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POSITIVE SOLUTIONS FOR AN m-POINT
BOUNDARY-VALUE PROBLEM

LE XUAN TRUONG, LE THI PHUONG NGOC, NGUYEN THANH LONG

ABSTRACT. In this paper, we obtain sufficient conditions for the existence
of a positive solution, and infinitely many positive solutions, of the m-point
boundary-value problem

2"(t) = ft,a(t), 0<t<1,

m—2
(0)=0, x(1)= Y a(n).
i=1
Our main tools are the Guo-Krasnoselskii’s fixed point theorem and the mono-
tone iterative technique. We also show that the set of positive solutions is
compact.

1. INTRODUCTION

The existence and multiplicity of positive solutions for boundary-value problems
have been extensively studied by many authors using various techniques, such fixed
point theorem in cones, the nonlinear alternative of Leray-Schauder, the Leggett-
William’s fixed point theorem, monotone iterative techniques. We refer the reader
to the references in this article and the references therein for the results of multi-
point boundary-value problems.

Han [5] studied the existence of positive solutions for the three-point boundary-
value problem at resonance

2(t) = f(ta(t), 0<t<l, (1.1)
2'(0) =0, x(n) ==(1), (1.2)

where n € (0,1). The main tool is the fixed point theorem in cones. By the
same method, Long and Ngoc [6] have studied the equation (1.1 together with the
boundary conditions

2'(0) =0, xz(1)=az(n), (1.3)

where o and 7 in (0, 1). The authors proved the existence of positive solutions and
established the compactness of the set of positive solutions.
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Based on the above works, we investigate the m-point boundary-value problem
consisting of the equation (|1.1)) together with the boundary conditions

YO =0, 2(1)= Y al), (1.4

where m >3, 0<m < < -+ <fp_z < land o; >0, foralli =1,2,...m —
2 such that ZZ’;_IQ a; < 1. We shall establish the existence and multiplicity of
positive solutions by applying well-know Guo-Krasnoselskii’s fixed point theorem
and applying the monotone iterative technique.

Let 3 € (0, 7). Obviously, problem (L.1), (1.4) is equivalent to the problem
2" (t) + Bx(t) = g(t,x(t)), (1.5)

YO =0, 2(1)= Y al), (16)

where
g(t,z) = f(t,z) + B3z (1.7)
In this paper, we sue the following assumptions:
(H1) 7% a;cos Bn; — cos § > 0;
(H2) f:]0,1] x [0,400) — R is a continuous function such that
flt, @) > —p2x,Vt € 0,1],2 € [0, +00); (1.8)
(H2’) The function f(¢,z) is nondecreasing in  and satisfy (H2)
We put:
1

Z:’;f v cos Bn; — cos 3

M= Sigﬂ(l + Kp);

K 6 m—2
My = % (1 - Z Ozz‘) sin B(1 — 9m—2).
i=1
The main results for the existence and multiplicity of positive solutions are the fol-
lowing theorems, in which the operator T" and constant ¢, 0 < ¢ < 1 will be defined
in next section. Applying well-know Guo-Krasnoselskii’s fixed point theorem, we

obtain the following result.

K, =

Theorem 1.1. Let (H1)-(H2) hold. If there exist two constants Ry, Ry such that
Ry < cRs and one the following two conditions is satisfied:

ft,z) + g%z < %, Y(t,x) € [0,1] X [cR1, R1],

i (1.9)
f(t,x) +62x 2 m, V(t,l‘) S [O, 1] X [CRQ,RQ],
or R
f(t,fE) +52$ > Mila V(t,x) € [07 1] X [CRlle]a
0'fm =2 (1.10)

R
ft,z) + B2z < MQ V(t,z) € [0,1] X [cRy, Ra).
Then the boundary-value problem (1.5)-(1.7]) has a positive solution.
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Using the monotone iterative technique, we have the following result.

Theorem 1.2. Let (H1), (H2’) hold. Suppose there exist two positive numbers
Ry < Ry such that

R R
sup ¢(t,Rg) < MQ’ inf g(t,cRy) > ! (1.11)

t€[0,1] t€[0,1] Mom—2
Then problem (|1.5] . has positive solutions x5, x5, x7 and x5 may coincide with

Ry <||zi]| < Ry and lim T"zo =z}, where zo(t) = Ra,t € [0,1],

n—-+o0o

and

Ry <||z3|| <Ry and lim T"Zy=ux3, whereZo(t) = Ry,tec]0,1].

n—-+o0o

Clearly, in the above theorem, we not only obtain the existence as in Theorem
. but also we establish a sequence which converges to a solution of problem

ThlS paper consists of five sections. In Section 2, we present the lemmas that will
be used to prove the existence results. The proofs and two corollaries of Theorems
will be given in Section 3. In Section 4, we give sufficient conditions for
existence of infinitely many positive solutions, furthermore, an example is also given
here. Finally, in section 5, we show that the set of positive solutions is compact.

