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Abstract. Recently proposed Interpolated Variational Iteration Method (IVIM) is used to find numerical solutions of stiff 
ordinary differential equations for both linear and nonlinear problems. The examples are given to illustrate the accuracy 
and effectiveness of IVIM method and IVIM results are compared with exact results. In recent analytical approximate 
methods based studies related to stiff ordinary differential equations, problems were solved by Adomian Decomposition 
Method and VIM and Homotopy Perturbation Method, Homotopy Analysis Method etc. In this study comparisons with 
exact solutions reveal that the Interpolated Variational Iteration Method (IVIM) is easy to implement. In fact, this method 
is promising methods for various systems of linear and nonlinear stiff ordinary differential equations as an initial value 
problem. Furthermore, IVIM is giving very satisfactory solutions when compared to exact solutions for nonlinear cases 
depending on the stiffness ratio of the stiff system to be solved. 

Introduction 

Stiff systems of ordinary differential equations (ODEs) are generally used to formulate and represent modeling of 
various real-world problems [1]. Obtaining the solution of stiff system of ODEs is crucial for explaining the specific 
behavior of the physical system itself, and many numerical and analytical methods have been proposed and 
formulated [1–10] for this purpose. For more detailed explanations of stiff ODE problems, some previous studies 
can be useful in this field [1–10]. Examples are presented to illustrate the efficiency of the various proposed 
approaches.  

In this paper, Interpolated Variation Iteration Method (IVIM) is used to obtain numerical solutions of a stiff 
system of ODEs. This recently proposed numerical scheme is based upon Variational Iteration Method which is 
combined with liner interpolation functions [14]. The Variation Iteration Method was first proposed by He [11–12] 
and was successfully applied to autonomous ordinary differential equations by He [12], nonlinear polycrystalline 
solids, nonlinear partial differential equations, and other fields [11–13]. 

The aim of this study is to show the merits of using IVIM in solving some stiff systems of ordinary 
differential equations. The Variation Iteration Method is useful for obtaining exact and approximate solutions of 
linear and nonlinear differential equations. There is no requirement for linearization or discretization and, hence, 
large computational work and round-off errors are avoided. The availability of computer symbolic packages gives a 
mathematical tool to perform some complicated manipulations and to carry out some modifications on a method for 
a specific problem easily. On the other hand, VIM procedure produces sequence of functions that may converge to 
the solution of the problem at hand with a few iterative steps involving computation of definite integral [14].  
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Generally, this definite integral contain nonlinear functions and terms in them as an integrand function which 
create difficulties for integral calculation after few iterations [14]. The results of the Interpolated Variation Iteration 
Method (IVIM) are compared with the exact solutions of the problems to show the efficiency of the newly proposed 
IVIM method.  
 

Variation Iteration Method (VIM) 

In 1978, Inokuti et al. [16] introduced a general Lagrange Multiplier method to solve nonlinear problems. In this 
method the solution of a mathematical problem with a linearization assumption is used as an initial approximation or 
trial function. To illustrate this method, consider the following form of a differential equation: 

 
ሻݐሺݑܮ                                                               ൅ ሻݐሺݑܰ ൌ ݃ሺݐሻ                                                                                   (1) 
 

Where  ܮ and ܰ  are linear and nonlinear operators respectively and ݃ሺݐሻ  is an inhomogenous term. By using 
initial guess  ݑ଴ሺݐሻ   to construct the iteration formula, we can write the VIM formulation as follows:  

 

ሻݐ௠ାଵሺݑ                            ൌ ሻݐ௠ሺݑ	 ൅	׬ ,ݏሺߣ ሻݏ௠ሺݑܮ	ሺ	ሻݐ ൅
௧
௧బ

ሻݏ௠ሺݑܰ െ ݃ሺݏሻሻ	݀ݏ						,						݉ ൌ 0,1,2,3, …               (2) 

 
Where λ is a Lagrange Multiplier. (for more details, see [11, 12, 13]). 
 

