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Abstract The equilibrated grain boundary groove shapes

for solid Bi (Bi–2.87 at.%Ag) in equilibrium with Bi–Ag

eutectic liquid have been observed from quenched sample

with a radial heat flow apparatus. The Gibbs–Thomson

coefficient, solid–liquid interfacial energy and grain

boundary energy of solid Bi have been determined from the

observed grain boundary groove shapes. The variation of

thermal conductivity with temperature for eutectic solid

phase (Bi–4.7 at.%Ag) has been measured. The ratio of

thermal conductivity of equilibrated eutectic liquid phase

to eutectic solid phase has also been measured with a

Bridgman-type growth apparatus at the melting tem-

perature. The Gibbs–Thomson coefficient, solid–liquid in-

terfacial energy and grain boundary energy of solid Bi in

equilibrium with Bi–Ag eutectic liquid were determined to

be (9.2 ± 0.6) 9 10–8 K m, (52.7 ± 6.3) 9 10–3 J m–2

and (102.4 ± 13.3) 9 10–3 J m–2, respectively, from ob-

served grain boundary groove shapes.

Keywords Alloys � Liquid–solid reactions � Grain

boundaries � Thermodynamic properties

Introduction

The solid–liquid interfacial energy, rsl, is recognized to

play a key role in a wide range of metallurgical and

materials phenomena from wetting [1] and sintering

through to phase transformations and coarsening [2].

Thus, a quantitative knowledge of rsl values is neces-

sary. However, the determination of rsl is difficult. Since

1985, a technique for the quantification of solid–liquid

interfacial free energy from the grain boundary groove

shape has been established and measurements have been

reported for several systems [3–10]. The grain boundary

groove shape formed at the solid–liquid interface in a

thermal gradient can be used to determine the interfacial

energy, and the interface near the groove must every-

where satisfy

D Tr ¼
1

DS�

� �
rsl þ

d2 rsl

d n2
1

� �
j1 þ rsl þ

d2 rsl

d n2
2

� �
j2

� �
ð1Þ

where DTr is the curvature undercooling, DS� is the entropy

of fusion per unit volume, n (nx, ny, nz) is the interface

normal, j1 and j2 are the principal curvatures, and the

derivatives are taken along the directions of principal

curvature. Equation 1 is valid only if the interfacial free

energy per unit area is equal to surface tension per unit

length, rsl = c. When interfacial free energy differs from

surface tension, the problem is more complicated and the

precise modification of the Gibbs–Thomson equation is not

yet established [11]. When the solid–liquid interfacial free

energy is isotropic, Eq. 1 becomes
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DTr ¼
rsl

DS�
1

r1

þ 1

r2

� �
ð2Þ

where r1 and r2 are the principal radii of the curvature. For

the case of a planar grain boundary intersecting a planar

solid–liquid interface, r2 = ? and Eq. 2 becomes

C ¼ rDTr ¼
rsl

DS�
ð3Þ

where C is the Gibbs–Thomson coefficient. This equation

is called the Gibbs–Thomson relation [6].

Gündüz and Hunt [6] developed a finite difference

model to calculate the Gibbs–Thomson coefficient. This

numerical method calculates the temperature along the

interface of a measured grain boundary groove shape rather

than attempting to predict the equilibrium grain boundary

groove shape. If the grain boundary groove shape, the

temperature gradient in the solid (Gs) and the ratio of

thermal conductivity of the equilibrated liquid phase to

solid phase (R) are known or measured, the value of the

Gibbs–Thomson coefficient (C) is then obtained with the

Gündüz and Hunt’s numerical method.

One of the common techniques for measuring solid–

liquid interfacial free energy is the grain boundary

groove method. In this technique, the solid–liquid inter-

face is equilibrated with a grain boundary in a tem-

perature gradient as shown in [8], and the mean value of

solid–liquid interfacial free energy is obtained from the

measurements of equilibrium shape of the groove profile.