2. PRELIMINARIES

Consider the Banach spaces C[0, 1] and C?[0, 1] equipped with the norms

]| = max{|z(t)| : 0 <t < 1},

lll2 = max{fjzl, 2], 1"},
respectively. We define a linear operator L : D(L) C C?[0,1]] — C]0, 1] by setting
Lz := 2" + 3%z, (2.1)

in which D(L) = {z € C2[0,1] : 2/(0) = 0, (1) = X" * a;z(n;)}. We shall
proceed with some properties of the inverse operator of L.

Lemma 2.1. Let § € (0,%5). Then for each h € C[0,1], there a unique function

x = A(h) € D(L) such that Lz = h in (0,1). The function A(h) is defined by

t):/o G(t, s)h(s)ds, (2.2)
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where

1 g _ <s<t<
Git.s) ﬁsmﬁ(t s), 0<s<t<l1,
0<t<s<1

sin B(1—s) — " agsin B(n; —s), 0<s<mn,
Slnﬁ(l—S)—Zﬁ;2a181nﬂ(7’h—5)’ m SSST]27
sin B(1 — ) = 375" aisin (s — s), 12 < s < s,

K,
+ 7 cosfBtq ...
sin B(1 — s) — Y0 cysin B0 — 8), me—1 < 5 < s
Sinﬂ(lf‘s)v Nm—2 < s < 1.
(2.3)

Lemma 2.2. Let § € (0,5). We have
(i) The operator A : C[0,1] — C0,1] is completely continuous linear operator.
(ii) For any positive function h € C|0,1], the function Ah is also positive.

The proof of Lemmas [2.1] [2:2] are straightforward and we will omit them. Now,
we shall establish some estimations for the Green function G(t, s).
Lemma 2.3. Let 5 € (0,%) and (H1) hold. Then
(i) 0 < G(t,s) < M for all (t,s) € [0,1] x [0,1].
(ii) G(t,s) > My, forall (t,s)€ [O, 1] % [0, 9pm—2].
(iii) There exist a constant ¢ € (0,1) and a continuous function ® : [0,1] —
[0,4+00) such that

c®(s) < G(t,s) < ®(s), forallt,sel0,1].
Proof. Part (i). From the Green function G(t, s), we deduce that

Sirﬁlﬁ (1+Km) =M, ¥(t,s) €[0,1] x [0,1]. 24)

Part (ii). Put no =0, n,,—1 = 1. For all ¢t € [0,1

0<G(t,s) <

and s € [ng_1, x|, we have

m—2
K, t
G@@z—{?ﬂkmmrwwf o sim B — 5)]
i=k
m—2
K, t
> %Sﬁ[ WAl - )~ 3 asin (1 - s)]
Kot T i=k (2.5)
> cosﬁ ( Z al) sin B(1 — s)
K, cosf3 .
> ——(1—- i — = .
= ﬂ (1 Z=Zl az) Slnﬁ(l 77m—2) MO
Since the above inequality holds for kK = 1,2,...,m — 2, the proof part (ii) is

complete.
Part (iii). Let
H(t,s) =p(l—s)—G(t,s).
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We shall show that when g > 0 sufficiently large,

H(t,s) >0, V(ts)e€][0,1] x [0,1], (2.6)
and that when p > 0 sufficiently small,
H(t,s) <0, V(ts)e€][0,1] x[0,1]. (2.7)

To prove ([2.6]), we use that from (2.3)), for all ¢,s € [0, 1],

G(t,s) < %sinﬁ(l —-s)+ % sinf(1 —s) < (K + 1) (1 —s); (2.8)

therefore
H(t,s) > p(l—s)— (Kp+1)(1—s)=(u—Kyp—1)(1-s). (2.9)

So, if we choose u =y > K, + 1 then H(t,s) > 0, for all ¢, s € [0,1].
To prove of (2.7)), we consider two cases:
Case 1: s € [0,7,—2]. From (2.5) we can deduce that, for all ¢ € [0, 1],

H(t,s) =p(l—s)—G(t,s) < u(l—s)— My < p— M. (2.10)