 Interpolated Variational Iteration Method (IVIM) 

Consider the one-dimensional initial value problem:  
 

ሻݐᇱሺݑ                                                  ൌ 	݂൫ݐ, ,ሻ൯ݐሺݑ ,ሾܽ	߳	ݐ ܶሿ, ሺܽሻݑ ൌ  ௔                                                               (3)ݑ	
 

For clarity, let us assume that ua = 0; otherwise, by utilizing a change of variable ݑ෤ ൌ ݑ െ  ௔ toformulateݑ
෤ሺܽሻݑ ൌ 	0. Hence, Eq. (2) can be rewritten:  

 

ሻݐ௠ାଵሺݑ                                          ൌ ׬	ሻݐ௠ሺݑ ,ݏሺߣ ሻሺݐ
௧
௔ ሻݏᇱ௠ሺݑ െ ݂ሺݏ, ,ݏሻሻሻ݀ݏ௠ሺݑ ݉ ൌ 0, 1, 2, …,                         (4) 

 
here u0(t) satisfies the initial condition u0(a) = 0. By using integrating by parts, Eq. (4) can be formulated as 

given in [14]:  
 

ሻݐ௠ାଵሺݑ                ൌ ׬	ሻݐ௠ሺܩ ,ݏ௠ሺܪ ሻݐ
௧
௔  (5)                                                                             ,ݏ݀

 
where, 

 
ሻݐ௠ሺܩ                                          ൌ ൫1 ൅ ,ݐሺߣ ሻݐ௠ሺݑሻ൯ݐ െ ,ሺܽߣ  ௠ሺܽሻ,    with                                                        (6)ݑሻݐ

 
,ݏ௠ሺܪ                            ሻݐ ൌ 	

డఒ

డ௦
ሺݏ, ሻݏ௠ሺݑሻݐ ൅ ,ݏሺߣ ,ݏሻ݂൫ݐ  ሻ൯.                                                       (7)ݏ௠ሺݑ

 
In order to formulate formulate IVIM (Interpolated Variational Iteration Method) approach as given in [14], 

consider a natural number n and discretize the interval [a, T] into n − 1 subintervals with a step size of h = (T − a)/ 
(n − 1) and grid points:  

 
௜ݐ		                                                    ൌ ܽ ൅ ሺ݅ െ 1ሻ݄,			݅ ൌ 1, 2, … , ݊                                                                           (8) 
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Now, we define the  B-spline basic functions (see [30]) of first order on the nodal points ti, on [a, T].  

The main idea of  IVIM is to compute a piecewise linear interpolation   ݑ௠ାଵ
ሺ௛ሻ  of um+1  instead of computing 

um+1(t). Further details of convergence behavior of IVIM and its theoretical base can be found in the work of. 

Salkuyeh, D. K and Tavakoli, A. [14] 
 
 

Stiffness of a System of Ordinary Differential Equations 

For a given system of ordinary differential equations, stiffness means a big difference in the time scales of the 
components in the vector solution. Some of well-known numerical methods and their procedures which are quite 
satisfactory in general can work unsatisfactorily on stiff problems. For a general formulation for stiff problems, 

 
ᇱݕ  ൌ ݂	ሺݔ, ሻ	଴ݔ	ሺ	ݕ				,	ሻݕ ൌ 	ܽ					,	଴ݕ	 ൑ ݔ ൑ ܾ			 (9) 

 
Where ݂	ሺݔ, ࢟ሻ is defined and continuous in a region D ⊂ [ a, b], and that is either singular or stiff or both. The 

definition of stiffness is given in [8] and [9] as follows: 
The Initial Value Problem of  (6) is said to be stiff over the finite interval for every x ∈ [a,b], the eigenvalues  { 

,ሻݔ௦ሺߣ ݏ ൌ 1,2,3, … ,݉} of the Jacobian matrix satisfy the following conditions: 
 

