
2008b; Camargo et al., 2011; Contreras et al., 2011; Martins de Sa et al.,
2013; Camargo et al., 2017; Martins de Sa et al., 2018a; Ghaffarinasab
and Kara, 2019; Mokhtar et al., 2019; and Taherkhani et al., 2020).
However, we have encountered the convergence problem in the appli-
cation of BD algorithm even for small-size problems. We have tried
CPLEX’s automatic BD and encountered the same situation. We have
incorporated several acceleration strategies, namely, strong cut gener-
ation, cut disaggregation, and a combination of two strategies, in order
to improve the convergence of the BD algorithm. However, these stra-
tegies have not been successful as well. For this reason, we have
developed Benders-type heuristics. Of several heuristics, the heuristic
based on BD with strong cut generation and the heuristic based on BD with
combined strong cut generation and cut disaggregation have produced much
better results than the other ones for all instances. In this regard, we
present the development of these heuristics in this section. Computa-
tional studies indicate that the proposed heuristics are efficient and can
find solutions for large-size problems with up to 500 nodes.

The BD approach partitions a difficult optimization problem into two
simpler problems: an integer problem, named as the master problem
(MP), and a linear problem, named as the subproblem (SP). The algo-
rithm solves MP and SP iteratively and adds a new constraint known as
Benders cut obtained from SP to the MP. The algorithm is terminated
when the optimal objective function values of MP and SP are equal to
each other.

One main challenge arising in the application of the BD algorithm is
the need to solve difficult integer MPs in large size problems. As the
number of iterations increases in this type of problems, the number of
cuts added to the MP also increases, which makes the MP more difficult
to solve and hence the convergence of the BD algorithm impossible due
to time and memory limitations. This has led the researchers to develop
algorithms referred to as Benders-type heuristics. In most Benders-type
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heuristics, researchers use (meta)heuristic algorithms or relaxations to
solve MPs. Boschetti and Maniezzo (2009) state that the BD algorithm
provides a rich framework for developing heuristics since it uses dual
information to reduce search space, verifies solution quality, and obtains
multiple starting points for local search. They solve both MP and SP
using Lagrangean relaxation. Poojari and Beasley (2009), Lai et al.
(2010), and Lai et al. (2012) solve the MP using the genetic algorithm.
Jiang et al. (2009) solve the MP using tabu search. Pacqueau et al.
(2012) solve the linear relaxation of MP and then fix the values of some
variables to their upper/lower bounds after applying round-off
heuristics.

In the following, we give the BD algorithm, strong cut generation, cut
disaggregation, and finally the Benders-type heuristics where a relaxed
version of MP obtained after removing some complicating constraints is
solved.

4.1. Benders decomposition for MATHLM

As stated before, the BD algorithm decomposes the original problem
into two simpler problems, namely, MP and SP, and solves MP and SP
iteratively until their optimal objective function values are equal or a
stopping criterion is reached. MP is a relaxed version of the original
problem and involves the set of integer variables and associated con-
straints. SP is a linear program that is obtained by taking the dual of the
problem formulated by fixing the values of integer variables in
MATHLM.

Lety and s represent the vector of integer variables y»;,i € H, and s;;, (i,
Jj) € Ag, respectively. Let SPD represent the linear problem obtained by
fixing the values of integer variables y and s in MATHLM to y" and s",
respectively, at iteration h. When y and s are fixed, the resulting SPD
consists of (15)-(20) and is a linear routing problem that finds the routes
between OD pairs because the hubs and hub arcs in the tree structure are
fixed. We find SP by taking the dual of SPD with the dual variables ey, fi,
8ik, and tty; defined for constraints (16) through (19), respectively. The
resulting SP consists of (21)-(28).

Model SPD: Linear problem at iteration h

mmzz AoCijXijk (15)

keS (i,j)e

s.t.

> xi— Y X =bu i€ [NyJUNUN, | keSS 16)
JeR™ jeFn

X2k < ka ieHkeS aa7)
Xizik < W' i€eHkes 18)
Xi < Wi(s +55)  (i,]) € A 19)
Xk >0 (i,j)eAkeS 20)

Model SP: Subproblem at iteration h

Max Zzb'ke'k + ZZkah ik + ZZWA)’, 8ik + Z Z Wi <S

kes ieNy kes ieNg kes ieNy kes (ij)eAs
+ s}}) i
@1n
s.t.
e —ex <1y (irj) € (A UA) k€S 22)
Cix — €jk +lti/k < l,j (l,]) S Az,k es (23)
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ex —ex+fx <0 (i,j) € Ap,keS 24)
ex—ex+8k <0 (i,j) € A, keS (25)
fi,g, <0 icHkeS (26)
ey free i€ (NJUN,UN;3),keS 27)
tty <0 (i,j) €EArkeS (28)

