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Abstract
Interest in vibration energy harvesting have been growing recently for various applications. One of the
major development goals for vibration energy harvesters has been improvement in energy conversion
efficiency. To pursue that goal, one of themain approaches has been to broaden the spectra of
harvesters. Employment of nonlinear springs, such as curved-beamhinges, has proven to be effective
for that purpose. Themain contribution of the current study is to introduce a lateral taper to the
curved beam so as to further optimize the harvester performances. Via numerical analysis by using
stochastic differential equations, the study shows that at 0.05g of vibration strength, tapered curved-
beamhinges can result in higher electric power output than the non-tapered ones. Deformation-
induced stress was taken into consideration aswell, in reference to the fracture strength of thematerial
(single-crystal silicon). At lower vibration strength (0.02g), spring nonlinearity becomesweaker, and
as a result, the narrowest curved-beamhinge produces the highest output power.Overall, the current
study demonstrates that tapering of the curved beam can be a useful addition in the vibration energy
harvester design.

1. Introduction

Energy harvesting has become one of the key research topics in recent decades. Abundance of sources in
environmentmakes vibration energy scavenging highly attractive as one of the promising candidates [1–4].
Various application fields can benefit fromvibration energy harvesters (VEHs), such as wireless sensor
networks, internet of things, infrastructuremonitoring, implantablemedical devices, and so on.One of the
important aspects inVEHs is their spectral characteristics.More often than not, vibration sources found in
environment have broad, random, and time-varying spectra. To increase energy harvesting efficiencies from the
sources of this nature, it is imperative to reduce spectral differences betweenVEHs and sources [2–4]. A variety
ofmethods have been attempted so far to broaden spectral responses of VEHs. Thosemethods includeDuffing
oscillators [5–7], multi degree-of-freedom structures [8–10], an array of single degree-of-freedom structures
[11, 12], nonlinear springs, and so on. Among thesemethods, nonlinear springs are particularly interesting for
the applications with limited spaces.

One of the simplest forms a nonlinear spring can have is a straight clamped-clamped beam,which can be
modeled as aDuffing oscillator [13]. ADuffing oscillator exhibits third-order nonlinearity (without a second
order term). It has been shown that this nonlinearity can broaden frequency response of an energy harvester
[14]. Nonlinearity of a clamped-clamped beam can be further strengthened by adding an initial curve to it,
whichmakes it aDuffing-Holmes oscillator [15–22]. Various shapes, such as chevron [15], sinusoidal [16–19],
M- [20, 21], crab-leg [22], etc, have been attempted as initial curves.Mollik et al [13] used a genetic algorithm to
optimize a beam shape for specific nonlinear responses. All of those curve shapes were predetermined at the
design stage, i.e. by layout. There also have been reports of curved-beams formed by compression [23–26],
which is not quite easy to handle atmicro-scale. ADuffing-Holmes oscillator has all three terms (linear,
quadratic & cubic) of spring constants as nonzero. This type of oscillator can show interesting behaviors, such as
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snap through and bistability. It has been demonstrated that employment of curved clamped-clamped beam
hinges can broaden power spectra of VEHs and increase the harvested power outputs [19].

Design of an electret-based energy harvester is a complex problem that involves several nonlinear aspects.
Therefore, it is essential to examine various design parameters. An initial curve height of a beam is one of the key
design parameters that influence the energy harvesting performance [19]. By adjusting an initial curve height,
one can vary the ratios between a linear spring constant and nonlinear spring constants. A lateral taper (in beam
width direction) is another design parameter worthy of investigationwithout imposing additional fabrication
challenge, and this is themain contribution of the current study. Introducing a beam taper can alsomodify the
ratios between a linear term and nonlinear terms of the spring constants so that VEHdevice performances can be
further optimized. In addition, themaximum stress levels a tapered curved-hinge experiences during operation
will be investigated as well to explore the practicality of various designs. It will be shown thatVEHswith tapered
curved-beamhinges can outperform thosewith non-tapered curved-beamhinges at a certain vibration strength
when both power outputs and themaximum stress levels are considered.

