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Abstract: This study presents variable structure system theory based robust integral controllers for class-D power amplifiers.
These amplifiers are highly efficient switching type power amplifiers with negligible losses. Sensorless and current feedback
based integral controllers with sliding modes are designed to provide robust tracking performance with negligible phase delays
and distortions. The methods are capable of providing high-quality outputs by maximising gain and minimising the tracking error
and phase shifts. The validity, feasibility and robustness performance of the controllers are investigated through circuit

realisations.

1 Introduction

Class-D power amplifiers have been getting a great deal of interest
in the industry in recent years due to their low power dissipation,
high efficiency, small circuit board space, low cost and extended
battery life. They have acquired a significant place in many
electronic applications, e.g. portable devices, television sets, and
theatres, and entered into the automotive and mobile audio systems
[1,2].

The control of the class-D power amplifiers has been studied
well in the literature. The available amplifier control techniques
utilise the Pulse-width modulators (PWMs) [3—5] and hysteretic
(pulse density) modulators [6—8]. Performance in terms of low
distortion, noise, and dynamic range differs significantly with the
modulator topology used. While an improvement on the PWM
based controllers is still existed [9-13], the most important studies
are based on the hysteretic modulators. In general, the highest
system performance with respect to low distortion, noise, and
dynamic range is obtained with analogue hysteretic modulators due
to the continuous time operation and non-quantised resolution [14].
The main advantages of the hysteretic modulators include self-
oscillating modulation (no need any external carrier signal), linear
modulation with sawtooth-shaped carrier, infinite power supply
rejection ratio and simple design. Due to these benefits, recently
some advanced control designs based on hysteretic modulation
have been proposed including self-oscillating amplifiers [15-17],
sigma-delta modulation based control [8, 18, 19], hysteresis
controller [14, 20, 21], bang-bang control [22], and sliding mode
control [23-27]. These methods allow simple and stable designs,
but, in general, can result in up to 7 phase delay between the input
and output and low switching frequency causing harmonic
oscillations in the output.

In this work, a sensorless control approach and a current
feedback control method with hysteretic modulators are studied.
The theory behind the approaches is established using variable
structure system theory for high-order class-D amplifiers. The

Fig. 1 Nth order class-D power amplifier
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controllers are capable of providing good stability conditions for
any load conditions. A fast dynamic response and high switching
frequency can be set via the design of control gains without
increasing system complexity. In the following sections, the design
approach of controllers and their circuit implementations and
results are provided.

2 High-order class-D power amplifiers

A class-D amplifier acts as a voltage amplifier with very high input
impedance and very low output impedance and can provide higher
than 90% efficiency at full power and a very high output power.
These power amplifiers can be designed with half-bridge and full-
bridge configurations. The single-ended half bridge structure
minimises the number of LC filter components required per
channel and more suitable for closed-loop control designs
compared with the full-bridge topology. The closed-loop control is
necessary for low cost and high performance applications.

The LC filter is necessary to eliminate electromagnetic
interference and high-frequency power dissipation. The quality of
the low-pass filtering can be enhanced with the increased number
of LCs (by reducing output harmonics) for higher-power systems.
However, the system degree increases with the number of LCs,
which causes difficulty in the control designs. An nth order class-D
power amplifier can be built with nth order LC filters as shown in
Fig. 1.

The switches of the amplifier work in complementary states to
avoid power supply internal short circuits. To facilitate the system
analysis and control design, the parasitic elements, switch delays,
switch voltage drops and auxiliary networks may be neglected.
Considering the circuit shown in Fig. 1, the model of the nth order
class-D amplifier is obtained as

Ll = —V,+Qu-1)E,
CVi=1li_,— I,

Lisdi =Vi= Vi, (D

CoVp=1o1— VIR,

where inductor currents, /;, and capacitor voltages, V;, are the state
variables of the system for i=2,4,...,n—2, R is the load
resistance, E is the supply voltage, u is the control signal taking
only discrete values u € {0,1}, and L;, C; are the inductances and
capacitances of the filter elements.



The control objective is to track the reference signal V, during
the equilibrium. The equilibrium point is calculated by setting all
time derivatives of the state variables to zero, i.e., I; =V;,; =0
(for j=1, 3,...,n—1). For the model (1), the average equilibrium
point for a desired output voltage, V,, = V|, can be written as

I;=VJ/R, Vi, =V, u=(V.+E)2E. )
Since the control input must remain constant during the steady-
state, the average control can be used in the equilibrium solutions.