We formulate MP by using the constraints associated with integer
variables in MATHLM and adding Benders optimality cuts. A Benders
optimality cut (29) can be derived from the objective function (21) of SP
at iteration h. In (29), €}, f}, g, and tt are the optimal values of the
dual variables in SP at iteration h and 7 is the under-estimator for the
total cost. The resulting MP consists of (30)-(39).

nz Zzbikefk + Zzwkf;)’i + Zzwkgflk}’i + Zzzwkﬂf}k (3

keS ieNj keS ieNp keS ieNy ieN, jeN; keS
+5i1)
29
Model MP: Master problem at iteration h
Min 7 (30)
s.t.
n= Zzbikef‘k + ZZWU‘,’[Y. + ZZWkg?kYi
keS ieNp keS ieNp keS ieNp

+ZZZwkngk (sj,- + sj,-) (31)

ieN, jeN, keS

S v=vp (32)
ieH

g =M1 (33)
jery"

Stp=Y tp=—1 peN—0) 34
jeF‘/}”‘ JeFy

ZSJ’/} =1 ﬁ S (Nz = 0) (35)

jeFy

> s9=0 (36)
JeEr (V)

ty < [N—1sy;  (1,]) € Ag (37
t; > 0,55 € {0,1} (i) € Ay (38)
¥y €{0,1} ieH (39)

MP determines the locations of p hubs and connects them in a tree
structure through constraints (32)-(37) at each iteration. Given y" and s"
at iteration h, SPD is mainly a network flow problem. Because supply
and demand quantities are equal and there are no capacity constraints in
SPD, it is always feasible. Moreover, the objective function value of SPD
is bounded because transportation costs are non-negative and finite,
which means that SP, the dual of SPD, is feasible and has a bounded
objective function value. Thus, at each iteration of the Benders algo-
rithm, we obtain a feasible solution. This is why we do not need to
generate and add Benders feasibility cuts but only Benders optimality
cuts to MP. Otherwise, we would have to add feasibility cuts as well.

MP is a relaxation of the original problem and hence its objective
function value provides a lower bound to that of MATHLM. We improve
this bound at each iteration by adding Benders optimality cut (29). By
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construction, the objective function value of SP provides an upper bound
on the objective function value of MATHLM.

4.2. Acceleration strategies for the BD algorithm

The performance of the BD Algorithm is mainly determined by the
number of iterations and the time required to complete each iteration (e.
g., Rahmaniani et al., 2017). The number of iterations may be high if the
improvement rate of the LB is low, which results from weak Benders
cuts. This also adversely affects the solution time of MP and memory
requirements because the higher the number of cuts added to MP, the
more difficult it becomes to solve MP. In some cases, solving SP may take
excessive time too. All of these may cause poor convergence of the al-
gorithm as we have experienced.

There are several strategies employed in the literature to accelerate
the progress of the BD Algorithm. In this study, we employ generating
strong cuts and disaggregating the Benders cuts together.

4.2.1. Generating strong cuts

Magnanti and Wong (1981) suggest an approach to generate stronger
optimality cuts based on the determination of a core point.

To formalize the approach, let C, and C, represent two different cuts
generated using (29) from two different solutions (e?,f? g% #?) and (e?,
fP.gb, 1), respectively. Then, C, is stronger than or dominates Cj, if the
right-hand-side value of C, is greater than or equal to that of C, with a
strict inequality for at least one point (y,s). That is, the cut that gives a
better bound is a dominating cut. A cut is pareto-optimal if it is not
dominated by any other cuts. Accordingly, the solution (e,f,g,#) is
pareto-optimal if the cut defined by (e,f,g,#) is pareto optimal.

A pareto optimal solution (e,f,g,#) can be obtained by solving an
optimization problem that finds a pareto-optimal point among alterna-
tive optimal solutions using a core point. A core point (y°,s°) is a point in
the relative interior of the convex hull ofy € Y and s € S.

To define the optimization problem to solve, let (y" s") be the
optimal solution of MP and zg,, be the optimal objective function value
of SP at iteration h. The optimal solution (°,f°,g°,#°) to the optimi-
zation problem PRT comprised of (40)-(44) is a pareto-optimal solution.
The Benders cut obtained from the objective function (40) is a pareto-
optimal cut. This cut is closest to the chosen core point (y°,s°).

Model PRT: Model to find a Pareto-Optimal solution

M&XZZbikeik + Zzwk)’?fm + ZZka?g‘k + ZZZWk <v2

keS ieNg keS ieNy keS ieNg ieN, jeN; keS

+ sﬁ) thy

(40)
s.t.