This paper is organized as follows. First, the devicemodel will be described in section 2, including analytical
derivation and numerical simulation to obtain spring constants of tapered curved-beamhinges. These spring
constants will be used in themain analysis. Various transductionmechanisms have been utilized inVEHs, such
as electrostatic, electromagnetic, piezoelectric, triboelectric, and so on. Among them, an electrostatic one,more
specifically a comb-drive electret [27–30], is the subject of current study. Section 2will also explain the analysis
method based on stochastic differential equations. Section 3will present the results including power outputs,
power spectral densities, and deformation-induced stresses. Finally, discussion and conclusionwill be given in
section 4.

2.Devicemodel and analysismethod

A sketch of the device under consideration is illustrated infigure 1(a). The device configuration loosely follows
that of a VEHdeveloped byHonma et al [27]. Themain feature of their device is a balanced configuration. Such a
configuration is advantageous, especially at low vibration strength, with electrostatic forces by two combs
canceling each other.When acting alone, electrostatic force hinders freemotion of amass. Also in their device,

Figure 1. Sketches of the proposed device. (a)An energy harvester. External loads (RLA andRLB) are also shown. (b)Tapered curved-
beamhinges; (left)parts between hinges simplified as a block, yd: beam center displacement; (right) parts between hinges omitted.
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combfingers are coatedwith charged dielectric on the sidewalls, fabricated by oxidationwith doping, which is
followed by polarization. These processesmake the comb structures electrets. Themain deviation of aVEH in
current study from the one in [27] is incorporation of curved-beamhinges instead of straight folded-beam
springs. As amass (attached to themoving part of comb-drives)moves in response to external vibration,
engagements of the combfingers change, resulting in charge redistribution. This charge redistribution becomes
sources of electric current (iA& iB) generation through loads (RLA&RLB, see figure 1(a)). Force induced by the
massmovement (Fext) is balancedwith restoring force of the hinges (Fr) and electrostatic force of the comb-
drives.

2.1. Tapered curved-beamhinge - theory
First, relationships between spring constants of a tapered curved-beamhinge and its geometries will be
analytically derived by examining its elastic energy. In the following subsection, it will be compared to the results
obtained fromnumerical analysis.

Figure 1(b) shows the details of a tapered curved-beamhinge. The predetermined shape of a beammid-
plane (marked as amidline before deformation) is according to the fundamentalmodeψ(x) of beam
deformation as follows.
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where h and l are a height and a length of the beam, respectively. A linear taper is considered in the beam
widthWb(x) as follows.
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whereWc andWe are beamwidths at the center and at the edge, respectively.Wd is defined as /( )W W 2c e- ,
which represents the beam taper rate.When the beam is deformed in response to applied force, its shape
contains a number ofmodes. By using theGalerkinmethodwith one-mode approximation, the beamdeflection

( )v x t, and the beam shape after deformation ( )q x t, can be expressed as [31, 32],
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where yd is the beam center displacement and t is time.
When the beam is deformed, potential energies from three different origins are stored in the beam: (1)Ub

frombending, (2)Up from axial load and (3)Um frommid-plane stretching.Ub can be found as [31],
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where E, I(x) andT are Young'smodulus,moment of inertia, and a thickness of the beam, respectively.Up

caused by an axial loadP can be expressed as [31],
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Mid-plane stretchingΔ and axial force S induced by it can be expressed as [31],