Over last 25 years, the equilibrated grain boundary

groove shapes in variety of materials have been observed

and the measurements of the solid–liquid interfacial free

energies were made from observed grain boundary

groove shapes [3–10].

The phase diagram of bismuth (Bi)–silver (Ag) has

been evaluated from [12]. Some thermal properties such

as solid–liquid interfacial energy, Gibbs–Thomson coef-

ficient, grain boundary energy and thermal conductivity

of solid and liquid phases in the Bi–Ag eutectic system

have not been well known. The values of solid–liquid

interfacial energy, Gibbs–Thomson coefficient and grain

boundary energy could be of use to people doing com-

parisons between experimentally observed solidification

morphology and predictions from theoretical models.

Thus the aims of the present work were to observe the

equilibrated grain boundary groove shapes for solid Bi in

equilibrium with Bi–Ag eutectic liquid and to determine

the thermal conductivity of solid and liquid phases, the

Gibbs–Thomson coefficient, solid–liquid interfacial ener-

gy and grain boundary energy for solid Bi in the Bi–Ag

eutectic system.

Experimental

Experimental apparatus

In order to observe the equilibrated grain boundary groove

shapes in opaque materials, Gündüz and Hunt [6] designed

a radial heat flow apparatus. Maraşlı and Hunt [7] im-

proved the experimental apparatus for higher temperature.

The details of the apparatus and experimental procedures

are given in [6–10]. In the present work, a similar apparatus

was used to observe the grain boundary groove shapes in

the Bi–Ag eutectic system.

Sample preparation

From the phase diagram of Bi–Ag alloy, the eutectic liquid

composition is Bi–4.7 at.%Ag [12]. The composition of

alloy was chosen to be Bi–2.87 at.%Ag to grow the solid

Bi phase on the eutectic structure in a short annealing time.

Bi–2.87 at.%Ag alloy was prepared in a vacuum furnace

by using bismuth and silver. The bismuth and silver that

have the purity of 99.99 % were supplied from Alfa Easer.

After stirring, the molten alloy was poured into a graphite

crucible, held in a specially constructed casting (hot filling)

furnace at approximately 50 K above the melting point of

alloy. The molten metal was then directionally solidified

from bottom to top to ensure that the crucible was com-

pletely full. The sample was then placed in the radial heat

flow apparatus.

The experiments were carried out in two steps. In the

first step, the thermocouples were calibrated by detecting

the melting point during very slow heating and cooling. In

the second step, the specimen was heated from the centre

using a single heating wire (1.7 mm in diameter, Kanthal

A-1) and the outside of the specimen was kept at 293 K

using a Poly Science digital 9102 model heating/refriger-

ating circulating bath. A thin liquid layer (1–2 mm thick)

was melted around the central heater, and the specimen

was annealed in a very stable temperature gradient for a

long time. In this condition, the solid and liquid layers were

mixed together. During the annealing period, the liquid

droplets move up towards the hot zone of the sample by

temperature gradient zone melting and single solid phase

can grow. The annealing time for Bi–2.87 at.%Ag was

4 days. During the annealing period, the temperature in the

specimen and the vertical temperature variations on the

sample were continuously recorded by the stationary

thermocouples and a moveable thermocouple, respectively,

by using a data logger via computer. The input power was

also recorded periodically. The temperature in the sample
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was stable to about ±0.025 K for hours and ±0.05 K for

up to 4 days. At the end of the annealing time, the speci-

men was rapidly quenched by turning off the input power

which was sufficient to get a well-defined solid–liquid in-

terface, because the liquid layer around the central heating

wire was very thin (typically smaller than 1 mm).

Measurements of the coordinates of equilibrated

grain boundary groove shapes

The quenched sample was cut transversely into lengths

typically of 25 mm, and transverse sections were ground

flat with 180 grit SiC paper. Grinding and polishing were

then carried out by following a standard route. After pol-

ishing, the samples were etched with air.