Since u € {0,1}, the steady-state value of the average control
signal must satisfy

O<u <1 3)

Thus, from (2) and (3), it is clear that the reference V, must be
smaller than the supply voltage, i.e. —FE < V, < E. A fast switching
non-linear control method is needed for providing a fast dynamic
response, small phase delay, and robustness against load variations.

3 Robust integral control designs for class-D
amplifiers

In this work, an integral switching controller is designed under the
variable structure control theory for robust solutions. Variable
structure control with sliding modes which is a natural switch-
mode controller is a good candidate to meet the control objectives
of the class-D power amplifiers. The state dependent discrete input
signals and robustness feature of sliding modes can lead to simple
implementation advantage for such power amplifiers.

3.1 Sensorless control

The sensorless control means that the controller uses only voltage
feedback without using any current sensing components. Consider
an integral switching manifold based switching controller

(1, ifs>0, ,
"‘{0, if 5 <0, @)
s=p / Vi) = u = DE) dr, 5)

where V, is a reference signal and £ is a positive control parameter

(integrator time constant in practice). To investigate the effect of
average control, when s = 0, the related control signal is found as

Ugye = (Ve + E)/2E.. (6)
The average control (or equivalent control) can be obtained
through a first-order low pass filter [28].

Under non-saturated operating conditions (with —F < V. < E),
the average control assures

0 < tyye < 1. @)

Substituting (6) into (1), the resulting ideal system dynamics (zero
dynamics) for the fourth-order class-D amplifier can be written as

I, 0 -5 0 0 L] [
ol |G, 0 —1/G 0 ||v N 0 v g
Ll |0 1L o -UL ||| |o| " ®

V, 0 0 1/C,  —1/RG||V, 0

where 6, = 1/L,. The system dynamics given in (8) have the
equilibrium point, ;=L =V,/R and V,=V;=V. The
characteristic equation of (8) with the eigenvalue 4 is

2P (C+CHY 2 1

VRS + =
RC, GGL,  RCCGL  CCLL

0. ©)

Since (9) has always negative real valued eigenvalues, the system
dynamics given in (8) under the average control is asymptotically
stable.

The stability of the feedback control system under the controller
(4) and (5) can be evaluated through Lyapunov stability, i.e. for a
positive definite function, V = s*/2 > 0, stability is ensured if its
time derivative is negative definite, V = 55 < 0 [28]. From (5), for
the reference, V,, the time derivative of the switching manifold can
be written as

s=pV,—Qu-1)E). (10)

From (4), if s>0 and u=1, then s=p(V,—E) <0 (since
—E <V, <E) and ss <0, so the system is stable. If s <0 and
u =0, then s = (V. + E) > 0 and ss < 0, so the feedback system
has stable dynamics. Consequently, the sensorless control strategy
ensures that the system trajectory will stay on the desired reference
at steady-state. The analysis can easily be extended to nth order
class-D amplifiers since the LC filter is designed to have stable
dynamics.

The sensorless control is simple, but it is not possible to
enhance the response of the system dynamics with the controller
gain, f3, since it does not appear in the ideal system dynamics as
seen in (8). For this reason, the following controller is proposed to
improve the control performance of the nth order class-D
amplifiers.

3.2 Current feedback based integral control

An effective switching control system for the nth order class-D
power amplifier can be designed with a switching manifold as

1, ifs>0,
u—[ (11)

“lo, ifs<o,

s= —L+p / Vi@ - V@ - fQu—-DE & (12)

where s is the switching manifold, V; is the reference signal, f is a
positive control gain, and y is a positive constant defined by
0 <y < 1. First, the effect of the average control is going to be
analysed. From (12), when s = 0, a corresponding average control
is found as

_ PLVe= V) + Vit (BrLy + DE s
tave = 2PrLi+ DE ' ()

The average control under non-saturating conditions satisfies
0 < tyye <1 (14)

with —(pyLi+ )E < pL(V, = V) + V, < (ByL, + 1)E. For
simplification of the analysis, now, consider a fourth-order class-D
power amplifier. Under the average control (13), the ideal system
dynamics (or zero dynamics) is obtained as

