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Abstract
For vibration energy harvesters, broadband power spectral characteristics are often desirable. One way of achieving

broadband spectrum is to employ curved-beam hinges, utilizing their nonlinear spring characteristics. In our previous

study, electret-based vibration energy harvesters employing curved-beam hinges were investigated via numerical analysis

based on stochastic differential equations and colored-noise inputs. It showed that the harvesters with curved-beam hinges

can produce higher power than the ones with ordinary straight beams when the external acceleration is between 0.02g and

0.05g. It was also learned that the straight-beam device, a Duffing oscillator, performs better than the curved-beam device,

a Duffing–Holmes oscillator, at higher acceleration (� 0:1g). Since the energy harvesting efficiency is one of the most

important performance indicators, continuous search for novel configurations with improved efficiency is needed. For that

purpose, a symmetric configuration of curved-beam hinges (a Duffing oscillator) is proposed in this work, in contrast to the

previously reported one with an asymmetric configuration (a Duffing–Holmes oscillator). This study shows, via numerical

analysis, that the symmetric configuration can produce higher (up to 7.3% more) power outputs for the external accel-

eration magnitude higher than 0.1g, when compared to an asymmetric configuration. The study results also show that it can

produce higher power outputs (up to 4.5 times) than the harvesters employing ordinary straight-beam hinges.

1 Introduction

Mechanical vibrations are present everywhere, and most of

them are wasted, without being utilized. Vibration energy

harvesters (VEHs) collect those unused vibrations and

transform them into a form that can be either used right

away or stored for later use. Numerous reports have been

made on the topic of VEHs in various aspects, including

energy conversion mechanisms, geometry optimization,

conversion circuits, storage devices, and so on. Several

different transduction mechanisms have been adopted for

VEHs, such as electrostatic (including those which incor-

porate electrets), piezoelectric, electromagnetic, triboelec-

tric, and so on. Among them, electrostatic ones are

attractive for their compatibility with CMOS processes and

for high power density, especially at a small scale. The

ones that utilize electrets are particularly advantageous

with their simple control circuit requirement (Sterken et al.

2003; Hagiwara et al. 2012).

One of the most important performance indicators of

VEHs is their power harvesting capabilities, in other words,

energy conversion efficiencies. In this regard, one of the

crucial points in the VEH design is its frequency charac-

teristics. In some application areas, vibration sources have

well-defined peak frequencies with minimal long-term

drift, which can be effortlessly matched by resonant fre-

quencies of certain VEH designs, e.g. cantilever structures.

More often than not, however, vibration sources bear

broadband and stochastic spectral characteristics (termed

as colored noise), and hence, it is highly imperative that

VEHs be designed to match such frequency characteristics.

Various methods have been attempted so far in this

context. One of the ideas has been to exploit a Duffing

oscillator, i.e. an oscillator with third-order nonlinearity.

While diverse realization schemes are possible, a type

utilizing permanent-magnet-induced bistability has been

the one that is most widely investigated (Cottone et al.

2009; Erturk et al. 2009; Sebald et al. 2011; Pereira et al.

2019; Liu et al. 2022). Another scheme is to make an array

of single degree-of-freedom (DOF) structures, each of
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which has a different resonant frequency (Xue et al. 2008;

Xiao et al. 2014; Lien et al. 2022). By superposing those

invidual spectra, an overall broadband frequency charac-

teristics can be realized. A similar but slightly different

approach, called a multi-DOF structure, has been reported

as well, where structures with different resonant frequen-

cies are mechanically coupled together (Jang et al. 2011;

Kim et al. 2011; Li et al. 2019; Saxena et al. 2021).

Yet another approach exists, which is based on nonlinear

springs. This approach has a clear advantage over the

aforementioned methods. Owing to its simple implemen-

tation, it is quite suitable for miniaturization, and hence,

becomes quite attractive for applications with limited

footprints. The simplest form of a nonlinear spring is a

clamped-clamped beam, which bears a third-order nonlin-

earity, meeting the criteria for a Duffing oscillator (Sen-

turia 2007). Its nonlinearity can be further enhanced by

adding an initial curve to a clamped-clamped beam, which

makes it a Duffing–Holmes oscillator, featuring simulta-

neous second- and third-order nonlinearities. Mainly two

methods have been applied so far to add initial curves to

clamped-clamped beams. The first method is to apply an

axial load to a straight beam, inducing buckling

(Van Blarigan et al. 2012; Ando et al. 2014; Eltanany et al.