P ICES P AT DA TED WA
keS ieNj keS ieNp keS ieNp ieN; jeNy keS

+ Sf,) ijk

= ZZ’P‘h (41)
fik7gik <0 ie H,k €S (42)
e; free i€ (NJUN,UN;3) keS (43)
i <0 (i,j) € Ay, k€S (44)

The approach is based on the fact when SP has multiple optimal
solutions, different cuts with different strengths may be defined. PRT
generates the strongest cut possible. A pareto-optimal cut may be added
at each iteration or periodically considering the tradeoff between
additional computational burden and the reduction in the number of
iterations. In this study, we add pareto-optimal cuts in each iteration. In
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the Benders Algorithm with pareto-optimal cuts, PRT is solved after
solving SP and the cut generated using a given core point is added to MP.

Finding a core point may be a challenge for some problems (e.g.,
Martins de Sa et al., 2013). Mercier et al. (2005) state that using a core
point that is not in the interior of the convex hull does not preclude
finding a valid Benders cut. However, the further the core point is from
the interior of the convex hull, the weaker the Benders cuts that are
generated by this method. This demonstrates the importance of finding a
good representative core point. Mercier et al. (2005) state that values
close to 0 or 1 generate stronger cuts for different problem types. In this
study, we conduct computational experiments by setting yand s to 0 and
1 to identify a good core point. Computational results indicate that
setting y = 1 and s = 0 yields stronger cuts.

4.2.2. Disaggregating the Benders cuts and adding multiple cuts

Another strategy to improve the progress of BD Algorithm is to add
multiple cuts instead of just one cut at each iteration. We can achieve
this by disaggregating Benders cuts (29) as proposed by Birge and
Louveaux (1988). Disaggregation is possible because SP can be
decomposed into smaller problems based on commodity type k. This
allows us to add |S| cuts simultaneously. The resulting MP, MPM, is
comprised of (32)-(39) and (45)-(46).

Model MPM: Master problem with disaggregated cuts at iteration h

Min

kes

(45)

s.t.
In addition to Constraints (32)-(39)

M=y bucl+ > Wifiy + > Wighyi+ Y > Wity (s;+s;) VkeS

ieNp ieNp ieNp ieN, jeN,

(46)

In the Benders Algorithm with multiple cuts, MPM rather than MP is
solved.

It may be possible to disaggregate (29) further, e.g., based on com-
modity type k and node i. However, the number of cuts in this case is 3n?
and solving MPM even for small-size problems becomes computationally
very expensive. This is why we prefer to disaggregate based on k.

4.2.3. Combining strong cut generation and multiple cuts

We use the strategies explained in 4.2.1 and 4.2.2 simultaneously. In
doing that, we first find the pareto-optimal cut and then disaggregate
this pareto-optimal cut into multiple cuts. This requires solving PRT to
find a pareto-optimal solution after solving SP and then disaggregating
the cut as given in MPM.

4.3. Benders-Type heuristic approach

Computational experiments with the BD-based algorithms with or
without acceleration strategies indicate that they are not promising to be
used to solve large-scale problem instances. We observe that the prog-
ress of the algorithms is limited due to difficulty in solving the master
problems. This leads us to develop two Benders-Type heuristics that
facilitate the solution of the master problems and keeping the rest of the
algorithms essentially the same.

Our approach is based on obtaining (y", s") at iteration h in two steps:
(1) determining the hubs to locate by solving a relaxed master problem
and (2) finding the tree structure connecting the located hubs by solving
a rooted spanning tree formulation. We adopt this approach because we
observe that the constraints (33)-(37) that ensure the tree structure in
the master problems increase the solution time of the master problems
significantly or make them almost impossible to solve for large-size
problems.

The master problems that need to be solved in the heuristic algo-
rithms can be stated by eliminating the variables s" and associated terms
from the formulations. We define two relaxed master problems, RelMP

10
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to be used while adding a single cut and MCMP to be used while adding
multiple cuts.
Model RelMP: Relaxed master problem with a single cut

Min 75 (47)
s.t.

N> buch+ Y > Wiflyi+ Y > Wighy; (48)

keS ieNp keS ieNp keS ieNg

Z)’zi =p (49)

ieH

y»€{0,1} VieH (50)
Model MCMP: Relaxed master problem with multiple cuts

Min (51)
kesS
s.t.
In addition to (49)-(50)

N 2 Zbik‘fﬁc + Zkaiﬁyi + Zwkg?k}’i vk eS (52)

ieNg ieNy ieNg

RelMP and MCMP solved at iteration h determine the values of y"
where p of the variables are 1 and the remaining are zero. To determine
the tree structure among the given hub locations i with y»; =1, we solve
a rooted spanning tree formulation, SPTree, based on single commodity
flows t;, which is given in Appendix C. For the arcs with t; > 0, we set
s; = 1. The solution (y",s") is then fed into SP.