The equilibrated grain boundary groove shapes were

then photographed with an Olympus DP12-type CCD

digital camera placed on top of an Olympus BX51-type

light optical microscope. A graticule (200 9 0.01 =

2 mm) was also photographed using the same objective.

The photographs of the equilibrated grain boundary groove

shapes and the graticule were superimposed on one another

using Adobe PhotoShop 8.0 version software so that ac-

curate measurement of the groove coordinate points on the

groove shapes could be made.

The coordinates of equilibrated grain boundary groove

shapes were measured by Maraşlı and Hunt’s geometrical

method [7] so that appropriate corrections to the shape of

the grooves could be deduced and the details of the

geometrical method are given in [7].

Measurements of the thermal conductivity of solid

phase at its melting temperature

The thermal conductivity ratio of equilibrated eutectic

liquid phase (Bi–4.7 at.%Ag) to solid Bi phase,

R = KL(eutectic liquid)/KS(Bi) must be known or measured to

evaluate the Gibbs–Thomson coefficient with the Gündüz

and Hunt’s numerical method. The radial heat flow method

is an ideal technique for measuring the thermal conduc-

tivity of the solid phase.

The thermal conductivity of eutectic solid phase (Bi–

4.7 at.%Ag) was measured in the radial heat flow appara-

tus. As mentioned above, a specimen which is ap-

proximately 100 mm in length and 30 mm in diameter was

produced by using the vacuum and hot filling furnaces and

then placed in the radial heat flow apparatus.

The thermal conductivity of eutectic solid phase (Bi–

4.7 at.%Ag) versus temperature is shown in Fig. 1. A

comparison of thermal conductivity of eutectic solid phase

with the thermal conductivity of Bi [13]is also shown in

Fig. 1. The value of Ks for eutectic solid phase (Bi–

4.7 at.%Ag) at the melting temperature was obtained to be

10.44 W K-1 m-1 by extrapolating the line to the eutectic

temperature as shown in Fig. 1.

The ratio of thermal conductivity of equilibrated

liquid phase to solid phase

It is not possible to measure the thermal conductivity of the

liquid phase with the radial heat flow apparatus since a

thick liquid layer (10 mm) is required. A layer of this size

would certainly have led to convection. If the thermal

conductivity ratio of the liquid phase to the solid phase is

known and the thermal conductivity of the solid phase is

measured at the melting temperature, the thermal conduc-

tivity of the liquid phase can then be evaluated. The ther-

mal conductivity ratio can be obtained during directional

growth with a Bridgman-type growth apparatus [14]. The

thermal conductivity ratio, R, is given by

R ¼ Kl

Ks

¼ Gs

Gl

ð4Þ

A directional growth apparatus, firstly constructed by

McCartney [15], was used to find out the thermal con-

ductivity ratio. A thin-walled graphite crucible, 6.3 mm

OD 9 4 mm ID 9 180 mm lengths, was used to minimize

convection in the liquid phase.

Molten eutectic alloy (Bi–4.7 at.%Ag) was poured into

the thin-walled graphite tube. The specimen was then

placed in the directional growth apparatus. The specimen

was heated to 100 K over the melting temperature of alloy.

The specimen was then left to reach thermal equilibrium

for at least 2 h. The temperature in the specimen was

measured with an insulated K-type thermocouple. In the

present work, 1.2 mm OD 9 0.8 mm ID alumina tube was

used to insulate the thermocouple from the melt and the

thermocouple was placed perpendicular to the heat flow
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Fig. 1 Thermal conductivity of eutectic solid phase (Bi–4.7 at.%Ag)

versus temperature
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(growth) direction. When the specimen temperature stabi-

lized, the directional growth was begun by turning the

motor on. The cooling rate was recorded with a data logger

via computer. When the solid–liquid interface passed the

thermocouple, a change in the slope of the cooling rate for

liquid and solid phases was observed. When the thermo-

couple reading was approximately 50 K below the melting

temperature, the growth was stopped by turning the motor

off. The detail of the experimental procedure was given in

[6–10, 16–18].

