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Analysis of electret-based vibration
energy harvesting devices with curved-
beam hinges

Dooyoung Hah

Abstract
Recently, vibration energy harvesting devices have gained growing interests. One of the main requirements for them is a
broad bandwidth owing to stochastic spectral characteristics of the general vibration sources. Among various
approaches for wide bandwidth, curved-beam hinges are quite attractive due to their simple structures. Although there
have been several reports on curved beams, a more detailed study is needed. The device under study is an electret-
based one with balanced comb-drive configuration. The whole system is modeled by using nonlinear stochastic differen-
tial equations. The numerical analysis results show that there is an optimum curve height for maximum power output,
which depends on various conditions, such as external vibration strength, comb-drive dimensions, and initial electret
charges. At the external acceleration magnitude of 0.02g and 0.05g, the device with curved beams can produce up to 2.9
times and 4.8 times higher power output, respectively, than one with straight beams for given device geometries. To the
contrary, at lower and higher vibration magnitudes, straight-beam devices harvest more energy than curved-beam ones.
Therefore, it can be concluded that the curved beam height needs to be carefully determined based on the conditions of
the application, especially on the characteristics of the external vibration sources.

Keywords
Energy harvester, mechanical vibration, nonlinear spring, curved beam, electret

Introduction

Energy harvesting has gained substantial interests lately
in various fields, and its momentum has been growing
in the context of sustainable development. In most of
the energy harvesting application areas such as internet
of things (IoTs), wireless sensor networks (WSNs), and
implantable medical devices (IMDs), the main ratio-
nales either for complete replacement or for supple-
mentation of conventional batteries stem from their
issues in size, lifetime, and complication associated with
replacement tasks. In the case of IMDs, especially, sur-
gical operations are often needed for battery replace-
ment. Various energy sources have been explored,
including solar radiation, wind, water stream, tidal
waves, temperature gradient, electromagnetic waves,
acoustic noise, human motion, vibration, and so on.
Vibration energy sources are particularly interesting
among them for their ubiquitous presence as Roundy
et al. (2003) reported. The report also includes a num-
ber of vibration sources in our surroundings as well as
their average strengths and frequency characteristics.

Energy efficiency is one of the most important per-
formance indicators in vibration energy harvesting

(VEH) devices. The main research efforts in this regard
can be divided into three directions: (1) maximization
of coupling from ambient vibration to mechanical
energy of the harvesting devices, (2) optimization of
transduction from the mechanical energy to the electri-
cal energy within the harvesters, and (3) efficiency
improvement in conversion from alternating current
(ac) to direct current (dc). Sometimes, those directions
need to be pursued together due to their interrelations.
In the current study, the first two aspects are examined
together, with the main focus on the mechanical struc-
ture of the electrostatic VEH devices.

Many research groups have paid close attention to
the frequency response of the mechanical structures of
the harvesting devices. When a vibration energy source
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has a well-defined, seldom-drifting peak frequency with
narrow bandwidth, one can design a mechanical struc-
ture to have the matching resonant frequency with high
quality factor. However, more often than not, the
vibration energy sources are found to bear broadband,
non-harmonic spectral characteristics, which can be
described as colored noise. Consequently, a number of
researchers have been working on energy harvesters
with broadband frequency responses to match with
those source characteristics.

Various approaches have been attempted so far in
order to achieve broadband frequency responses in
VEHs. Several groups explored Duffing oscillators
based on a cantilever beam positioned in the middle of
two magnets or on a similar configuration (Cottone
et al., 2009; Erturk et al., 2009; Ferrari et al., 2011;
Litak et al., 2010; Pereira et al., 2019; Sebald et al.,
2011). Although broadband frequency responses have
been obtained with those configurations, it is difficult
to miniaturize this type of device, which becomes a bot-
tleneck for applications with limited footprints. Other
groups examined an array of single degree-of-freedom
(SDOF) structures, each of which has a different reso-
nant frequency (Xiao et al., 2014; Xue et al., 2008).
This approach realizes broadband response by super-
posing those individual spectra. However, since only
one or a few of the SDOF structures are active at a cer-
tain time, its power density becomes significantly low.
Another approach has been to adopt multi-degree-of-
freedom (MDOF) structures, where structures with dif-
ferent resonant frequencies are mechanically coupled
together (Jang et al., 2011; Kim et al., 2011; Li et al.,
2019; Tang and Yang, 2012; Upadrashta and Yang,
2018; Wu et al., 2013). This approach also has a chal-
lenge in terms of miniaturization. Yet, there is another
approach, which is to utilize spring nonlinearity.