2017; Osinaga et al. 2022; Wang et al. 2023). The second

one is to directly design the beam in a curved shape (Ando

et al. 2012; Nguyen et al. 2021; Scerri et al. 2015; Du et al.

2018), and this approach is more appropriate for applica-

tions with limited footprints because it does not require an

auxiliary apparatus to exert axial load.

Recently, we also have reported on energy harvesters

with this pre-shaped curved-beam hinges (Hah

2021, 2023). The main structure of the electret-based

VEHs (eVEHs) of our study (Fig. 1) is based on a bal-

anced-comb-drive configuration (Honma et al.

2018, 2019).

A mass is attached to a moving part of the comb-drive

actuators from the top while electrets are formed as a

dielectric layer on the sides of the comb fingers. When a

mass moves in response to external vibration, engagements

of comb-drive fingers change, inducing redistribution of

charges in the electrets. This charge redistribution results in

desired electric power generation.

A study of eVEHs with a colored-noise vibration input

has not received enough attention they deserve. In our

previous reports (Hah 2021, 2023), through an analytical

study based on stochastic differential equations (SDEs)

with colored-noise vibration as an input, we have demon-

strated that eVEHs with curved-beam hinges can harvest

higher electric power than the ones with ordinary straight-

beam hinges for a certain range (0:02g� 0:05g, g: gravi-

tational acceleration) of acceleration magnitudes. It was

also reported that it is the other way around at higher (0.1g)

vibration magnitudes, i.e. the eVEHs with straight-beam

hinges are more efficient while Roundy (2005) reported

that vibration sources commonly found from our sur-

roundings have magnitudes range from 0.01g to 1g. The

motivation of the current work was originated from this

observation—a Duffing oscillator (with straight clamped-

clamped beams) produces higher power than a Duffing–

Holmes oscillator (with curved clamped-clamped beams)

at high vibration magnitudes (� 0:1g).

Although the device configuration was symmetrical in

almost every sense in the previous reports (Hah

2021, 2023), including the comb-drives and the loads, only

the curved-beam hinges were incorporated asymmetrically;

i.e. initial curves were added towards the same direction for

all of the springs as illustrated in Fig. 1 (bottom). In the

current study, a new configuration is proposed where a

perfect symmetry is obtained by reversing the initial curves

of a half of the hinges towards the opposite direction as

depicted in Fig. 1 (top). Such a symmetric configuration

cancels the second-order nonlinearity, making the device a

Duffing oscillator. It is hypothesized that the new sym-

metric configuration (a Duffing oscillator) can produce

higher power at a high vibration magnitude (� 0:1g),

compared to the asymmetric configuration (a Duffing–

Holmes oscillator) that was reported previously. Therefore,

it is the main objective of the current work to examine the

proposed eVEH with a symmetric curved-beam hinge

configuration in comparison to an asymmetric one, and to

prove the aforementioned hypothesis. It will be shown via

numerical simulation study that the symmetrically config-

ured eVEHs can produce higher power output than the

Fig. 1 Sketches of eVEHs examined in the study. (Top) symmetric

and (bottom) asymmetric curved-hinge configurations
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asymmetrical ones when the magnitude of the colored-

noise vibration is higher than 0.1g. It will be also shown

that the nonlinearity of the springs can be still controlled by

adjusting the curve heights of the beams.

This article is organized in the following manner. Sec-

tion 2 will describe the force–displacement relationships in

the symmetric configuration. Section 3 will explain the

device model and the analysis method. The study results

will be presented in Sect. 4.

2 Symmetric curved-beam hinge
configuration

As illustrated in Fig. 1, two sets (A & B) of comb-drives

are incorporated in the device in a balanced manner, each

of which is connected to the corresponding load (external).