( ) ( )q

x
dx

l
h y2

1

2 4
6

l

d
0

2
2 4

2ò
p

D =
¶
¶

= +⎛
⎝

⎞
⎠

( ) ( ) ( ) ( )S
E

l
A x

q

x
dx

ET

l
h y W W2

1

2 4
7

l

d e d
0

2
2 2

2
2ò

p
=

¶
¶

= + +⎛
⎝

⎞
⎠

whereA(x) is a cross-section area of the beam. Then, potential energyUm due tomid-plane stretching can be
found as [33],
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Mechanical restoring force of the beam, Fr can be derived by differentiating the total potential energyUwith
respect to beam center displacement yd [34].
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and the spring constants (k1: linear, k2: quadratic& k3: cubic) are found as
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whereWa is defined as (Wc+We)/2, i.e. an average beamwidth. From equations (10a–10c), it can be learned
that a polarity of the taper (i.e. whetherWd> 0 orWd< 0) does not affect the spring constants. For example, a
beamwithWc= 20μmandWe= 30μmwill have the same spring constants with the onewithWc= 30μmand
We= 20μm if all other geometries are equal. It is also learned that a beam taper rateWd has an effect only to the
linear spring constant k1 whereas an average beamwidthWa affects all spring constants. Ratios between a linear
term and nonlinear terms of a spring can be controlled by adjusting h,Wa andWd.

It is well established that a curved beam can feature bistable characteristics when its height h is higher than a
certain critical value (hcr). For a curved beam to have bistability, the equation Fr(yd)= 0,must have three real
roots. From equation (9), this condition leads to,
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For a non-tapered curved beam (Wd= 0), hcr is reduced to /W4 3a , which is found the same in literature
[35]. Due to its importance, an initial curve height is often expressed in a unit of hcr.

2.2. Tapered curved-beamhinge - numerical analysis
Next, spring constants of tapered curved beamswere obtained via numerical analysis.More specifically,finite
element analysis (FEA)was conducted to examine relationships between restoring force and beam center
displacement (Fr-yd) by using COMSOLMultiphysics® (version 5.2). Figure 2(a) illustrates an example of
simulation results, showing distribution of elastic strain energy density when a certain amount of displacement
is applied to a block at the beam center. Total elastic strain energyU stored in the beam is calculated by
integrating the elastic strain energy density over the beamvolume as presented infigure 2(b). Then, it is
differentiatedwith respect to yd to result in Fr (figure 2(c)). Figure 2(c) also includes analytically calculated Fr-yd
curves by using equation (9). Results by bothmethods show general agreement, exhibiting asymmetry about
yd= 0 and negative slopes for some regions in negative yd. Quantitatively, some discrepancies are observed
between two groups of results, which becomesmore evident as h increases. One of themain reasons for such a
discrepancy is attributed to limitation of theGalerkinmethodwith one-mode approximation, used in
development of the analyticalmodel [36].

For themain analysis that will be described in section 2.3, spring constants were extracted from the FEA
results. In order to do that, Fr-yd graphs werefitted to third-order polynomials, as shown infigure 3(a). It shows
that the fittingworks relatively well for low beamheights. As the beamheight increases (as can be seenwhen h is
1.5 hcr),fitting error is substantial in the negatively sloped region. It should be noted, however, that these fitting
errors do not affect themain analysis significantly because a negative slope implies that it is an unstable region,
and also because themaximumpower outputs were obtainedmostly with low h values (h< hcr, seefigure 6).
Examples of spring constants obtained through this procedure are presented infigure 3(b-d), as a function of
beamheight whenWc= 20μmandWe= 40μm.The graphs also include the spring constants calculated
analytically by using equations (10a–10c) for comparison.Once again, the spring constant versus beamheight
curves werefitted to second- or third-order polynomials, as indicated infigures 3(b)-(d), to be used in themain
analysis (i.e. equation 13b).

Figures 3(e) and (f) show trends of nonlinearity as a taper rateWd and a beamheight h change. Figure 3(e)
shows that quadratic-to-linear spring constant ratios (k2/k1) havemaxima at certain beamheights. On the other
hand, cubic-to-linear spring constant ratios (k3/k1)monotonically decrease as the beamheight increases, as can
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be seen fromfigure 3(f). It can be also learned that nonlinearity becomesweaker as a taper rate increases. Overall,
figure 3 shows that the spring nonlinearity can be adjusted bymeans of a taper rate as well as a beamheight.