Given the relaxed master problems (ReIMP and MCMP) and SPTree,
we define two Benders-Type Heuristic algorithms, BDHEUR1 and
BDHEURZ2, that are mainly different in the acceleration strategies
employed and the master problem solved. In BDHEUR1, we use only
generating strong cuts. In the application of the algorithm, we first
determine a pareto-optimal cut as explained in Section 4.2.2 and then
add it to RelMP. In BDHEURZ2, we use two strategies together, generating
strong cuts and disaggregating Benders cuts. In the application of the al-
gorithm, we determine a pareto-optimal cut, disaggregate this cut into
multiple cuts as explained in Section 4.2.3, and add them to MCMP. We
outline the steps of BDHEUR1 below. The steps of BDHEUR2 are the
same as BDHEUR1 except that we solve MCMP instead of RelMP, i.e.,
replace ReIMP with MCMP. In the application of the algorithms, we
solve SP and SPTree to optimality and RelMP/MCMP until an optimality
gap of 10% is achieved. Moreover, for the test problems on PMED400
and PMED500, we set a time limit of 1 h and 5 h, respectively, for the
Model PRT that finds a pareto-optimal cut because we observe that
strong cuts are obtained within that time limit.

In the algorithm, UB and zg, represent the upper bound and the
optimal objective function value for SP, respectively.

Algorithm BDHEUR1: Benders-Type heuristic 1 employing strong cut
Generation.

Step 1: (Initialization)

Set y" and s" to an initial feasible integer solution.
Set time limit.

Set UB = +o0

Seth =0

Find a core point (y°,s°) for strong cut generation
Step 2: Solve SP (21)-(28)

Step 3: Set UB = min(UB, zg;)

Step 4: Solve PRT (40)-(44) to choose a strong cut
Step 5: Add cut(s) to RelMP (47)-(50)

Step 6: Solve RelMP (47)-(50) to get y

Step 7: Solve SPTree (53)-(57) to get s

Step 8: Seth=h + 1

Step 9: Set y" =yands" =+

Step 11: If elapsed time > time limit, stop. Otherwise, go to Step 2
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5. Computational experiments

We conduct computational experiments to test the performance of
the proposed model and solution methodologies. Specifically, we
observe the performance of MATHLM using CPLEX, Gurobi, Gurobi with
Norel Heuristic, and LocalSolver and Benders-type heuristics. We prefer
the aforementioned solvers and algorithms because they are known to
be effective for difficult MIP problems. In the application of Gurobi with
Norel heuristic, which may be useful for models where the root relax-
ation is quite expensive, the Norel heuristic first tries to find a high-
quality feasible solution in the allocated time and then Gurobi imple-
ments the branch and bound algorithm with the feasible solution found
by the Norel heuristic (Gurobi, 2021). Localsolver is an innovative
optimization solver combining exact and heuristic techniques and finds
high-quality solutions for large-scale optimization problems (Local-
Solver, 2021). However, LocalSolver cannot find feasible solutions even
for small-size instances. Gurobi with Norel heuristic performs much
better than Gurobi for all instances in finding feasible solutions. Because
of this, we only present the results obtained by CPLEX and Gurobi with
Norel Heuristic against the results obtained by Benders-type heuristics.

We define test problems on TR81, PMED200, PMED300, PMED400,
and PMED500 networks. TR81 is defined by Akgiin and Tansel (2018)
and the non-complete transportation network of Turkey including all 81
cities of Turkey. The edges on TR81 are defined only between adjacent
cities. The length of the edges on TR81 are assumed to be the direct
distances from the high-way transportation network of Turkey.
PMED200 through PMED500 are the non-complete networks used for
the p-median problem instances (e.g., Beasley 1990) with the numbers
indicating the number of nodes. Different test problems are created on
the networks by changing |H| and p where E* = E, N* = N and HCN".

Table 2
Test results for MATHLM using CPLEX and Gurobi with Norel heuristic.
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For all test problems, wy is uniformly distributed with the interval
(10,30). For all arcs, Zij and §jare taken as 1 whereas a; is taken as 0.7. In
all problems, S =D =N.