Most of the nonlinear springs for energy harvesting
applications that have been examined so far, bear the
basic structure of a clamped-clamped beam. It is a well-
known fact that a clamped–clamped beam (even a
straight one) exhibits nonlinear spring characteristics
(Senturia, 2007). When a clamped–clamped beam is
deformed, the deformation behavior includes both
bending and stretching of the beam. While bending is
responsible for the linear relationship (between the
force and the displacement) of the spring, nonlinearity
comes from the stretching. The linear spring property
dominates at small displacement. As deformation
increases, however, nonlinearity becomes more remark-
able. As a rule of thumb, the nonlinear component
becomes more dominant as the beam center displace-
ment exceeds the beam width (dimension in the direc-
tion of deformation). Due to this nonlinearity, a
clamped–clamped beam is also called an amplitude-
stiffened Duffing spring. Hajati and Kim (2011) built
and tested a piezoelectric energy harvesting device by
using a straight clamped–clamped beam, and observed

broadband spectral characteristics under harmonic
excitation.

When an initial curve is added to a clamped–
clamped beam, this makes the spring a Duffing–
Holmes oscillator, which contains both of the second
(quadratic) and the third (cubic) order nonlinearities. It
is well known that a Duffing–Holmes oscillator can
exhibit bistability. To the contrary, a straight clamped–
clamped beam only contains the third order nonlinear-
ity, and therefore, is without bistability. There are two
possible ways to make an initial curve to a beam. Some
groups applied axial pressure to buckle beams (Ando
et al., 2014; Cottone et al., 2012; Eltanany et al., 2017;
Liu et al., 2016; Van Blarigan et al., 2012; Zhu and Zu,
2013). This configuration has an advantage of axial
symmetry. However, it is not advantageous when it
comes to miniaturization of the device. Other groups
designed the original beams to have curve shapes ini-
tially (Ando et al., 2012; Du et al., 2018; Nguyen et al.,
2013; Nguyen and Halvorsen, 2011; Scerri, 2015). This
structure, also called pre-buckled or pre-shaped beams,
is much more advantageous in terms of miniaturiza-
tion. The current study aims to examine this (pre-
shaped) curved beam as a spring in electrostatic VEH
devices.

An electrostatic method is one of the three main
transduction mechanisms used in vibration energy har-
vesting, other two being piezoelectric and electromag-
netic methods. The electrostatic mechanism has an
advantage in terms of integration with the electronics
(hence in terms of miniaturization). Electrostatic trans-
duction is also advantageous at a small scale with
higher power density. Various configurations have been
examined, including a rotation type (Boland et al.,
2003), a parallel-plate type (Torres and Rincon-Mora,
2006; Zhang et al., 2018), and a comb-drive type (Fu
and Suzuki, 2014; Hagiwara et al. 2012; Honma et al.,
2018, 2019; Meninger et al., 1999; Nguyen et al., 2013;
Sterken et al., 2003). The comb-drive type is particu-
larly interesting due to its relatively wide motion range.
This type of VEH was introduced by Meninger et al.
(1999). Early comb-drive VEH devices did not utilize
electrets, and the timing of the associated switches was
controlled by accompanying circuits. Sterken et al.
(2003) proposed addition of electrets to the VEH
devices, in a form of an electret wafer bonded to a
comb-drive wafer, to simplify the control circuit, and
hence, to improve the power conversion efficiency.
Comb-drive VEHs reported by Hagiwara et al. (2012)
embedded electrets directly within the combs by charg-
ing the electret film on the sidewalls of the fingers via
soft X-ray. Electret-less comb-drive VEHs by Nguyen
et al. (2013) employed curved beams, and demonstrated
broad bandwidth characteristics. One of the aspects
considered in VEH design has been in relation to the
strength of the vibration. Fu and Suzuki (2014) pre-
sented a VEH that combines an area-changing mode

Hah 1703



and a gap-changing mode, aiming to cover a wide range
of vibration strengths. VEHs reported by Honma et al.
(2018, 2019) feature a balanced comb-drive configura-
tion, aiming at improved conversion efficiency at low
vibration strengths. It is also noteworthy that in their
work, the formation of electrets was realized by polariz-
ing doped oxides on the sides of the fingers.