Curved hinges are shaped to resemble those of the funda-

mental modes, i.e. a cosine function of one period. For the

asymmetric-hinge eVEHs, the relationship between the

restoring force (Fr;asym) and the beam-center displacement

(yd, see Fig. 1) of a curved-beam hinge can be expressed as

(Casals-Terre et al. 2008):

Fr;asym ydð Þ ¼ k1yd þ k2y
2
d þ k3y

3
d ¼ Fr;up ydð Þ ð1Þ

where k1, k2 and k3 are a linear, a quadratic, and a cubic

spring constant, respectively. This relationship holds the

same for the upward curved-hinges in the symmetric con-

figuration (Fr;up). The spring constants are dependent on

the beam geometries, such as width (w), height (h, see

Fig. 1), thickness (T), and length (l), as follows (Casals-

Terre et al. 2008):

k1 ¼
p4EwT
12l3

2w2 þ 3h2
� � ð2Þ

k2 ¼
3p4EwTh

8l3
ð3Þ

k3 ¼
p4EwT
8l3

ð4Þ

where E is the Young’s modulus of the beam. From (2)–

(4), it can be understood that the beam height (h) plays a

pivotal role in determining the nonlinearity of the springs,

and therefore, is one of the major design parameters. For

instance, it depends on the value of h whether or not a

curved hinge will exhibit bistability. When h is higher than

a critical beam height (hcr), the beam begins to show

bistability. hcr is proportional to the beam width (w) in the

following manner (Qiu et al. 2004):

hcr ¼
4

ffiffiffi
3

p

3
w ð5Þ

The force–displacement relationship of the downward-

curved hinges (Fr;dn) can be found by replacing Fr and yd
in (1) with �Fr and �yd, respectively, which becomes:

Fr;dn ydð Þ ¼ k1yd � k2y
2
d þ k3y

3
d ð6Þ

This makes the overall relationship in the symmetric-hinge

configuration as follows:

Fr;sym;total ydð Þ ¼ Ns

2
Fr;up þ Fr;dn

� �
¼ Ns k1yd þ k3y

3
d

� �

ð7Þ

where Ns is the total number of springs. Equation (7) shows

that the symmetric-hinge eVEHs becomes a Duffing

oscillator, similar to the straight-hinge devices. Neverthe-

less, there is a clear difference between them—in case of

the symmetric-hinge device, the linear spring constant (k1)

can be adjusted by varying the beam height (h) while k3 is

independent of h.

Figure 2 compares the Fr versus yd relationships

between the symmetric and the asymmetric devices for

various beam heights.

The characteristics of the asymmetric devices (Fig. 2,

right) show that jFrj is significantly smaller for yd\0

compared to the same magnitude of displacement for

yd [ 0. For positive yd, Fr rapidly increases according to

yd, but for negative yd, Fr changes the polarity of the slope

when h[ 0:5hcr . The displacement of the beam becomes

more asymmetric as h increases, with movement towards

negative yd direction more favorable. A snapping behavior

(for h[ 0:5hcr) and the bistability (for h[ hcr) can be also

understood from the graphs of asymmetric configuration.

On the other hand, the characteristics of the symmetric

devices (Fig. 2, left) show a symmetry about yd ¼ 0

without snapping or bistability. From these observations,

the following inference can be made. In certain conditions,

asymmetric movements with a clear advantage in one

direction will produce wider range of motion. In other

circumstances, symmetric movements can be more bene-

ficial because there is no specific direction that imposes

high resisting force. This inference will be examined with

the results in Sect. 4.

3 Device model and analysis method

The governing equation of the eVEH system can be

expressed as follows:

m
o2yd
ot2

þ cd
oyd
ot

þ Fr ydð Þ � 1

2

oUe

oyd
¼ Fext ¼ maext ð8Þ

where m is a mass attached to the moving structure (see

Fig. 1), t the time, and cd the damping coefficient. Fext is

the external force, caused by vibration, which is
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proportional to the external acceleration, aext. Ue is the

electrostatic potential energy of the comb-drives A & B,

which can be described as:

Ue ¼
1

2
CA VS � VAð Þ2þCB VS � VBð Þ2
h i

ð9Þ

where VS is the voltage associated with the initial charge on

the electret, and also called surface potential. CA and CB

are the variable capacitances of the comb-drives A & B,

respectively. VA and VB are the voltages on the corre-

sponding loads, RLA and RLB, respectively. According to

the equivalent circuit model developed by Yang et al.