So, for p < My, we have H(t,s) <0, for all ¢t € [O, 1], s € [0, Nm—2a].
Case 2: s € [;—2,1]. The function z — #2£ is decreasing on (0, 7], so we

obtain
sin B(1 — s) - sin B(1 — Mym—2)
5(1_3) o ﬁ(l_nmf2>
Therefore,
H(t,s) = pu(l —s)—G(t,s)
< u(1 - s) - 22 sin (1 - 5)
sin B(1 — s) (2.11)
<wpu(l—-s)—K,,cosf————=(1—s
< (1 -5) =)
sin B(1 — Nm—2)
< — K, cos f—————=|(1 —s).
|:‘u 6(1 _nm—2) ( )
If we choose u < K,, cosﬂ% = M, then H(t,s) <0, for all t € [0,1],
ENS [nm—%l]-

Hence, for p = po < min{My, M1} = My, we have H(t,s) <0, for all ¢, s € [0, 1].
Finally, by letting ®(s) = u1(1 — s) and ¢ = %, the part (ii7) of this lemma is
proved. ([

Let K be the cone in C[0, 1], consisting of all nonnegative functions and
P={zeK:xz(t) > ||, vt € 0,1]}.
It is clear that P is also a cone in C[0,1]. For each x € P, denote F(x)(t) =
g(t,xz(t)), t € [0,1]. From the assumption (H2) we deduce that the operator F :

P — K is continuous. Therefore, the operator T'= Ao F': P — K is a completely
continuous. On the other hand, for z € P, by Lemma 2.3 we have

Tx(t) :/0 G(t,s)F(x)(s)ds > C/o O(s)F(x)(s)ds, (2.12)
1
ITx| = max/ G(t,s)F(x)(s)ds < /@(S)F(:r)(s)ds, (2.13)

0<t<1 J,
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which implies
Tx(t) > c|Tx]. (2.14)

Hence, we have the following result.
Lemma 2.4. The operator T = AoF : P — P is a completely continuous operator.

It is easy to verify the nonzero fixed points of the operator T' are the positive

solutions of the problem (L.5)-(1.7]).

3. PROOFS AND COROLLARIES OF MAIN THEOREMS

At first, by using the same method as in [5] and the monotone iterative tech-
nique, combining with Lemmas [2.1H2.4] we prove Theorems [I.I] and [.2] For the
convenience of the reader, let us state the following Guo-Krasnoselskii’s fixed point
theorem [3].

Theorem 3.1 (Guo-Krasnoselskii). Let X be a Banach space, and let P C X be
a cone. Assume 1, Qo are two open bounded subsets of X with 0 € Qq, 1 C Qo
and let T : PN (22\Q1) — P be a completely continuous operator such that

(1) |1Tul| < |lull, we PN, and ||[Tul| > |jul|, w € PN0OQs, or

(ii) |Tull > |ull, v € PN, and |Tu| < |ul, u € PN INs.

Then T has a fized point in PN (Q2\Q4).
Proof of Theorem[I.1] Let
O ={z € C[0,1]| : ||z]| < R1}, Qo ={zeC[0,1]|: ||| < R2}.
Then 4, are open bounded subsets of C[0,1] with 0 € Q;,Q; C Qs.
Case (L.9). For z € P with ||z|| = Ry, we have

_ 2 Ry =
9(s,7()) = f(5,2(5)) + Bals) < 7h = 1.
So

1 1
|Tz|| = tIen[g,)f]/o G(t,s)g(s,x(s))ds < %Haxte[o,l]/o G(t,s)ds < ||z -
This implies
ITz| < |lz|l, Vze€ PNo. (3.1)

On the other hand, for z € P with ||z| = Rz, we have

Tx(t) /01 G(t, s) (f(s, z(s)) + ﬁQx(s))dS

R2 /77771—2
_— G(t,s)ds > Ry = ||z,
> i | Gt sds 2 Re = ]
accordingly
1Tz > |lz]l, Vz e PnoQs. (3.2)

By (3.1)-(3.2) and the first part of Theorem [3.1] it follows that 7" has a fixed point
xo in PN (Q2\Q1), such zq is a positive solution of -.

Case . In this case, using the same method, by the second part of Theorem
[3:1] we obtain the same result as above.