2.3.Devicemodel - stochastic differential equations
Amodel for the entire device was established by combining themechanical part described in the previous
subsectionwith an electrical part. Asmentioned earlier, the electrical part of theVEH consists of two comb
drives and an electret. This part can bemodeled as two variable capacitors (CA&CB) and a voltage source (VS)
[19, 37].VS is associatedwith surface potential, i.e. initial charge of the electret. Themodel can be expressed by
the following equations [19].
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dt a

1
12A
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whereVA andVB are the voltages on the loadsRLA andRLB, respectively.Cp represents parasitic capacitance of
the device.

Figure 2. (a)An example of calculated elastic strain energy density (in J/m3) distribution in a tapered curved beamunder deformation.
(b)Total elastic strain energyU stored in a beam as a function of yd.Wc= 20μmandWe= 40μm. (c)Restoring force Fr versus yd.
Open symbols: calculated from (b) via∂U/∂yd; closed symbols: analytical from equation (9).
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The governing equations (stochastic differential equations) of thewhole system can be summarized as
follows [15].

( )dy y dt a13d v=

( ) ( )dy
m

c y F y
y

dU

dt
dt a dt y dt b

1 1

2
13v d v r d
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e
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2
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Figure 3. (a) Fr versus yd. Symbols: COMSOLMultiphysics®. Lines: third-order polynomialfitting. Inset:magnified view near origin.
(b)Linear, (c) quadratic, and (d) cubic spring constants. Symbols: polynomialfitting as in (a); solid lines: k1, k2, or k3fitted to
polynomials as given in graphs; dashed lines: analytical. For (a-d),Wc= 20μmandWe= 40μm. (e)Quadratic-to-linear and (f) cubic-
to-linear spring constant ratios whenWc= 20μm.

6

Eng. Res. Express 6 (2024) 045365 DHah



( )a
F

m m

dW

dt
d13ext

ext ts
= =

wherem is amass, yv velocity of themass, cd a damping coefficient,Ue electrostatic potential energy, aext external
acceleration, ya acceleration of themass,σ a diffusion coefficient that sets an input vibration strength, andWt a
Wiener process thatmodels a stochastic vibration input. The beam center displacement yd is the same as that of
themass.

2.4. Analysismethods
AWiener process is a continuous-time stochastic process. Increment of aWiener process, dWt, is aGaussian
process with zeromean. To simulate a vibration input as colored noise, dWtwas generated inMATLAB® as a
discrete time series, and processed through a low passfilter (cutoff @ 500Hz). Then, this input time series was
applied to equations (13a–13d). Spring constants of the tapered curved beamswere obtained from the numerical
simulation results as explained in section 2.2. The equations were solved by using the Euler-Maruyamamethod
[38]. Root-mean-square (rms) powerwas calculated from the resulting voltage time series, and power spectral
density (PSD)was computed by using fast Fourier transform (FFT). Two values of accelerationmagnitude (aext,
rms), i.e. 0.02g and 0.05g, were considered in this work, based on the study by Round et al [39]. In order to
improve representativeness of the analysis results, simulationwas repeated 500-2000 times for a single
condition. The length of one time series was fortymillion, and a time step (dt) of 50 nanosecondwas used.
Table 1 summarizes the device parameters and their nominal values used in the simulation,most of whichwere
taken from [28]. The value of a damping coefficient was determined by comparing the simulation results to the
ones reported in [28]. For this comparison, a sinusoidal vibration inputwas used, as it was the input condition in
the experiments byHonma et al [28]. Single-crystalline silicon (SCS)was considered as themain structural
material. The beamwidths considered (Wc&We) range from20μmto 50μm.The lowest beamwidth value
(20μm)was determined in reference to the structure thickness (T: 400μm), considering an aspect ratio that is
reasonably achievable by dry etching in practice.