This paper presents the numerical analysis of
electret-based comb-drive VEHs with curved-beam
hinges (Hah, 2021). The main aim of the study is to
examine the effect of curved beam heights to the har-
vested energy, especially at different external vibration
strengths. As the input vibration, colored noise is con-
sidered. General ambient vibration sources have ran-
dom characteristics. Consequently, response to the
random vibrations, in other words, colored-noise
response is more important in the practical applica-
tions. Nevertheless, most of the reports so far provided
the results tested with harmonic vibrations. There have
been only a handful of groups who reported the perfor-
mances of the energy harvesting devices with random
excitation (Ando et al., 2012; Cottone et al., 2012; De
Paula et al., 2015; Dhote et al., 2019; Litak et al., 2010;
Nguyen et al., 2013; Pereira et al., 2019; Zhao and
Erturk, 2012). Among them, just a few groups’ devices
(Ando et al., 2012; Cottone et al. 2012; Nguyen et al.,
2013) featured curved-beam hinges. Therefore, more
in-depth study—such as optimum curved beam dimen-
sions and their relationships to the source strength—is
necessary, which is the main subject of the current
paper. Colored-noise response of the electret-based
comb-drive VEHs with curved-beam hinges will be
examined via numerical analysis by using stochastic dif-
ferential equations (SDE). Section ‘‘Methods’’ will
describe the analysis method in details, and the results
will be presented in Section ‘‘Results.’’

Methods

Figure 1 illustrates a conceptual sketch of an electret-
based VEH with curved beam hinges. The device con-
figuration, more or less, follows that of Honma et al.
(2018, 2019). A proof mass (m) is to be placed on top
of the moving part, but omitted in the sketch. Two sets
of comb-drives (finger gap: d0; original finger overlap:
lol) are employed in a balanced manner, each of which
is connected to the corresponding load. Electrets are
embedded within the comb-drives, and formed by
charging the dielectrics (width: de; dielectric constant:
ee) on the sidewalls of the fingers. As the mass moves in
response to the external vibration, the comb fingers also
move, inducing charge redistribution in the electrets.
This charge redistribution contributes to the electric
power generation. One of the critical design parameters
of the device is the curved-beam height (denoted as h in
Fig. 1). The spring nonlinearity is highly dependent on

the beam height, and hence, it becomes the main design
parameter. As h reaches a certain height, the curved
beam starts to exhibit bistability. The critical height
(hcr) where the bistability starts to appear can be derived
to be (Qiu et al., 2004),

hcr =
4
ffiffiffi
3
p

3
w, ð1Þ

where w is the width of the beam. With the w value of
20 mm, hcr becomes 46.2 mm. Throughout this paper,
the beam height will be expressed with a unit of hcr. yd
indicates the displacement of the moving part, and it is
assumed that the external acceleration (aext) is exerted
in the direction of yd.

Figure 2 depicts the equivalent circuit of the electri-
cal part of the VEH and the load. The equivalent

Figure 1. Conceptual illustration of an electret-based vibration
energy harvesting device with curved beam hinges. For
simplicity, a proof mass is omitted in the sketch. T: thickness of
the structure in the out-of-plane direction.