 ሺ1ሻ	ܴ݁		ሺݏ_ߣ	ሺݔሻሻ 	൏ 	0		, 	ݏ ൌ 	1, 2, 3, . . . , ݉	  
 ሺ2ሻ	݅ݐݏff݊݁ݏݏ	݋݅ݐܽݎ		ܴ ൌ ‖		ሻݔሺ	ݏ_ߣ‖ܴ݁ሺ	〗	‖/〖݉݅݊		ሻݔሺ	ݏ_ߣሺܴ݁‖	〖	ݔܽ݉〗	 	≫ 	1, ݏ ൌ 1,2,3, … . ,݉	 (10) 
 

where   ߣ௦ are the eigenvalues of the Jacobian of the system. 
 

Applications 

In this section Interpolated Variational Iteration Method (IVIM) is applied to various stiff system of differential 
equations.  

5.1.1. The stiff differential equation of first order can be considered as a first example of this study elaborated 
previously in [19]. The problem is formulated as follows: 
 
ሻݐᇱሺݕ  ൌ 	െ200ሾݕሺݐሻ െ ሻሿݐሺܨ ൅ ,		ሻݐᇱሺܨ ሻݐሺܨ ൌ 10 െ ሺ	10 ൅ ሺ0ሻݕ			݄ݐ݅ݓ				ሻ݁ି௧ݐ ൌ 10	.	 (11) 
 

The Exact Solution is given as  ݕாሺ	ݐሻ ൌ ሻݐሺܨ ൅ 10݁ିଶ଴଴௧  .      
       
Fig. 1 shows the exact solution and IVIM solution by defining m=5 as fifth iteration of IVIM and n=10000. The 

solutions computed by IVIM converges to the exact solution.  
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FIGURE 1. Exact solution and the approximate solutions obtained by the IVIM for m=5 and n=10000 by IVIM  

 

 
FIGURE 2.			logଵ଴ of the absolute error of the solutions obtained by the IVIM for m=1 and n=1000,2000,5000,10000  

 
Then, we set m=1 again and n=1000, 2000, 5000, 10000 to see relationship between step size and absolute error, 

which is shown in Fig. 2.  
 

5.1.2. The stiff differential equation of first order can be considered as a second example of this study elaborated 
previously in [20]. The problem is formulated as follows: 

 
ሻݐᇱሺݕ                                    ൌ 	5݁ହ௧	ሺ	ݕሺݐሻ െ ሻଶ	ݐ ൅ ሺ0ሻݕ			݄ݐ݅ݓ			1 ൌ െ1	.			                                              (12) 

 
With the Exact Solution is given as  ݕாሺ	ݐሻ ൌ ݐ െ	݁ିହ௧  . 
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FIGURE 3.  ݈݃݋ଵ଴ of the absolute error of the solutions obtained by the IVIM for m=1 and n=1000,2000,5000,10000  

 
Fig. 3 represents ݈݋ ଵ݃଴ of the absolute error of the solutions computed by IVIM for m=1. The IVIM results are 

suitable to the corresponding exact solution. However, for all four values of n, ݈݋ ଵ݃଴ of the absolute error of the 
solutions obtained by the IVIM is represented in Fig. 3. 

 

FIGURE 4.   ݈݃݋ଵ଴ of the absolute error of the solutions obtained by the IVIM for n=10000 and m=1,2,3, 5  
  

Conclusion 

In this study, recently proposed IVIM (Interpolated Variational Iteration Method) is applied for solving one 
dimensional stiff type initial value problems. The numerical results showed that IVIM is effective for solving 
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nonlinear problems as it was elaborated in example questions. Based on IVIM numerical formulation nature, this 
method can be used to solve system of ODEs especially for nonlinear ODEs and systems of them. Using other types 
of basic functions for splines can be used for further numerical investigations to obtain more accurate results of 
questions at hand. 
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