(2019) and Hah (2023), the following equation was

established with respect to the electric circuit:

Vi

RLi
þ Ci

dVi

dt
� VS � Við Þ dCi

dt
¼ 0; i 2 A;B½ � ð10Þ

Ci is a function of yd , which was calculated based on the

parallel-plate capacitance formula, and adjusted by con-

sidering fringe capacitance (Hah 2023).

For the numerical analysis of the eVEHs, (8) and (10)

were transformed to the following stochastic differential

equations (Kloeden and Platen 1995; Ando et al. 2012;

Hah 2023):

dyd ¼yvdt ð11Þ

dyv ¼� 1

m
cdyv þ Fr ydð Þ � 1

2yv

dUe

dt

� �
dt þ aextdt ¼ yadt

ð12Þ

aext ¼
r
m

dWt

dt
ð13Þ

dVi ¼
1

Ci
VS � Við ÞdCi �

Vi

RLi
dt

� �
; i 2 A;B½ � ð14Þ

dt is the time step. It was set as 50 ns for this work, which

provided convergence. yv and ya are the beam-center

velocity and the acceleration, respectively. Wt is the

Wiener process that models the stochastic vibration input,

and dWt is normally distributed with a mean of zero. In this

study, dWt was generated in MATLAB� by processing a

random uncorrelated time series through a low pass filter

(cutoff: 500 Hz), becoming a colored noise. r is the dif-

fusion coefficient that sets the strength of the vibration

magnitude, i.e. external acceleration (aext).

In the analysis, it was assumed that the displacement of

the mass occurs only in y direction. This is a reasonable

assumption because the spring constants in other directions

(x or z) are several orders of magnitude higher than those in

y direction. Therefore, aext implies the y component of the

external acceleration. It is also assumed that the deforma-

tions of the device only occur in the curved-beam hinges.

This is also reasonable because other structures can be

made much wider than the hinges. In the current study, the

effect of thermoviscoelasticity (Abouelregal 2022), the

memory effect (Abouelregal et al. 2022), and the effect of

initial stress in the beams (Abouelregal 2020) were not

considered. Inclusion of these effects is considered to fur-

ther enhance the understanding in the subject matter, which

can be a part of the future work.

Euler–Maruyama method (Kloeden and Platen 1995)

was used to solve (11)–(14), and to produce all the perti-

nent time series. Electric power was calculated from the

voltage or current time series. Since random signals were

used as the inputs, analysis was repeated many times with

freshly generated Wiener process for each run. The accu-

racy of the results improves according to the number of

repetitions. Five hundred to two thousand different time

series were produced as an input for a single analysis, and

the average was obtained from the resulting output time

series. Figure 3 illustrates the flowchart of the simulation.

Table 1 summarizes the values of the device parameters

used in the study. The materials as well as the fabrication

Fig. 2 Restoring force (Fr) versus beam-center displacement (yd) of (left) symmetric and (right) asymmetric curved-beam hinge configurations

for various beam heights (h). h is expressed in terms of the critical beam height (hcr). For the w value of 20 lm, hcr is equal to 46.2 lm
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methods assumed for the proposed devices also followed

those of Honma et al. (2018, 2019). Single-crystalline sil-

icon (SCS) was considered as the material of the main

structure, which can be patterned by combination of pho-

tolithography and deep reactive ion etching (DRIE) out of a

device layer of a silicon-on-insulator (SOI) substrate. The

Young’s modulus of 169 GPa was used for SCS in\110[
direction (Hopcroft et al. 2010). The movable structures

are released by selectively etching the buried oxide layer of

the SOI wafer in a buffered hydrofluoric (BHF) acid. It was

considered that the electrets are formed by oxidation of

silicon while potassium ions are intentionally incorporated

by means of a water bubbler with potassium hydroxide

(KOH), which is succeeded by a polarization process

(Sugiyama et al. 2012) to set the surface potential. The last

step in the fabrication process is to attach a tungsten block

to the movable structure to make it function as the main

part of the mass. The value of cd was derived from the

results of Honma et al. (2019) as well.

4 Results and discussion

As the first step, the established model and the analysis

method was tested with the experiment results of Honma

et al. (2019) for verification. This was because the device

structure (balanced comb-drive configuration) and most of

the device parameters of the current study (Table 1) were

based on those of Honma et al. (2019) as mentioned earlier

in Sects. 1 and 3. In order to match the experiment con-

ditions of Honma et al. (2019), the vibration input was set

as a sinusoidal waveform with a frequency of 160 Hz and a

strength of 0.65g, and the beam height (h) was set to zero.