Figure 2. Equivalent circuit including electrets, comb-drives
(CA & CB), loads (RLA & RLB), and parasitic capacitances (Cp).
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circuit is based on the model by Yang et al. (2019),
who described the dynamic state of the electret-based
VEH as the rearrangement of charges to reach a
dynamic electrical equilibrium in response to the elec-
tric field change, induced by the movement of the elec-
trode. Although the VEH in Yang et al. (2019) is in a
different type from that of the current work (i.e., a
parallel-plate type vs a comb-drive type), the model can
be applied to the current device based on the same
principle. In the equivalent circuit, VS is the voltage
associated with the initial charge on the electret, that is,
surface potential, and modeled as the external voltage
source. CA and CB are the variable capacitances of the
comb-drive A and B, respectively. RLA and RLB are the
loads, and Cp is the parasitic capacitance. VA and VB

are defined as the voltages on the loads. The following
equations can be established from the circuit:

VA

RLA

+ CA +Cp

� � dVA

dt
� VS � VAð Þ dCA

dt
= 0 ð2Þ

VB

RLB

+ CB +Cp

� � dVB

dt
� VS � VBð Þ dCB

dt
= 0 ð3Þ

CA and CB vary according to the displacement (yd).
Figure 3 (symbol) shows CB with respect to yd when lol
is 150 mm, calculated by using COMSOL
Multiphysics�. In order to reflect the variable capaci-
tance values more accurately in the analysis, the follow-
ing fitting equations were used:

CA ydð Þ=
2Nf T

e0 lol + ydð Þ
d0 + 2de

ee

+Cf

� �
, yd ø � lol

2Nf T a0 + a1exp
lol + yd

b1

� �
+ a2exp

lol + yd

b2

� �h i
, yd\� lol

8><
>:

ð4Þ

CB(yd)=
2Nf T

e0 lol�ydð Þ
d0 + 2de

ee

+Cf

� �
, yd ł lol

2Nf T a0 + a1exp
lol�yd

b1

� �
+ a2exp

lol�yd

b2

� �h i
, yd.lol

8><
>: ð5Þ

where Nf and e0 are the number of fingers and vacuum
permittivity, respectively. T is the thickness of the
structure, that is, the same value for the fingers and the
curved beams. When there is nonzero overlap between
the fingers (CA for yd ø 2lol and CB for yd ł lol), the
well-known parallel-plate capacitance formula was
used. In addition, Cf was added to it, which represents
the fringe capacitance, obtained from the COMSOL
simulation results (Figure 3) at zero finger overlap.
When there is no overlap between the fingers (CA for yd
\2lol and CB for yd . lol), the simulation results were
numerically fitted (least-square algorithm) to an expo-
nential decay function. a0, a1, a2, b1, and b2 are the fit-
ting parameters, which vary according to the
geometries of the comb fingers. Figure 3 includes the
plot (line) produced by using (5).

The governing equation of the whole system can be
described as,

m
∂2yd

∂t2
+ cd

∂yd

∂t
+Fr ydð Þ �

1

2

∂Ue

∂yd

=Fext =maext ð6Þ

Ue =
1

2
CA VS � VAð Þ2 +CB VS � VBð Þ2
h i

ð7Þ

where cd is a damping coefficient, Ue the electrostatic
potential energy, and Fext the external force (i.e., by
vibration) exerted to the system. Fr(yd) is the restoring
force of the curved beam, which can be expressed as:

Fr ydð Þ= k1yd + k2y2
d + k3y3

d ð8Þ

where k1, k2, and k3 denote the linear, quadratic, and
cubic spring constants, respectively. A straight
clamped-clamped beam results in k1 and k3 terms only
while all of the terms are nonzero for a curved beam.
The curve shape of the beam is designed to be that of
the fundamental mode of the beam, which can be
expressed as:

y0 xð Þ= h

2
1� cos

2px

l

	 

: ð9Þ

The spring constants of the curved beam can be derived
by using the Euler–Bernoulli theory of thin beams,
Galerkin method (Lacarbonara et al., 1998), and single
mode approximation. The overall derivation of the
spring constants is described in detail by Casals-Terre
et al. (2008), and only the results are repeated here:

k1 =
p4EwTNs

12l3
2w2 + 3h2
� �

ð10Þ

k2 =
3p4EwThNs

8l3
ð11Þ

Figure 3. Calculated capacitance of the comb-drive B with
respect to the displacement (yd) of the moving part. Line:
calculation via (5). Symbol: simulation via COMSOL
Multiphysics�. Device geometries are given in Table 1. Cf: 16 pF/m,
a0: 0.5653 pF/m, a1: 10.81 pF/m, a2: 4.612 pF/m, b1: 13.55 mm, b2:
72.27 mm.
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k3 =
p4EwTNs

8l3
ð12Þ

where E and Ns are Young’s modulus of the beam
material, and a number of the springs, respectively.