We code the models and the algorithms using GAMS and conduct the
experiments on a PC with 3.6 GHz Intel Core i7-7700CPU processor and
32 GB of RAM for TR81, PMED200, PMED300 instances and on a server
with Intel® Xeon® CPU E5-2683 V4 @ 2.1 GHz 64 core processor and
256 GB of RAM for PMED400 and PMED500 instances due to memory
requirements. The runtime for the solvers and the algorithms is set to 24
h (86,400 secs). In using Gurobi with Norel heuristic, we assign 12 h for
the Norel heuristic and 12 h for the branch and bound algorithm because
we obtain high-quality feasible solutions with this setting.

In the tables, we present (1) the runtime (T) in CPU secs, the lower
bound (LB), the objective function value of the best integer solution at
the end of runtime (BP) obtained by CPLEX or Gurobi with Norel heu-
ristic, and the relative optimality gap (Gap%) between LB and BP for
MATHLM and (2) the best integer solution achieved either from CPLEX
or Gurobi with Norel heuristic (BP*); the number of iterations (# of
iters), LB, and UB achieved by the heuristic algorithms.

5.1. Computational experiments for MATHLM using CPLEX and Gurobi
with Norel heuristic

Table 2 gives the results obtained solving MATHLM by CPLEX and
Gurobi with Norel heuristic. In solving MATHLM using CPLEX, we use
two different parameter settings that differ only in the value of mipem-
hasis parameter. The mipemphasis parameter value tells CPLEX what the
balance between finding better feasible solutions and proving optimality
should be in solving a model. We use two values of mipemphasis
parameter, namely, “balance feasibility and optimality” and “feasibility”
because our focus is to find better feasible solutions. With regard to

CPLEX Gurobi with Norel
Heuristic
Pr.1d  Network IN| |H| p T (secs) LB BP Gap LB BP Gap BpP*
(%) (%)
1 TR81 81 30 3 84,840 113,261,890 113,261,890 0.0 113,120,288 113,261,890 0.0 113,261,890
2 81 30 5 86,400 100,804,000 103,530,000 2.7 102,044,941 103,530,000 1.4 103,530,000
3 81 50 3 86,400 107,115,000 112,944,470 5.4 105,087,303 112,944,470 7.0 112,944,470
4 81 50 5 86,400 96,404,800 103,014,691 6.9 95,881,444 102,883,188 6.8 102,883,188
5 81 50 8 86,400 91,322,400 97,216,421 6.5 91,015,050 96,098,414 5.3 96,098,414
6 81 50 10 86,400 89,545,200 93,852,241 4.8 88,953,013 93,793,657 5.2 93,793,657
7 81 60 3 86,400 102,576,000 112,944,470 10.1 100,724,739 112,944,470 10.8 112,944,470
8 81 60 5 86,400 95,209,200 103,426,356 8.6 94,446,443 102,940,709 8.3 102,940,709
9 81 60 8 86,400 89,687,000 96,185,436 7.2 90,368,120 96,098,414 6.0 96,098,414
10 81 60 10 86,400 89,205,300 94,098,044 5.5 88,302,192 93,793,657 5.9 93,793,657
11 81 81 3 86,400 99,773,300 113,067,656 13.3 98,948,604 113,067,656 12.5 113,067,656
12 81 81 5 86,400 93,627,400 102,909,588 9.9 93,297,541 102,883,188 9.3 102,883,188
13 81 81 8 86,400 89,710,800 98,401,597 9.7 89,309,497 96,184,127 7.1 96,184,127
14 81 81 10 86,400 86,910,600 94,461,872 8.7 87,454,873 93,710,445 6.7 93,710,445
15 PMED200 200 200 3 86,400 69,962,197 83,921,015 20.0 70,242,011 82,844,187 15.2 82,844,187
16 200 200 5 86,400 67,681,170 81,743,444 20.8 67,065,627 77,314,463 13.2 77,314,463
17 200 200 8 86,400 65,226,836 74,061,217 13.5 64,502,322 72,475,694 11.0 72,475,694
18 200 200 10 86,400 63,947,068 72,858,377 13.9 63,309,299 71,176,399 11.0 71,176,399
19 PMED300 300 300 3 86,400 100,542,251 152,379,779 34.0 102,105,607 129,512,902 21.2 129,512,902
20 300 300 5 86,400 93,990,900 148,400,000 36.3 99,812,107 126,641,742 21.2 126,641,742
21 300 300 8 86,400 97,915,345 118,263,997 17.2 97,631,794 117,762,104 17.1 117,762,104
22 300 300 10 86,400 96,342,738 111,688,878 13.7 97,046,000 112,496,864 13.7 111,688,878
23 PMED400 400 400 3 86,400 129,405,098 2,521,891,782 94.9 126,492,232 188,065,072 32.0 188,065,072
24 400 400 5 86,400 126,975,841 159,334,212 20.3 125,777,210 217,002,369 42.0 159,334,212
25 400 400 8 86,400 125,823,824 191,544,185 34.3 124,213,039 185,954,774 33.0 185,954,774
26 400 400 10 86,400 125,305,399 152,776,681 18.0 123,575,853 164,174,581 24.0 152,776,681
27 PMEDS500 500 500 3 86,400 172,189,807 3,954,137,863 95.7 169,677,900 288,398,427 41.2 288,398,427
28 500 500 86,400 172,544,439 3,920,051,544 95.6 163,650,171 267,833,441 38.8 267,833,441
29 500 500 8 86,400 171,012,235 3,952,102,853 95.7 159,240,544 238,740,589 33.3 238,740,589
30 500 500 10 86,400 169,673,118 4,094,682,459 95.9 160,733,186 no solution - 4,094,682,459
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finding BP values, no setting dominates the other one. In this regard, we
present the results of the setting under which better BP value is obtained
for each instance in Table 2.