In such conditions, the output power was calculated as

1 mW by using the current simulation method, which is

close to the reported value of 1.3 mW by Honma et al.

(2019). Based on this comparison, it was concluded that the

model and the analysis method developed in the current

study was reasonable.

Then, the analysis study was continued with the colored-

noise input as described in Sect. 3. Figure 4 presents

examples of calculated time series (unaveraged) of various

signals for both symmetric and asymmetric configurations.

Several observations can be made from Fig. 4. It is seen

that for a single time series, all of the other output signals,

i.e. velocity, capacitance change, and current, resemble the

waveform of the displacement signal. It can be also noticed

that the output signals are much smoother than the input

signal (Fext) due to the filtering effect of the oscillator, i.e.

the energy harvester itself. At low vibration magnitude

(0.02g), the output signals are comparable between the

Fig. 3 Flowchart of the simulation. snum, inum, Pave and PSD are the

number of produced input series for repeated analysis, the length of a

time series, the average power calculated for one time series, and the

power spectral density of a time series, respectively. \ � [ indicates

the average over simulation repetitions. SDE stochastic differential

equation

Table 1 Device parameters and

the nominal values used in the

study

Description Value Description Value

Mass (m) 2.5 g Electret charging voltage (VS) 200 V

Damping coefficient (cd) 1 g/s No. comb fingers (Nf ) 900

No. springs (Ns) 8 Finger gap (d0) 9 lm

Beam length (l) 8000 lm Dielectric (electret) thickness (de) 0.85 lm

Beam width (w) 20 lm Dielectric relative permittivity (�e) 3.6

Structure thickness (T) 400 lm Initial finger overlap (lol) 150 lm
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symmetric and the asymmetric configurations. At higher

vibration magnitude (0.1g), however, they exhibit quite

different behaviors from each other. While the asymmetric

one shows clear inclination towards the negative direction

in displacement, the symmetric one shows balanced dis-

placement in both directions. This difference can be also

observed from the phase portraits (Fig. 5c, d).

Fig. 4 Examples of signals for a duration of half a second at two

different acceleration magnitudes (rms), 0.02g and 0.1g. a, c:
symmetric curved-beam hinge configuration. b, d: asymmetric

curved-beam hinge configuration. Signals: (from top) input force

(Fext ¼ maext), beam-center displacement (yd), velocity (yv), capac-
itance change of comb-drive A (DCA), and current through RLA (iA).
Beam height ðhÞ ¼ 1:5hcr
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It can be also seen that both configurations exhibit broad

spectra at this vibration magnitude, understood from the

wide trajectories instead of thin ones. Also, at this condi-

tion, the symmetric device shows higher displacements and

velocities than the asymmetric one. One can also see from

Fig. 4c, d that the symmetric device moves at a higher

frequency than the asymmetric one in this specific condi-

tion, which agrees with the power density spectra shown

later (Fig. 8). The phase portraits at 0.02g (Fig. 5a, b)

circle around the origin, and do not show much differences

between two configurations as can be seen from Fig. 4a, b.

Electric power produced by eVEHs depends on the load

condition, and hence, it is sensible to compare the device

performances at the optimal load condition for each case.

Various parameters affect the optimal load condition, such

as the device type, capacitance values, input vibration

characteristics (magnitude and spectra), and so on. Fig-

ure 6 shows the effect of load resistance values to the

harvested electric power, with the second parameter as the

beam heights.

It can be seen that as the load resistance (RL) increases,

the optimal beam height (hopt), i.e. the h value that pro-

duces the maximum power output, shifts towards a lower

value, eventually becoming zero (i.e. a straight beam). It

can be also understood that as the vibration magnitude

increases, the optimal load resistance value decreases

slightly. In the practical applications, the optimal values of

the load resistance and the beam height can be determined

according to the simulation results while considering the

specific characteristics of the vibration source, such as

strength, frequency range, randomness, and so on.

Figure 7 presents the calculated average electric power

as a function of the beam heights for both types of devices

at different vibration magnitudes (aext).