The thermal conductivity ratio of the eutectic liquid (Bi–

4.7 at.%Ag) to the eutectic solid (Bi–4.7 at.%Ag),

R = Kl(eutectic)/Ks(eutectic), was measured to be 0.88 with a

Bridgman-type growth apparatus and the temperature ver-

sus time curve shown in Fig. 2. The thermal conductivity

of the eutectic solid at the eutectic temperature was also

measured to be 10.44 W K-1 m-1. The thermal conduc-

tivity of the eutectic liquid was then determined to be

9.19 W K-1 m-1. Thus, the thermal conductivity ratio of

the equilibrated eutectic liquid phase to the solid Bi phase,

R = Kl(eutectic liquid)/Ks(Bi), is also found to be 1.45 by using

the values of Kl(eutectic) and Ks(Bi) [13]. The thermal con-

ductivities of the solid and liquid phases for solid Bi and

Bi–Ag eutectic solid and their ratios used in the determi-

nation of the Gibbs–Thomson coefficient are also given in

Table 1. A comparison of the values of Ks and Kl obtained

in the present work with the values of Ks and Kl for similar

alloy systems is also given in Table 1. As can be seen from

Table 1, the results obtained in present work are in good

agreement with previous works.

Determination of temperature gradient in the solid

phase

The average temperature gradient of the solid phase must be

determined for each grain boundary groove shape. This was

done by measuring the input power, the length of heating

wire, the position of the solid–liquid interface and the value

of Ks for solid Bi phase at the eutectic melting temperature.

By using these measured values, temperature gradient can be

determined for each grain boundary groove shape.

The total fractional uncertainty in the measurement of

temperature gradient is about 6.5 % [21].

Results and discussion

Determination of Gibbs–Thomson coefficient

If the thermal conductivity ratio of equilibrated liquid

phase to solid phase, the coordinates of the grain boundary

groove shape and the temperature gradient of the solid

phase are known, the Gibbs–Thomson coefficient (C) can

be obtained using the Gündüz and Hunt’s numerical

method described in detail in [6]. The experimental error in

the determination of Gibbs–Thomson coefficient is the sum

of experimental errors in the measurement of the tem-

perature gradient, thermal conductivity and groove coor-

dinates. Thus the total error in the determination of Gibbs–

Thomson coefficient is estimated to be about 7 % [7].

The Gibbs–Thomson coefficients for solid Bi in equi-

librium with the eutectic liquid (Bi–4.7 at.%Ag) were de-

termined with Gündüz and Hunt’s numerical model by

using ten equilibrated grain boundary groove shapes.

Typical grain boundary groove shapes for solid Bi in

equilibrium with the eutectic liquid are shown in Fig. 3.

The values of C for solid Bi are given in Table 2. The

average value of C from Table 2 is (9.2 ± 0.6) 9

10-8 Km for solid Bi in equilibrium with the Bi–Ag eu-

tectic liquid.

Determination of entropy of fusion per unit volume

In order to determine the solid–liquid interfacial energy, it

is also necessary to know the entropy change per unit

volume, DS� for solid phase.

The effective entropy change per unit volume, DS�, for a

two-component system is

DS� ¼ RT

mL

ðXS1 � CL1Þ
ð1 � CL1ÞCL1

1

VS

ð5Þ

The molar volume, Vs, is expressed as

Vs ¼ VcN
1

n
ð6Þ

where Vc is the volume of the unit cell, N is the Avogadro’s

number and n is the number of atoms per unit cell. The

crystal structure of solid Bi solution is trigonal with

a = 4.55 9 10-10 m and c = 11.85 9 10-10 m. The vol-

ume of trigonal is determined with

Solid phase 

Liquid phase 

dt
dT

dt
dT

R =

L

S
= 0.88
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Fig. 2 Cooling rate of eutectic Bi–4.7 at.%Ag alloy
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Vc ¼ ð
ffiffiffi
3

p .
2Þa2c ð7Þ

Thus the molar volume of solid Bi solution is found to be

21.31 9 10-6 m3. The values of the relevant constant used

in the determination of entropy of fusion per unit volume

were obtained from phase diagram [12] and are given in

Table 3. The error in the determination of entropy of fusion

per unit volume is estimated to be about 5 % [22].