In Table 2, bold and italic values indicate the same or better BP and
LB values for each instance. Gurobi with Norel heuristic (CPLEX)
mostly finds better BP (LB) values than CPLEX (Gurobi with Norel
heuristic); however, it cannot find a solution for Problem 30. As the
problem size increases, the optimality gaps increases considerably. The
last column indicates the best BP values, BP*.

5.2. Computational experiments with the Benders-type heuristics

We initiate the algorithms with an initial solution (y,s) where y is
found by setting its first p elements to 1 and the remaining to 0 and s is
found by solving SPTree. We use a core point with y* = 1 and s = 0
since computational results indicate that this core point yields stronger
cuts.

Table 3 presents the results. In the table, we give GapHeur (%)
defined as 100x(UB - BP")/BP" in order to compare the solutions of the
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heuristics to BP*, the best solution found by either CPLEX or Gurobi with
Norel heuristic. A positive (negative) value indicates that the UB achieved
by the heuristic algorithm is worse (better) than BP*. Instances with bold
UB values are the ones for which a heuristic can either find the same
solution or a better solution than CPLEX or Gurobi with Norel heuristic.

Italic (normal or bold) UB values are used to show the heuristic that
produces a better UB than the other heuristic. BDHEUR1 produces better
UB values for 8 problems (4, 6, 9, 10, 11, 24-26) while BDHEUR2
produces better UB values for 19 problems (2, 5, 8, 12-23, 27-30). For
the remaining problems, they find the same solutions. UB values found
by BDHEUR1 (BDHEUR?2) are on the average 0.39% (5.2%) better than
those of BDHEUR2 (BDHEUR1). Considering these results, we can
conclude that BDHEUR2 performs better than BDHEURL. In this regard,
we will continue our analysis with BDHEUR2.

For TR81 instances, GapHeur values change from 0% to 3% with an
average of 1.6%. The heuristic can find a solution equivalent to BP* for
three instances (problems 1, 3, and 7) out of 14 instances. For the
remaining instances for which BP* values are better, GapHeur values
change from 0.1% to 3%.