Only the results at the optimal load conditions for the

specific aext value are included in the figure. It can be

observed that in case of the symmetric devices, curved-

beam hinges result in higher power outputs than the

straight hinges for the range of aext values considered in the

study (0:02g�0:5g) while the degree of enhancement

becomes smaller as aext increases. The symmetrically

configured devices lose the advantage when aext exceeds

0.5g. It is also seen that the optimal beam height hopt
decreases as aext increases. Table 2 summarizes the highest

electric power output that can be obtained at each vibration

magnitude. In case of the asymmetric devices, the straight

Fig. 5 Phase portraits (velocity

vs. displacement) of the eVEHs

with a, c symmetric and b, d
asymmetric curved-beam hinge

configurations for the same time

range as in Fig. 4. aext: a, b
0.02g, c, d 0.1g. h ¼ 1:5hcr
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hinge devices were more efficient than the curved hinge

ones for aext � 0:1g. It can be concluded that the devices

with the symmetric hinge configuration can produce higher

power (as much as 7.3% more) than the asymmetric con-

figuration for the vibration magnitude range of 0.1g–0.5g.

When compared to the straight-hinge device, the sym-

metric device can produce as much as 4.5 times higher

power, maximum improvement occurring at 0.05g. It was

also learned that the optimal load values decrease as aext
increases.

Examples of the power spectral density (PSD) graphs

are presented in Fig. 8 for both types of the devices at

optimum load conditions. At a low vibration magnitude

(0.02g), most of the spectra show those of typical linear

harmonic oscillators, implying that the nonlinearity is

rather weak at this magnitude. In case of symmetric devi-

ces, spectral peaks always shift towards the higher fre-

quency as the beam height increases regardless of vibration

magnitudes. For h ¼ 0 in a symmetric device and for h ¼
hcr in an asymmetric device, nonlinear and broadband

features are apparent. At higher vibration magnitude (0.1g),

spectra become much broader and nonlinear characteristics

are more clearly shown for the low beam heights (h:

0�2hcr). For this range of h, spectra of asymmetric devices

tend to shift towards the lower frequency as h increases.

For the symmetric device, although the spectrum is broader

when h is 0, PSD is much higher around the peak when h is

1hcr. At 0.5g of vibration magnitude, spectra become

substantially broader. The spectra of asymmetric devices

do not change significantly for different beam heights.

Differences among spectra of different beam heights are

still unambiguous for the symmetric devices.

5 Conclusion

In this study, a symmetric configuration of curved-beam

hinges was proposed for eVEHs. Via numerical simulation

based on stochastic differential equations, power harvest-

ing performances of the proposed eVEHs were estimated

for a range (0:02g�0:5g) of colored-noise vibration mag-

nitudes. It was learned that symmetrically configured

Fig. 6 Calculated average electric power (Pelec) of eVEHs as a function of curved-hinge beam height (h) at various loads (RL) for the symmetric

configuration. Results are presented at four different acceleration magnitudes between 0.05g and 0.5g
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devices can produce higher power output than the asym-

metrical ones for high vibration magnitudes (aext � 0:1g). It

should be noted that the results reported here are for the

specific input conditions provided. The results may differ if

the input vibration characteristics change, e.g. if it is not

colored noise, if its spectrum is different from the one used,

etc. In this work, the model and the analysis was applied to

a specific type of devices, i.e. eVEHs. It can be further

extended to other types of VEHs with proper modelling of

the transduction mechanisms, such as piezoelectric, elec-

tromagnetic, etc, which will be a part of the future works.

Fig. 7 Calculated average electric power (Pelec) of eVEHs as a function of curved-hinge beam height (h) at various acceleration magnitudes (aext)
for both configurations. The optimal load conditions are written next to the curves

Table 2 Comparison of maximum electric power outputs between the

symmetric and the asymmetric configurations

Symmetric Asymmetric Straight

aext Pelec hopt Pelec hopt Pelec

(g) (lW) ðhcrÞ (lW) ðhcrÞ (lW)

0.02 0.334 2.3 0.752 0.8 0.250

0.05 94.0 1.2 99.4 1.0 20.8

0.10 310 0.9 289 0.0 289

0.15 383 0.7 358 0.0 358

0.20 470 0.7 439 0.0 439

0.50 1001 0.4 974 0.0 974

The best power outputs of the straight-hinge device (h ¼ 0) are also

included
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