I, 0 -6 0 -5 [L] [6
v,| |1/, 0 -=1/G, 0 V.| |0
- +| v, (15)
I, 0 1/L 0 —1/L ||L| |0
v, 0 0 1/¢, -1RG|V. o

where &6 = By/(PyL,+1). The ideal dynamics (15) has the
equilibrium point, V; =V, =V/(y+ 1) and I; = I; = V/(y + )R,
and if y — 0, then V; = V.. The characteristic equation of (15) for
the eigenvalue A can be written as
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Fig. 3 Circuit implementation of current feedback based control scheme
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By using the Routh's stability criterion for (16), the stability
condition is found as

0<p<1/(Ls—yLy). 17)

As long as the condition (17) is satisfied, the ideal system
dynamics is always asymptotically stable for the fourth-order
amplifier.

Finally, to analyse the stability of the closed-loop system under
switching controller, for V = 5*/2 > 0, the time derivative of this
function must satisfy V = ss < 0 for stability. From (12), for the
reference, V,, the time derivative of the switching manifold can be
written as

§=p(Ve= V) +[Va— (ByLi+ DQu— DEI/L,.  (18)

From (11), if s>0 and u=1, then
s=pV,=V)+(V,—(PyLi+ 1)E)/L, <0 and ss<0. If s<0
and u = 0, then s = (V. — V,) + (Vo + (fyL, + 1)E)/L, > 0 (due to
the conditions given in (14) and (17)) and ss < 0. Since the
stability condition, V = ss < 0, is always satisfied, the closed-loop
system is stable under the control (11) and (12).

To generalise the given stability analysis to the nth order class-
D amplifier, if all LC filter components are designed to be equal,
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ie. Lj=L and C;,, = C, then the stability condition for the nth
order class-D power amplifiers is obtained as

0<p, ifn=2,

0 < B <4.36/(n"'L(1 —y)), )

ifn=4,6,8, ...

To provide the desired control performance, the control gain S
should be selected suitably by considering the stability condition
(19).

3.3 Circuit realisations of controllers

A circuit implementation of class-D amplifiers with controllers can
be composed of the output stage (switches and gate drivers), LC
filter, difference amplifier, integrator and hysteretic comparator as
shown in Figs. 2 and 3. The control and output stages can be
realised with standard integrated circuit technology for high
performances. In the design of the LC low-pass filter, the values of
filter elements, L and C, are designed from the filter cut-off
frequency (f.) requirements given by

fe= (2" = 1)/@aLC), (20)

where 7 is the order of the filter (n/2 cascaded stages). A higher-
order filter is designed to reduce the amount of harmonics without
introducing a large phase shift. In the filter design, the Butterworth,
Chebyshev and Bessel polynomials can be used to achieve suitable
phase shift and ripple requirements. For a flat magnitude response
within the given band, a Butterworth filter approximation with the
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Table 1 Class-D amplifier design specifications and control performances

Class-D amplifier

Sensorless control

Current feedback control

Amplifier  LC values Cut-off Supply/ Reference Time Phase THD, Gain, Time Phase THD, Gain,
order freq., load signal freq., constant, delay,° dB % constant, delay,° dB %
f., kHz kHz R\C,, us RIC), us

second 60 pH, 30 5V,8Q 10 2.2 25° -48 100 2.2 15 -46 100

order 0.47 uF

fourth order 43 uH, 30 5V,8Q 10 2.2 35° -48 91 2.2 23 -47 100
0.27 uF

sixth order 33 uH, 30 5V,8Q 10 2.2 39° -46 88 2.2 26 -46 100
0.22 yF

02 RiCy = 2.2 ps. The input amplifier is an inverting amplifier with a

-0.2 .
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a
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Fig. 4 Numerical waveforms for the fourth-order amplifier

(a) Reference input, (b) amplifier output for sensorless (method 1) and current
feedback (method 2) controllers, (¢) Inductor current, (d) Control signal with its
average value

normalised characteristic equation,
X +\20+ 1=+ +1/RC+1/LC =0, can be used to design LC
filter parameters [29]. For a cut-off frequency f.= 30 kHz (or
w. =2xf.) and a load resistance R = 8 Q, the LC values can be
calculated as

C=1/(@+2R) =047 yuF, L=\2Rlwo.,=60puH.  (21)

For higher-order LC filters (i.e. fourth and sixth order), the
calculated LC values are given in Table 1.