Figure 4 presents an example of the restoring forces,
Fr(yd), according to (8) and (10)–(12). For small magni-
tudes of displacement (yd), the relationship is almost
linear between Fr and yd. As the magnitude of yd
increases, the nonlinearity becomes more notable.
When h is larger than 0.5 hcr, a negative slope starts to
appear in the curves, which explains the snapping beha-
vior of the curved beam—the beam is not stable within
the region of a negative slope. As yd reaches to the
onset point of the negative slope (e.g., point A when
h = 1.5 hcr), the beam snaps to the point of the same
Fr value on the positive slope (i.e. point B). This snap-
ping has an effect of increased movement and spectrum
broadening. When h is between 0.5 hcr and hcr, how-
ever, the local maximum still has a negative value of Fr,
and therefore, the beam goes back to the initial posi-
tion when the external force is removed. In other
words, it has only one stable idle position. When h is
larger than hcr, the local maximum becomes a positive
value, and the beam has two stable idle positions. For
example, when h = 2 hcr, the local maximum (point C)
has a positive value of Fr, and the beam has a stable
idle position at point D in addition to the origin. The
higher order terms, the snapping behavior and the bist-
ability, altogether, contribute to the nonlinear charac-
teristics of the curved beams. On the other hand, as the
beam height increases, the restoring force increases as
well, which works against the beam displacement.
Consequently, it can be surmised that there is an opti-
mum value of the beam height that gives the maximum
power output. This will be presented in more details in
the results section. There is another nonlinearity com-
ing from electrostatic component, making the overall
problem complex. The present study approaches the
problem with numerical analysis.

In order to solve the problem numerically, (2), (3),
and (6) were modified into the following stochastic dif-
ferential equations (SDE) (Ando et al., 2012):

dyd = yvdt ð13Þ

dyv =�
1

m
cdyv +Fr ydð Þ �

1

2

dUe

yvdt

� �
dt+

s

m
dWt = yadt

ð14Þ

aext =
s

m

dWt

dt
ð15Þ

dVA =
1

CA +Cp

VS � VAð ÞdCA �
VA

RLA

dt

� �
ð16Þ

dVB =
1

CB +Cp

VS � VBð ÞdCB �
VB

RLB

dt

� �
ð17Þ

where Wt denotes the Wiener process which models the
stochastic vibration input. s represents the diffusion
coefficient that sets the input strength. yv and ya indi-
cate velocity and acceleration of the mass, respectively.
Euler–Maruyama method was used to solve the equa-
tions (Kloeden and Platen, 1995). As the Wiener pro-
cess, a random uncorrelated time series with standard
normal distribution (i.e., white noise) was generated in
MATLAB�. The random series was, then, processed
through a low pass filter to produce a colored noise sig-
nal. Considering the spectral features of various vibra-
tion energy sources that are available, the cutoff
frequency of the low pass filter used in the input signal
generation was set as 500 Hz in this study. To this
noise, the diffusion coefficient (s) was multiplied in
order to set its strength. A time step of 50 ns was cho-
sen in the simulation, which provided convergence.