3. Results

Figure 4 presents examples of calculated time series. At a lower vibration strength (aext= 0.02g), themass
displacement yd is shown symmetric about the idle position. In this condition, it can be deduced that the spring
nonlinearity is not strongly in play. As dominant frequencies of the input change in time, the displacement
magnitude changes in accordancewith the spectral characteristics of the oscillator. The displacement waveform
ismuch smoother than the input due to amechanical (low pass)filtering effect. At a higher vibration strength
(aext= 0.05g), the displacement becomes substantially asymmetric about the idle position, and variation in the
envelope amplitude becomes significantly reduced. Both of these observations can be attributed to the spring
nonlinearity, i.e. snap-through and spectrumbroadening. At both vibration strengths, it is shown that the
produced load current waveforms resemble those of the displacement.

Figure 5 presents effects of load resistances (R=RLA=RLB) to calculated average electric power outputs
when aext is 0.05g. The results show that there exists an optimum load condition and an optimumbeamheight
for a given beam taper parameter and at a given vibration strength. For example, whenWc is 20μmandWe is
30μm, the optimumconditions are found as 20MΩ and 0.95hcr at 0.05g. Inmost of the cases considered in this
study (except for the case ofWc=We= 20μm), the optimumbeamheights were found between 0 and 1hcr. This
finding can be connected to the k2/k1 ratios (figure 3(e)), which have themaximawithin this range. In some
conditions, e.g.Wc= 20μm,We= 30μm, andR= 15-25MΩ (figure 5(a)), regions are foundwhere Pelec drops
in themiddle. In other words, those curves have two peaks. The reason behind this phenomenon is not very clear
at themoment. It is considered that the second peak is related to the bistability of a curved beam, judging from
the observation that those peaks appear beyond h= hcr. The optimum load conditions were found for each beam

Table 1.Device parameters and the nominal values used in the study.

Description (symbol) Value Description (symbol) Value

Mass (m) 2.5 g No. springs (Ns) 8

Damping coefficient (cd) 1 g/s Beam length (l) 8000μm

Electret charging voltage (VS) 200V Structure thickness (T) 400μm

No. combfingers (Nf) 900 Parasitic capacitance (Cp) 30 pF

7
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Figure 4.Examples of calculated time series (extracted from a length of eightymillion). aext: (a) 0.02g and (b) 0.05g. iA: current through
a loadRLA.Wc= 40μm,We= 30μm,RLA=RLB= 15MΩ and h= 0.55hcr= 45.18μm.

Figure 5.Calculated average electric power outputPelec at aext= 0.05g. Beam taper parameters (Wc,We): (a) 20μm, 30μm, (b) 30μm,
30μm, and (c) 20μm, 40μm. hcr: (a) 59.56μm, (b) 57.74μm, and (c) 75.22μm.
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taper parameter set (Wc&We), and the average electric power outputs with those load conditions are presented
infigure 6.

WhenWc is 20μm (figure 6(a)), the highest electric power is obtained fromWeof 30μm.Asmentioned in
section2.1, the spring constants donot changewhen the values ofWc andWe are interchanged.Therefore, the results
for (Wc,We)= (30μm,20μm) are the same as those for (Wc,We)= (20μm,30μm) (seefigures 6(a) and6b). ForWc

Figure 6.Calculated average electric power outputPelec at aext= 0.05g. Beamwidth at the center (Wc): (a) 20μm, (b) 30μm, (c) 40μm,
and (d) 50μm. (e)Combined graph from (a) to (d). For each beam taper parameter set, only the results with the optimum load (R)
values are shown.

9
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of 30μm (figure 6(b)), the best power is foundat 20μmofWe. The same is truewhenWc is 40μmand50μm
(figures 6(c) and6d).Overall (figure6e), the highest electric power of 121.0μWis achievedwith a (20μm,30μm)
combinationof (Wc&We). This power output value is closely followedby the case ofWc=We=30μmwith118.8
μW (@h=0.75hcr) and the case of (20μm,40μm)with117.8μW (@h=0.65hcr). It is intriguing to observe that the
case ofWc=We= 20μm (with the lowest spring constant values)doesnot result in thehighest electric power output.