The proof is complete. |
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Proof of Theorem[I.3. We define
P[R1,R2] = {LL' ceP:R < ||£L’|| < RQ}
Let x € Pg, r,), then cRy < c|lz|| < 2(t) < ||lz|| < Ry, for all t € [0,1]. So, we have

Tx(t) :/0 G(t, 8)g(s,z(s))ds < %/0 G(t,s)ds < Ry,
1

1
Tx(t) :/ G(t,s)g(s,z(s))ds 2/ G(t,s)g(s,cR1)ds > Ry,
0 0
which implies T'Pr, r,] C PRr, R,)-
Now, let zo(t) = Ra,t € [0,1] then 29 € Pg, r,)- We put
Tpyr =T, =T 2y, n=1,2,... (3.3)

Since T'Pr, r,) C Pr,,r,) We have x, € Pig, g, for all n € Z,. By the Lemma
we can deduce that there exists a subsequence {z,, } of {z,} such that

kEToo Tp, = 2] € PR, Ry- (3.4)

On the other hand, from the assumption (H2’), it is clear that 7' : Pg, g, —
PR, Rr,) is nondecreasing. Therefore, since

0 < x1(t) < |lz1]] < Re = z0(t),t € [0,1],

we have Tx1 < Txg, i.e.,x5 < x1. By induction, then

Tpt1 < Tp, foralln=1,2,.... (3.5)
Combining (3.4) and (3.5)), we obtain
li n B 3.6
Jim a, = a7 (3.6)
Letting n — +oo in (3.3) yields Tz} = zj.
Let Zo(t) = Ryt € [0,1] and Zpy1 = T2y, n = 1,2,.... We have 2y € Pjg, g,

which implies that 2, € Pig, gr,, for all n € Z,. Moreover, from the assumptions
of Theorem and from the definition of the operator T,

1
Z1(t) = Txo(t) > /o G(t,8)g(s,cRy)ds > Ry = Zo(t), te€][0,1].

Therefore, by using the arguments as above, we deduce that ¥, — 23 € Pg, g,
and T'xz% = x3. The proof is complete.

Next, in order to present the first corollary, we will use the following notation:

t t
f° = limsup max M, f°° = limsup max M,
z—0+ t€[01] T z—+oo t€[01] T
t t
fo = liminf min M, foo = liminf min 1 ,33)'
z—0* tel0,1] X r—+00 te[0,1] X

Corollary 3.2. Let (H1)-(H2) hold. Then the boundary-value problem (1.5])-(1.7))

has at least one positive solution in the case
(i) o< -3+ ﬁ and foo > m, (in particular fO = —32%, foo = 00); or
() fo> yo— and foo < —B%+ %, (in particular fo = oo, f = —(2).

Proof. Tt is easy to verify that conditions of Theorem [I.I] can be obtained from
conditions (i) or (ii) of this corollary. We omit the proof. O
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We close this section with the following result.

Corollary 3.3. Let (H1), (H2’) hold. Further assume

t 1 t
liminf sup M <B4 —, (m particular liminf sup AGED = —52)
r—+00 te[0,1] X M r——+00 te[0,1] €T
(3.7)
and
t 1 t
limsup inf f(t,z) > , (m particular limsup inf f(t,z) = —|—oo).
z—0+ t€[0,1] X MOnm72 r—0+ t€[0,1] T
(3.8)

Then there exist two constants 0 < Ry < Ry such that the problem (1.5))-(1.7)) has
positive solutions x¥, =3 (7 and x5 may coincide) with

Ry <||zi|| < Ry and lim T"zo ==z}, where zo(t) =Ra, t€[0,1], (3.9)

n—-+4oo

Ry <||z5]| < Ry and lim T"Zy = x5, whereZTo(t) = Ry, t<€[0,1]. (3.10)

n—-+o0o

Clearly, from the assumptions of this corollary, the conditions of Theorem
hold. So we omit the proof.

4. EXISTENCE OF INFINITELY MANY POSITIVE SOLUTIONS

In this section we give sufficient conditions for existence of infinitely many posi-
tive solutions. For this purpose, we assume that there exists a sequence { R, }52; C
R such that 0 < R,, < ¢R,+1 and for all n € N,

(H3) f(t,x) + f% < 2ot for all (t,2) € [0,1] X [cRan—1, Ran—1],

(H4) f(t,z) + B3z > ﬁ, for all (¢,x) € [0, 1] x [cRap, Ran].

Theorem 4.1. Assume (H1)-(H4) hold. Then the boundary-value problem (L.5))-
(1.7) has infinitely many positive solutions {xytnen satisfying Rop—1 < ||xn]| <
Rs,, forn € N.

Proof. Let Q, = {x € C[0,1] : ||z|| < Rn}. Then 0 € Q, and Q,, C Q,,1, for
n € N. In the following, we show that for all n € N,

|Tz| < z|l, Vx€ PNop_1, (4.1)
|Tx| > |||, Yz € PN oQa,.