The accuracy of the analysis improves according to
the length of the input signal. There is a limit, however,
due to the physical memory of the machine used for the
analysis. Therefore, the calculation was repeated multi-
ple times with a newly generated input signal for each
round. The number of this repetition was determined
by examining the distribution of the average of the
input power spectral density, and their relative standard
deviation between 0 and 300 Hz (Figure 5). It can be
observed that the relative standard deviation decreases
as the number of repeating signals increases. A time
series with the length of forty million was generated for
one signal, and signal generation was repeated for 500
times for one analysis. Overall, it is tantamount to a
time series with the length of 20 billion. The time series
of displacement, velocity, acceleration, charge, voltage,
etc. were calculated by using (13)–(17), and the average
power was calculated from them. Power spectral den-
sity was also calculated by using FFT (fast Fourier
transform) function of the MATLAB�. Table 1 sum-
marizes the values of the design parameters used in the
analysis, which is based on the device reported by
Honma et al. (2019). Single crystalline silicon (c-Si) was

Figure 4. Exemplary plots of the restoring forces, Fr(yd),
according to (8) for various beam height (h) values.
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considered as the structural material, which is one of
the most frequently used materials in microelectrome-
chanical systems (MEMS).

Results

As the first step in the analysis, the developed model
was examined with a sinusoidal vibration input, as it
was the input condition used in the experiments of
Honma et al. (2019). There were two aims in this step.
The first aim was to verify the developed model by com-
paring it to the experimental results in the literature.
With the similar device parameters, the calculated out-
put power was about 1 mW, which is close to the value
reported by Honma et al. (2019). The second aim was
to determine the value of a damping coefficient, which
also affects the power output and the spectral character-
istics. The value was determined as 1 g/s, which falls
within a reasonable range found from the devices in a
similar scale (Lu et al., 2021; Zhou et al., 2014).

Figure 6 presents exemplary transient responses,
including the external force (Fext), the displacement of
the moving part (yd), and the produced electric current
(i) passing through one of the loads. The rms magnitude
of 0.01g was used as aext, where g is gravitational accel-
eration, 9.8 m/s2. Similar signal patterns can be observed
between the displacement and the current. Because of the
balanced configuration, the electric power delivered to

the two loads are almost equal to each other in average.
Exemplary phase portraits of the device are presented in
Figure 7 when h = 2 hcr. When the aext magnitude is
small (0.02g), the displacement is also small, and the
phase portrait remains around the origin (Figure 7(a)).

Figure 5. (a) Average power spectral density of input signal (Fext) for different number of repeating signals. (b) Relative standard
deviation of PSD under 300 Hz as a function of number of signals.

Figure 6. Example of signals for a duration of one second:
(top) external force, (middle) displacement of the moving part,
and (bottom) current through RLA. h = 2 hcr, aext (rms) = 0.01g,
RLA = RLB = 200 MO.

Table 1. Nominal values of the design parameters used in the analysis.

Description (symbol) Value Description (symbol) Value

Beam length (l) 8000 mm Number of fingers (Nf) 900
Beam width (w) 20 mm Finger gap (d0) 9 mm
Structure thickness (T) 400 mm Dielectric thickness (de) 0.85 mm
Number of hinges (Ns) 8 Relative permittivity of the dielectric (ee) 3.6
Young’s modulus, c-Si (E) 179 GPa Initial finger overlap (lol) 150 mm
Proof mass (m) 2.5 g Parasitic capacitance (Cp) 30 pF
Electret charging voltage (VS) 200 V Damping coefficient (cd) 1 g/s
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As the aext magnitude increases to 0.05g, leaping between
the two stable points is observed (Figure 7(b)). When the
aext magnitude increases further (0.1g), a substantial
increase in the velocity can be observed while the displa-
cement increases only slightly (Figure 7(c)).

Figure 8 shows the average electric power delivered
to one of the loads for various aext magnitudes, load
resistances, and beam heights. Based on the maximum
power transfer theorem, an optimum load resistance
value (Ropt) exists for each condition. For example,
when aext is 0.02g (Figure 8(b)), the highest power is

obtained with 200 MO. It is observed that the Ropt value
decreases as aext increases. This could be understood in
the following manner. As the displacement increases,
the capacitance value changes more, which should be
matched with a smaller value of resistance as the load.

Figure 8 also demonstrates that there is an optimum
beam height (hopt) for the maximum power output,
which varies according to the input vibration strength.
For the mid-range of the input acceleration, that is,
when aext is 0.02g (Figure 8(b)) and 0.05g (Figure 8(c)),
the curved beam produces higher power output than

Figure 7. Phase portraits of the device in response to colored noise. h = 2 hcr (92.4 mm), RLA = RLB = 30 MO. aext magnitudes
(rms) are (a) 0.02 g, (b) 0.05 g, and (c) 0.1 g.