Evaluation of the solid–liquid interfacial energy

If the values of C and DS� are known, the value of solid–

liquid interfacial energy, rsl, can be evaluated from Eq. 3.

The solid–liquid interfacial energy of the solid Bi in

equilibrium with the eutectic liquid was evaluated to be

Table 1 Thermal conductivities of solid and liquid phases for Bi-based binary or ternary alloys at their melting temperature

Alloy Phases Melting temperature/K K/W K-1 m-1 R = KlKs
-1

Bi–Ag (PW) Eutectic liquid (Bi–4.7 at.%Ag) 534.75 9.19 0.88

Eutectic Solid (Bi–4.7 at.%Ag) 10.44

Eutectic liquid (Bi–4.7 at.%Ag) 9.19 1.45

Solid Bi 6.35 [13]

Bi–Al–Zn [21] Liquid (Bi–8.04 at.%Zn–0.38 at.%Al) 527.15 13.85 1.34

Solid (Bi–6.1 at.%Zn–0.38 at.%Al) 10.34

Bi–In [19] Eutectic Liquid (Bi–52.7 at.%In) 382.65 10.60 0.80

Eutectic solid (Bi–52.7 at.%In) 13.25

Eutectic liquid (Bi–52.7 at.%In) 10.60 1.27

Solid Bi 8.35

Bi–Cd [20] Liquid Bi–55.04 at.%Cd 418.70 10.06 0.81

Solid Bi–55.04 at.%Cd 12.46

Liquid Bi–55.04 at.%Cd 10.06 1.24

Solid Bi 8.12

20 μm 20 μm 

Fig. 3 Typical grain boundary groove shapes for solid Bi in

equilibrium with Bi–4.7 at.%Ag eutectic liquid

Table 2 Gibbs–Thomson coefficients for solid Bi in equilibrium with Bi–Ag eutectic liquid

Grove no. Gk 9 102/Km-1 a� b� Gibbs–Thomson coefficient

Clhs 9 10-8/Km Crhs 9 10-8/Km

a 107.0 13.3 12.3 9.6 9.4

b 106.1 16.7 12.6 9.0 9.4

c 107.5 13.8 13.8 9.4 9.5

d 106.7 11.2 12.0 9.0 9.4

e 104.7 11.8 14.3 9.1 9.0

f 104.6 10.3 11.2 9.3 9.3

g 105.5 11.2 11.2 9.2 9.3

h 108.2 12.8 11.8 9.2 9.0

i 106.7 12.3 12.3 9.3 9.1

j 106.1 12.6 14.1 9.4 9.4

�C = (9.2 ± 0.6) 9 10-8 Km

Subscripts lhs and rhs refer to left-hand side and right-hand side of groove, respectively
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(52.7 ± 6.3) 9 10-3 J m-2 using the values of C and DS�.
The experimental error in the determination of solid–liquid

interfacial energy is the sum of experimental errors of the

Gibbs–Thomson coefficient and the entropy change of

fusion per unit volume. Thus, the total experimental error

in the evaluation of solid–liquid interfacial energy eval-

uation in present work is estimated to be about 12 %.

Determination of grain boundary energy

By considering a force balance at the grain boundary

groove, it is possible to determine the solid–solid interface

energy and grain boundary energy provided that the solid–

liquid interface energy is known. From the force balance at

the grain boundary groove shape in [8], the grain boundary

energy can be expressed as

rgb ¼ 2rsl cos h ð8Þ

where

h ¼ ha þ hb

2
ð9Þ

is the angle that the solid–liquid interfaces make with

the y axis.