First, for x € PN 0Qap—1, s € [0,1], we have
cRan—1 = cllz|| < x(s) < [lzf| = Ron—1. (4.3)

So, by the assumption (H3),

R2n71
< . .
o(s,(s)) < 722 (14)
Consequently,
1
|ITz|| = max G(t,8)g(s,z(s))ds < Rop—1 = ||z||, t€]0,1], (4.5)

te0,1] Jo

which implies (4.1)).
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Next, for z € PN 0Qy, and s € [0, 1], we have cRs, < x(s) < Rg,. Then, from
(H4) it follows that for ¢ € [0, 1],

7a(t) = [ G(t.s)gtsale)ds > [ Gt (s, (6)ds = Fan = . (46)

So, we obtain (4.2). The inequalities (4.1)) and (4.2)) prove that T satisfies con-
dition (i) of Therorem 1.1 in P N (Q2,\Q2,—1). Therefore T has a fixed point

Tn € PN (Q2,\Q2,-1). This implies that Ro, 1 < ||z, < R2,. This completes
the proof. 0

Example. Let o, 3 € R and p : Ry — R such that azx < p(z) < Bz, for all
x € R;. We consider the function f: [0,1] x Ry — R, defined by
z) if Rop—o <z < cRop_1,
fa(t,z) if cRap1 <2 < Ropo1,
x) if Rop—1 < < cRap,
fa(t,z) if cRop < & < Rop,

for all n € N, where Ry = 0, {R,,},/> C R such that 0 < R, < cR,, 41 and

cRop1 —x Ron—g —x
ta)=—2V Y )22 g
filt,7) CRon—1 — Ron—2 falt, )+ Ron—2 — cRop—1 folt o),

T
Faltsw) = to( 37 ) = B,
_ CRQn - RQn—l -
falt,2) = cRon — Ron—1 fol6s2) Ron—1 — cRoy falt @),

faltsw) = (t+ Do (

It is clear that f is a function continuous on [0, 1] x [0, 400). Since the inequality
r—In(l+2x) >0, Vo >0,so0 f(t,z) + 3%z > 0, Vt € [0,1],z € [0,+00).
Moreover, by the properties of the function p, we can deduce that the assumptions
(H3) and (H4) of Theorem hold.

TN 2
04M077m—2) 6% 1In(1 + x).

5. COMPACTNESS OF THE SET OF POSITIVE SOLUTIONS

Theorem 5.1. Let (H1)-(H2) hold. In addition, suppose that there exists a con-
stant o € (0,1) such that

1
fo > i and < —p%+ % (zn particular fo = oo, f* = —,62>.
NIm—2
(5.1)

Then the set of positive solutions of the problem (1.5)—(1.7) is nonempty and com-
pact.

Proof. Put ¥ = {z € P : x = Tz}. By Theorem we have 3 # (. We shall
show that ¥ is compact. From assumption ([5.1)), there exists R > 0 such that

< (-p%+— > R. .
flt,z) < ( 6] )x, vt € [0,1],2 > R (5.2)
Therefore,

g (tx(t) = f (t,2(t) + Fa(t) < () +7, Ve [0,1], (5:3)

o
M
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where v = max{g(¢,x) : (t,z) € [0,1] x [0, R]}. For x € ¥ and ¢ € [0, 1], we have

1 1o
x(t) = /0 G(t,s)g (s,z(s))ds < M/o (Mx(s) +’y) ds < allz|| + M~, (5.4)

SO

M
2| < ﬁ Vi e X, (5.5)

From the compactness of the operator T : P — P, it follows from that T'(X),
and then ¥ C T'(X) are relatively compact.

To prove X is closed, let {z,} C ¥ be a sequence and lim,_,; ||z, — Z|| = 0.
For ¢ € [0,1], we have

1
|§5(t)7/0 G(t,s)g (s,f(s))ds|
smm—aﬁ»wmm—é<wsmw%@mﬂ
1 1
-HA(WﬁM@%ﬁnﬁ—A(WAM@ﬂ@Mﬂ

< [2(t) — 2 (B)] + M/O |9 (5,2 (5)) — g (s,2(s))| ds.

Let n — 400, by the continuity of g, we deduce that |§(t)—f01 G(t,s)g (s,2(s))ds| =
0. So

1
50 = [ Glt.9)g (.36 ds, ¢ 0.1), (56)

0
which implies that Z € X. Therefore, X is closed. The proof of Theorem is
complete. 0

Open problem. With the assumptions of Theorem [5.1} is the set of positive so-
lutions discrete or continuum?
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