Figure 8. Calculated average electric power in response to colored noise, as a function of beam height h for various load
conditions (Rload = RLA = RLB) when the exerted acceleration magnitudes (aext, rms) are (a) 0.01 g, (b) 0.02 g, (c) 0.05 g, and
(d) 0.1 g. Beam heights are expressed with a unit of hcr.

1708 Journal of Intelligent Material Systems and Structures 34(14)



the straight beam (h = 0), with hopt being 0.8 hcr and
1 hcr, respectively. For aext of 0.02g, the curved beam
with h = 0.8 hcr produces 0.73 mW at Rload = 200
MO, which is 2.9 times higher than that of the straight
beam (0.25 mW @ Rload = 500 MO). The improve-
ment is higher when aext is 0.05g, where the curved
beam with h = hcr produces 99.4 mW at Rload = 30 MO,
which is 4.8 times higher than that of the straight beam
(20.8 mW @ Rload = 100 MO). To the contrary, for
low and high magnitudes of the input acceleration,
that is, when aext is 0.01g (Figure 8(a)) and 0.1g
(Figure 8(d)), the straight beam produces the highest
power output overall. Even though the curved beam
produces higher power output than the straight beam
at some load conditions, the global maximum is
found with h = 0 for those input acceleration magni-
tudes. Consequently, it is necessary in practice to
obtain the pre-knowledge of the characteristics of the
vibration source in a specific application field, so that
one can decide the optimum beam height accordingly.

The power versus beam height graphs show, in gen-
eral, one of the following two trends: (1) increasing to
reach a maximum power, then decreasing or (2) decreas-
ing continuously. These trends are in accordance with
the earlier description where it is explained that there

are two effects at work with the beam height increase:
(1) nonlinearity-induced enhancement and (2) increased
spring constants. The case where the power continu-
ously decreases according to h is when the latter effect is
much more dominant than the former. In this regard,
an interesting observation can be made when aext is
0.05g (Figure 8(c)), and Rload is 20 MO and 30 MO.
For these cases, there are regions in the curves between
1 hcr and 1.5 hcr where the curves drop in the middle—
in other words; two peaks are found in each curve. The
reason behind this behavior is not clear yet, however,
considered to be related to the effect of bistability.

The frequency characteristics of the VEH device were
further examined with the electric power spectral densities
(PSD) as shown in Figure 9. For these graphs, the loads
are Ropt, which give the maximum overall power output
for given conditions. When aext magnitude is 0.01g
(Figure 9(a)), the PSD graphs resemble those of linear
harmonic oscillators except for additional peaks resulting
from nonlinearity, which appear especially in the devices
with low h values. At a low vibration magnitude, the non-
linearity does not appear strongly for the curved beams.
As the vibration magnitude increases (Figure 9(b) and
(c)), broadening of the bandwidth can be observed, start-
ing from the low beam heights. At the same time, one can

Figure 9. Calculated electric power spectral density (PSD) in response to colored noise, for various beam heights (h = 0, hcr, 2 hcr, .)
when the exerted acceleration magnitudes (aext, rms) are (a) 0.01 g, (b) 0.02 g, (c) 0.05 g, and (d) 0.1 g. Load (Rload) conditions are those
which give the highest overall power output for each input acceleration, in other words, Ropt.
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observe that the straight beam also shows broadening in
PSD. When the vibration magnitude is increased further
(Figure 9(d)), the nonlinearity effect in the straight beam
finally catches up, producing more power than the
curved-beam devices owing to its lower spring constants.
It is noteworthy to mention that these PSD graphs are
different from those in response to ascending/descending
frequency, which show hysteresis with spring hardening/
softening characteristics because the frequency of the
input changes in a random order in this analysis.