Table 3
Test results for the instances using BDHEUR (T = 24 h).
Pr. Id. Network IN| [H| p BP* BDHEUR1 BDHEUR2
# of Iters UB GapHeur (%) # of Iters UB GapHeur (%)
1 TR81 81 30 3 113,261,890 4287 113,261,890 0.0 854 113,261,890 0.0
2 TR81 81 30 5 103,530,000 2670 105,345,943 1.8 520 105,027,039 1.4
3 TR81 81 50 3 112,944,470 3018 112,944,479 0.0 368 112,944,479 0.0
4 TR81 81 50 5 102,883,188 1415 105,242,582 2.3 514 105,297,298 2.3
5 TR81 81 50 8 96,098,414 1229 98,468,128 2.5 636 98,340,058 2.3
6 TR81 81 50 10 93,793,657 1175 95,893,977 2.2 1326 96,563,871 3.0
7 TR81 81 60 3 112,944,470 2539 112,944,479 0.0 284 112,944,479 0.0
8 TR81 81 60 5 102,940,709 1422 105,242,582 2.2 446 104,985,323 2.0
9 TR81 81 60 8 96,098,414 815 98,911,891 2.9 574 98,970,843 3.0
10 TR81 81 60 10 93,793,657 709 95,947,980 2.3 1048 96,141,575 2.5
11 TR81 81 81 3 113,067,656 1878 112,944,479 -0.1 245 113,203,327 0.1
12 TR81 81 81 5 102,883,188 659 105,692,069 2.7 115 104,534,769 1.6
13 TR81 81 81 8 96,184,127 555 98,815,936 2.7 547 98,015,933 1.9
14 TR81 81 81 10 93,710,445 499 96,494,930 3.0 1114 96,046,631 2.5
Max 3.0 Max 3.0
Min -0.1 Min 0.0
Average 1.8 Average 1.6
15 PMED200 200 200 3 82,844,187 335 86,751,752 4.7 199 82,579,184 —0.3
16 PMED200 200 200 5 77,314,463 180 84,192,026 8.9 232 77,297,928 —0.6
17 PMED200 200 200 8 72,475,694 132 79,995,083 10.4 200 73,794,169 1.8
18 PMED200 200 200 10 71,176,399 135 78,755,379 10.6 165 71,904,326 1.0
Max 10.6 Max 1.8
Min 4.7 Min -0.3
Average 8.7 Average 0.6
19 PMED300 300 300 3 129,512,902 30 146,804,453 13.4 35 134,514,203 3.9
20 PMED300 300 300 5 126,641,742 34 137,386,549 8.5 36 130,470,514 3.0
21 PMED300 300 300 8 117,762,104 34 132,241,629 12.3 40 115,380,696 —2.0
22 PMED300 300 300 10 111,688,878 34 128,240,795 14.8 42 112,950,607 1.1
Max 14.8 Max 3.9
Min 8.5 Min -2.0
Average 12.2 Average 1.5
23 PMED400 400 400 3 188,065,072 23 177,360,845 —5.7 23 165,976,456 —-11.7
24 PMED400 400 400 5 159,334,212 23 156,768,212 -1.6 23 157,830,551 —-0.9
25 PMED400 400 400 8 185,954,774 23 154,057,167 —17.2 23 154,424,692 —17.0
26 PMED400 400 400 10 152,776,681 23 151,006,447 —1.2 23 152,523,259 —0.2
Max —-1.2 Max —0.2
Min —17.2 Min —-17.0
Average —6.4 Average -7.5
27 PMED500 500 500 3 288,398,427 5 260,076,970 —9.8 5 242,867,355 —15.8
28 PMED500 500 500 5 267,833,441 5 249,145,118 —-7.0 5 242,398,659 —9.5
29 PMED500 500 500 8 238,740,589 5 234,735,216 -1.7 5 221,405,699 -7.3
30 PMEDS500 500 500 10 4,094,682,459 5 231,288,249 —94.4 5 214,659,947 —94.8
Max -1.7 Max -7.3
Min —94.4 Min —94.8
Average —28.2 Average —-31.8
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For PMED200 instances, GapHeur values range from —0.3% to 1.8%
with an average of 0.6%. The heuristic can find a better solution for one
instance (problem 15) and the same solution for one instance (problem
16) out of 4 instances. For PMED300 instances, GapHeur values change
from —2% to 3.9% with an average of 1.5%. The heuristic can find a
better solution for one instance (problem 21) out of 4 instances. For
PMEDA400 instances, GapHeur values change from —17% to —0.2% with
an average of —7.5%. For PMED500 instances, GapHeur values change
from —94.8% to —7.3% with an average of —31.8%. The heuristic can
find a better solution for all instances.

The results show that, as the network size gets larger, CPLEX or
Gurobi with Norel heuristic find a solution with high optimality gaps. On
the other hand, the heuristics can find solutions either close to or better
than those found by CPLEX or Gurobi with Norel heuristic, i.e., Benders-
type heuristic algorithms are effective in finding good solutions.

6. Conclusion

In this study, we have studied the Multiple Allocation Tree of Hubs
Location Problem where the hub-level network is required to have a tree
topology and transportation cost of sending flows between OD pairs is
minimized. Most studies in the literature assume a complete network
with costs satisfying the triangle inequality to formulate the problem. If
the underlying real-life network is not complete or complete but its
distances do not satisfy the triangle inequality, a preprocessing on the
underlying network is implemented to construct a complete network
whose costs satisfy the triangle inequality.

Unlike the previous studies, we have defined the problem on non-
complete networks and developed a modeling approach that does not
require any specific cost and network structure. The modeling approach
allows us to use the structure of the real physical network directly in the
formulation of the problem. We have shown that the proposed modeling
approach may produce better solutions than a modeling approach that
uses a complete network structure whose costs satisfy the triangle
inequality, which may result from the differences in the selection of the
hubs, the flow routes between hubs, and the assignments of non-hub
nodes to hub nodes. The proposed approach may also provide more
flexibility in modeling several characteristics real-life hub networks, e.
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g., the interactions between location and routing decisions, arcs with
different costs and capacities, different topology and service level
requirements.