The value of the grain boundary energy for the solid Bi

was found to be (102.4 ± 13.3) 9 10–3 J m–2 using the

values of the rsl and h in Eq. 8. The estimated error in

determination of h angles was found to be 1 %. Thus the

total experimental error in the resulting grain boundary

energy is about 13 %.

A comparison of the values of Gibbs–Thomson coeffi-

cient (C), solid–liquid interface energy (rsl) and grain

boundary energy (rgb) for solid Bi in the Bi–Ag eutectic

system obtained in present work with the values of C, rsl

and rgb for solid Bi in the different binary or ternary alloy

Table 3 Some physical properties of solid Bi phase in the Bi–Ag

alloy

System Bi–Ag

Concentration of solid phase Cs Solid Bi [12]

(Bi–2.87 at.%Ag)

Concentration of liquid phase Cl Eutectic liquid [12]

(Bi–4.7 at.%Ag)

f(C)a 1.04 [12]

Melting temperature, Tm/K 534.75 [12]

Molar volume of solid Bi, VBi 9 10-6/m3 21.31 [19]

Liquidus slope of solid Bi, ml/Kat.fr-1 382.36 [12]

Entropy change in fusion

for solid Bi, DS�/J K-1 m-3
5.7 9 105

a f ðCÞ ¼ Cs�Cl

ð1�ClÞCl T
a
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systems determined in previous works [19–21, 23–31] is

given in Table 4.

As mentioned above, interfacial energy anisotropy is

considered to play a critical role in many phase transfor-

mations. The accurate determination of these quantities

remains a challenge, and reported investigations are lim-

ited. The anisotropy of solid–liquid interfacial energy for

bismuth is about 26 % [22]. The estimated experimental

error in measurement of solid–liquid interfacial energy in

the present work is about 13 %. In present work, the solid–

liquid interfacial energy was assumed to be isotropic and

the average value of solid–liquid interfacial energy was

obtained. As can be seen from Table 4, the results obtained

in present work for solid Bi in the Bi–Ag eutectic alloy

agree with the results obtained in previous works for solid

Bi in the different binary or ternary alloys [19–21, 23–31]

in the limits of experiment errors.

Conclusions

A radial temperature gradient on the sample was established

by heating from the centre with a single heating wire and

cooling the outside of the sample with a heating/refriger-

ating circulating bath. The equilibrated grain boundary

groove shapes for solid Bi in the Bi–Ag eutectic alloy were

observed from a quenched sample. To evaluate the ther-

modynamic properties such as the Gibbs–Thomson coeffi-

cient, solid–liquid interfacial energy and grain boundary

energy of solid Bi in the Bi–Ag eutectic system from the

observed grain boundary groove shapes, the thermal con-

ductivity of solid Bi and thermal conductivity of Bi–Ag

eutectic liquid at their melting temperature were measured

with radial heat flow and Bridgman-type directional so-

lidification methods, respectively. The Gibbs–Thomson

coefficient, solid–liquid interfacial energy and grain

boundary energy of solid Bi in equilibrium with Bi–Ag

eutectic liquid were then determined from observed grain

boundary groove shapes by using the measured values of

thermodynamic properties for Bi–Ag eutectic system. The

results obtained in present work for Bi–Ag eutectic alloy

were compared with the results obtained in previous works

for solid Bi in the different binary or ternary alloys [19–21,

23–31]. It was seen that the results obtained in present work

for solid Bi in the Bi–Ag eutectic alloy agree with the re-

sults obtained in previous works [19–21, 23–31] for solid Bi

in the different binary or ternary alloys in the limits of

experiment errors.
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solid and liquid phases for neopentylglycol, aminomethylpropanediol

and their binary alloy. J Phys Chem Solids. 2009;70(1):72–8.
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facial energy of bismuth in the Bi–Cd eutectic system. Scr Mater.

2004;51:131–5.
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