Finally, the effects of the electrical design parameters
(initial finger overlap lol, surface potential VS, and fin-
ger gap d0) to the power output were examined.
Figure 10 presents the effect of lol, which not only deter-
mines the capacitance values of the comb-drives, but
also decides the displacement where the fingers start to
be disengaged from each other. Three values of lol were
included in the study: 100 mm (Figure 10(a)), 150 mm
(nominal, Figure 10(b)) and 200 mm (Figure 10(c)).
Only slight changes are observed when lol is increased
from 150 mm to 200 mm. When lol is reduced to
100 mm, however, more significant changes are notice-
able with the shift in the hopt value and reduced maxi-
mum output power.

Figure 11(a) shows the effects of VS. Only the graphs
with the optimum load (Ropt) condition for each value
of VS are included in the plot. In the literature, the sur-
face potentials are found to be, in general, between 100
and 300 V although a higher voltage (e.g., 500 V,
Hagiwara et al., 2012) is also reported. The VS values
from 50 to 300 V were examined in this study. As VS

decreases from the nominal value (200 V), it can be
observed that the maximum power output as well as
the optimum beam height (hopt) decrease. This trend
can be understood from the fact that the amount of
charges involved in the migration is proportional to the
surface potential. Graphs at VS = 50 V and 100 V
show that at low VS values, the benefit of the curved
beams becomes significantly weaker. Up to 240 V of
surface potential, the optimum load resistance (Ropt) is
kept constant at 30 MO. When VS becomes 250 V, sev-
eral remarkable changes occur: (1) the maximum power
output is found at the second peak, (2) hopt becomes
higher (around 2 hcr), and (3) Ropt becomes smaller
(15 MO instead of 30 MO). It can be surmised that at
higher surface potential, the nonlinearity effects of the
system become stronger. Figure 11(b) presents the
effects of d0. As the finger gap becomes narrower, hopt

Figure 11. (a) Effects of surface potential (VS) to the average electric power. d0 = 9 mm. For VS of 250 V and 300 V, Ropt is 15 MO.
Otherwise, Ropt is 30 MO. (b) Effects of finger gap (d0) to the average electric power. VS = 200 V. For (a) and (b), aext (rms) is 0.05g.

Figure 10. Effects of initial finger overlaps (lol) to the performances of VEHs. Calculated average electric power as a function of
beam height h for various load conditions (Rload = RLA = RLB). lol is (a) 100 mm, (b) 150 mm, and (c) 200 mm. aext (rms) is 0.05g. For
each value of lol, the maximum power and the optimum beam height (hopt) are indicated in the plot.
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is shifted to the higher value, and Ropt becomes smaller.
For d0 value of 6 and 7 mm, the maximum power out-
puts are found at the second peak. These trends are
found to be similar to those with respect to VS, and can
be understood in the same manner, that is, higher ini-
tial capacitance values lead to increased amount of
charges involved in the migration (Q = CV). It should
be noted that, however, further reduction of the finger
gaps will make fabrication processes more challenging
and may incur undesirable lateral pull-in behavior.

Conclusions

The effects of curved beam heights to the electric power
produced by electret-based vibration energy harvesting
devices have been examined via numerical analysis.
Stochastic differential equations were used based on the
colored noise input assumption. The established model
was first verified by comparing the result to the reported
ones available in the literature. It was learned that the
effect of the beam height is heavily dependent on the
strength of the vibration. At a low vibration magnitude
(aext = 0.01g), a device with curved beams produced
lower power output than a straight-beam device for
given device geometries because it operates in the linear
region with small displacement. With a mid-range-
magnitude vibration, a device with curved beams pro-
duced significantly higher power output (4.8 times @
0.05g and 2.9 times @ 0.02g) than a straight-beam
device. At higher vibration magnitude (0.1g), once again,
a straight-beam device resulted in higher power output
than a curved-beam device because the nonlinearity in
straight beams becomes also strong, and because the
straight beams are more compliant than the curved
beams. This study shows that the type of the beam pro-
ducing more power output as well as the optimum beam
height highly depend on the characteristics of the exter-
nal vibration (strength, spectrum, etc.), the device geo-
metries, and the surface potential. Consequently, it is
imperative to study the characteristics of the vibration
sources beforehand, and to carry out a simulation study
accordingly, in order to produce the most optimal device
design for a specific application.
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