Another aspect worthy of examination in energy harvester operation is a stress level experienced by the
beams. There are several (Wc,We) combinations producing similar average power outputs. However, stress
levels they experience during operation are different fromone another, even at the same vibration strength. This
should be an important factor to be consideredwhen final design selection is to bemade. Beams need to be
operated below the fracture strength at all times to prevent a damage. The fracture strength of single-crystalline
silicon along {110} direction is reported to fall within the range between 1.4GPa and 3.1GPa [40]. As a
conservative criterion, 1.4GPawas selected as the limit in this study.

Six different sets of taper parameters were selected for a case study as summarized in table 2.
First, for each taper parameter,maximumdisplacements in both (positive and negative) directions were

obtained out of 2000 time series. For example, figures 7(a) and 7(b) showdistributions of themaximum
displacements whenWc= 20μmandWe= 30μm. In the positive direction (figure 7a), themost frequent
occurrence of themaximum yd is found to be between 65μmand 70μmwhile the highest value overall is
82.3μm.This value is reported in table 2. In the negative direction, the largest displacement is found as−182.1
μm in this condition. In practice, it is the largest displacement thatmatters because if the stress induced at such a
displacement goes beyond the fracture strength, a fracture can start from the beam. The largest displacements
found for the six specific cases are summarized in table 2, andmarked (with open circles) infigure 7(c).

Stress induced by beamdeformationwas investigated by usingCOMSOLMultiphysics® via the similar
process used to calculate elastic strain energy density (figure 2a). For each beam center displacement (yd), the
highest vonMises stress was found from the simulation, as plotted infigure 7(c). The highest stress occurred at
the junctions of hinges. Table 2 also provides themaximumvonMises stresses found at the largest displacements

Figure 7. (a-b)Counts ofmaximumbeam center displacements out of two thousand different simulation runs.Maximum
displacements in (a) positive and (b)negative directions. aext= 0.05g. (c)MaximumvonMises stress versus yd. Dashed line: silicon
fracture strength (1.4GPa); open circles:maximumdisplacements for specific beamparameters (table 2).

Table 2.Maximumbeam center displacements (@0.05g) out of 2000 simulation runs and
correspondingmaximumvonMises stresses in both (positive and negative) directions. Stress values
larger than the fracture strength of silicon (1.4GPa) are indicated in bold. Average electric power
outputs are also listed.

(Wc,We) [μm]/h[× hcr]/R [MΩ]
Max. displ. [μm] Max. stress [GPa]

Avg. power

yd> 0 yd< 0 yd> 0 yd< 0 [μW]

(20, 20)/1.25/25 86.4 −191.1 1.02 0.89 114.2

(20, 30)/0.95/20 82.3 −182.1 1.18 1.54 121.0

(20, 40)/0.65/15 85.0 −166.8 1.33 0.68 117.8

(20, 50)/0.55/15 79.0 −156.1 1.59 1.12 114.1

(30, 30)/0.75/20 80.7 −169.5 0.89 1.46 118.8

(30, 40)/0.55/15 83.7 −156.8 1.61 1.95 114.2
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for each case when aext is 0.05g. For example, for (20μm, 30μm) combination, themaximum stress was found to
be 1.54GPa at themaximumdisplacement value of−182.1μm.Out of 2000 simulation runs for this
combination, in 34 times (i.e. 1.7%), themaximumdisplacementwent beyond−175.3μm,which corresponds
to themaximum stress of 1.4GPa. It was learned that out of six cases studied, only (20μm, 20μm) and (20μm,
40μm) combinations had themaximum stresses below the fracture strength (1.4GPa) in both directions. For
(20μm, 30μm) and (30μm, 30μm) combinations, themaximum stresses went beyond the fracture strength in
negative yd. For (20μm, 50μm) combination, it went over the fracture strength in positive yd. For (30μm,
40μm) combination, themaximum stresses were larger than the fracture strength in both directions.When
both the average electric power output and themaximum stress induced are considered, it can be concluded that
(20μm, 40μm) combination is the best candidate at 0.05g, with 117.8μWof average power output. ThisPelec
value is 3.2%higher than 114.2μWof (20μm, 20μm) combination.