In the study, we have solved the proposed model by CPLEX-based
branch-and-bound algorithm and Gurobi-based branch-and-bound al-
gorithm with Norel heuristic and developed BD-based heuristic algo-
rithms using two acceleration strategies, namely, strong cut generation
and cut disaggregation. We have conducted computational experiments
using networks with up to 500 nodes. As the network size gets larger, the
resulting optimality gaps are high for the solutions found by CPLEX or
Gurobi with Norel heuristic. On the other hand, the heuristic can find
solutions either close to or better than those found by CPLEX and Gurobi
with Norel heuristic for all instances, i.e., Benders-type heuristic algo-
rithms are effective in finding good solutions.

In the future, we may incorporate other acceleration strategies not
considered in this study, e.g., reduction of the model size and selection
of good initial cuts, to improve the progress of exact Benders algorithms
or Benders-type heuristics. We may develop hybrid algorithms utilizing
metaheuristics and Benders decomposition to improve the effectiveness
of the heuristic algorithms. A problem specific branch-and-bound al-
gorithm may be developed as well.
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Appendix A. Distance Matrix for a Network Not Satisfying the Triangle Inequality (Marin et al., 2006)

0 1 100 100 100 100 100
10 1 100 100 100 100
100 1 0 1 100 100 100
(dy)=1100 100 1 0 1 100 100
100 100 100 1 0 1 100
100 100 100 100 1 0 1
100 100 100 100 100 1 0O

Appendix B. The Model for the Classical Approach

We extend the model of Ernst and Krishnamoorthy (1998) developed for multiple allocation HLP by adding necessary constraints to achieve the
tree-like HLN. The resulting model produces a hub network having a tree HLN by minimizing total transportation cost and allowing multiple

allocation.

Suppose that there is a complete network with n nodes. Node i generates a positive annual flow w;; for at least one node j € N —{i}. The total amount
of flow originating from node i is O; = } ;wy; and the total amount of flow sent to node jis D; = > ;wj. Let ¢; denote the transportation cost of a unit of

flow between i and j and « represent the discount factor for hub-to-hub journeys. Ernst and Krishnamoorthy (1998) define Xj; as the flow of commodity
i flowing from hub I to node j, Zj as the flow from node i to hub k, Yy; as the total amount of flow of commodity i that is routed between hubs k and 1. Hy
takes the value 1 if node k is a hub, 0 otherwise. In addition, we define yy;,, that takes the value 1 when arc (k,m) links two hubs and 0 otherwise in

order to define a tree-like hub level network.
Model CAM: The Model for the Classical Approach
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Mil’lz ZC,’kZik + ZZCM Yiu + ZZ(ICUX"U] (53)
i k k 1 1 J

subject to:
> Hi=p (54
k
Y Zi=0; ieN (55)
7
ZX,,/ W; ijeN (56)
SVt Xig— Y Yu—Zyg =0 ikeN (57)
1 J 1
Zy < OH, ikeN (58)
> Xy <DH; LjeN (59)
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k 1
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H €{0,1} keN (65)
Y Xy Zue > 0 ik, 1€ N (66)
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Objective function (53) together with constraints (54)-(60) and (65)-(66) constitute the formulation of Ernst and Krishnamoorthy (1998).
Objective function (53) minimizes the total transportation cost. Constraint (54) locates p hubs. Constraints (55) and (56) satisfy the supply and de-
mand requirements, respectively. Constraints (57) are the flow balance constraints. Constraints (58) and (59) ensure that flow incoming to and going
from a hub node is possible only if that node is chosen as a hub. Constraints (65) and (66) define the decision variables.

Constraints (60)-(64) and (67) ensure that the hubs are connected through a tree structure. Constraints (60) and (61) require that an arc (k,m) be
chosen to form the tree structure between hubs if and only if both k and m are chosen as hubs. Constraint (62) limits the number of arcs connecting hub
nodes to p —1. Constraints (63) allow flows between hubs only in arcs selected as a part of the tree structure. Constraints (64) guarantee that a selected
hub must be connected by an arc which is a part of the tree structure. Constraints (67) define the new binary variables.

Appendix C. Rooted Spanning Tree Formulation

We define one of the hub locations, say node 6, as the root/supply node from which one unit of fictitious flow is sent to other hub locations, i.e., a
total of p —1 units of flow is sent from 6.
Model SPTree: Rooted Spanning Tree Formulation Restricted to Hub Locations

minZ" = Z Z Cijti (68)

keS (ij)eAy
s.t.
dty=p-1 (69)
jero
Ztﬂj - thﬂ =—-1 pe (H* 6) (70)
jeFj}“' jery
Zt/;J Z lip = =0 ﬂ S N2 H) (71)
JeFm
>0 (i,j) € A (72)
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