Figure 8 shows the power spectral density (PSD) of a tapered beam (20μm, 40μmcombination) aswell as a
non-tapered beam (Wc=We= 20μm) at two different vibration strengths and for various beamheights. At
0.02g (figures 8(a) and 8(b)), spectrumbroadening is apparent only for limited ranges of h values, i.e. around
0.55hcr for the (20μm, 40μm) combination and around 1.3hcr forWc=We= 20μm.Narrow spectra are
observed for both low h and high h values, resembling those of linear harmonic oscillators.

When compared to the (20μm, 40μm) combinationwith h= 0.55hcr, the case ofWc=We= 20μmwith
h= 1.3hcr shows a lower peak PSDvalue. Nevertheless, the spectrumbroadening is quite substantial in the latter
case, and as a result, highermaximumaverage power output is obtained compared to the former (figure 9). At
0.05g (figures 8(c) and 8d), ranges of h that exhibit spectrumbroadening become significantly wider. The
spectrumbroadening can be observed even at h= 0. This spectrumbroadening is the result of spring
nonlinearity and the cause for substantial increase in power output at 0.05g.

Figure 9 presents calculated average electric power at a lower vibration strength (aext= 0.02g). Once again, it
only includes the cases with the optimum load conditions. These optimum resistance values are higher
compared to the cases when aext is 0.05g. At this vibration strength, a general trend is observed that the
maximumpower output aswell as the optimumbeamheight decrease as the average beamwidth (Wa) increases.
Hence, the highest electric powerwas obtainedwith the narrowest beam, i.e.Wc=We= 20μm (it was different
at 0.05gwhere it was not the narrowestWa that produced themaximumpower output). The highest electric

Figure 8.Calculated average electric power spectral density (PSD). The optimumbeamheights are (a) 0.55hcr, (b) 1.3hcr, (c) 0.65hcr
and (d) 1.25hcr, respectively.

11

Eng. Res. Express 6 (2024) 045365 DHah



power obtained is 0.77μWat h= 1.3hcr. At this vibrationmagnitude, themaximumdisplacements are found to
be below 5μmso that stresses incurred during operation are not of serious concern.

4.Discussion and conclusion

In this study, a curved-beamhingewith a linear lateral taper was explored as the spring component of an
electret-based vibration energy harvester (eVEH). Nonlinear restoring force expression of the tapered curved
beamwas derived by considering relevant potential energy constituents, and the results were compared to those
obtained via numerical simulation. By numerically solving stochastic differential equations thatmodel the
device, it was learned that higher electric power can be achievedwith the tapered curved hinges in comparison to
the non-tapered ones when the exerted acceleration has amagnitude (rms) of 0.05g. Themaximum stress levels
were investigated aswell, which are expected to be experienced by tapered curved beams during operation.
When the cases are excluded, of whichmaximum stresses go beyond the fracture strength of silicon, still it was
found out that the tapered beamwas the one that produces the highest power output. Therefore, it can be
concluded that tapering of a curved-beamhinge can be a valuable addition for the design optimization of
eVEHs. It is worth noting that addition of a lateral taper is not expected to incur any significant change in the
device fabrication. It is also noteworthy tomention that due to the spring nonlinearity, themaximumachievable
power increases dramatically (about 160 times instead of 2.52= 6.25 times) as aext increases from0.02g to 0.05g.

As interest in vibration energy harvesting grow, broadening of theVEH spectra is anticipated to become
more important in the foreseeable future. Among various ideas to pursue that purpose, nonlinear springs have a
strong potential owing to requirement ofminimal efforts in the device development. Futureworks include
experimental validation of the proposed devices and further optimization of the curved beams including
different beam shapes.
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