The amount of switching frequency can be controlled with
integrator time constant and hysteresis band of the comparator. To
get a low noise component at the amplifier output, the hysteresis
band should be low, and it can be selected around
h = Vu/Vpp <0.02, where the hysteresis of the comparator is
given by +V;. Note that a PWM comparator with a suitable
switching frequency (e.g. 500 kHz) can also be used instead of a
hysteretic comparator. In the integrator design, a fast transient
response is considered. The integrator time constant is taken as

4

gain of Rg/RN. The input must be ac coupled with a capacitor Cpy.
This results in a high-pass filter characteristic with a low-frequency
cut-off starting at as low as 20 Hz. For Ry = 5.1 kQ, the input
capacitance can be calculated as

Cin = 1/ fiouRi) = 1.5 4F. 22)

4 Results and discussions

The NI Multisim circuit implementation results are summarised in
Table 1. The NI Multisim software is able to generate practical
computational performance levels since the actual component
models are used. Due to the noise and signal attenuation problems,
the class-D amplifiers cannot be realised using a breadboard, and
so the commercial class-D amplifiers are all implemented with
integrated circuits, e.g. 0.5 um complementary metal oxide
semiconductor process. The provided implementation circuits are a
good replicate of the actual circuits and can be refined by the
circuit practitioners to produce a final product.

It seems that in practical implementations, the gain y should not
be zero to increase switching frequency in the hysteretic
comparator for good control performance. The provided results are
obtained when y = 0.6. To measure the output signal quality, total
harmonic distortion (THD) is calculated using the harmonics
calculated by fast Fourier transform with the following equation:

THD(dB) = 20log(yH: + -+ + Hi/H,), (23)

where H; represents the harmonics. For a sinusoidal reference
signal, V, = 0.2sin(2710000¢), the control performances are
compared in terms of THD, phase delay and amplification factor
(gain). The calculated THD is around —48 dB for most of the
controlled class-D amplifiers (it is calculated as low as —80 dB in
numerical simulations).

Phase delay between reference and output signals is dependent
on the degree of the system and can be calculated through
¢ =2xfty (rad) in time responses or ¢ =~ AV/Vy, (rad) in V,
versus Vo plot (Lissajous curves), where Vy, is the peak-to-peak
voltage. In the following simulations and realisations, it is shown
that the current feedback based control significantly decreases the
phase delay between the reference and output signals, and provides
a full scale amplification.

Numerical simulation results are obtained using MATLAB/
Simulink when y = 0, and illustrated in Figs. 4-6. For a sinusoidal
reference signal, V,=0.2sin(27100007), the initial system
responses are given for 200 ps. Both sensorless (method 1) and
current feedback based (method 2) controllers provide a good
tracking performance, with around a gain factor of 10. The current
feedback based control decreases the phase delay more than 50%
compared with the sensorless control. The numerical simulations
are obtained for ideal elements and theoretically infinite switching
frequency, which results in very small variations on the amplitude
of the inductor current /. The average control signal is obtained
through a first-order low pass filter whose time constant is of 5 ps.
It also shows the gain and phase differences of the controllers.

In Fig. 5, the Lissajous curves of the controlled system
responses are illustrated, which allows seeing the phase
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Fig. 5 Numerical Lissajous curves
(a) Sensorless control, (b) current feedback based control
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Fig. 6 Load current based efficiency calculation

relationship between the input/output waves. The phase delay can
be calculated by ¢ ~ AV/V,,, (in rad). As amplifier order increases,
the phase delay increases. As explained above, the current
feedback based control yields much smaller phased delay
compared with sensorless control. The gain (V. /Vj,) of the
amplifier is taken as 10, and this gain is achieved with current
based control (method 2), while the sensorless control provides
slightly smaller gain in numerical simulations as seen in the
figures.

The efficiency of the class-D amplifier under the proposed
controllers is calculated from MATLAB SimPowerSystems
simulations, and shown in Fig. 6. The figure is given for the fourth-
order class-D amplifiers. The efficiency is dependent on input
signal frequency, output voltage amplitude, and switching
frequency. Here, a load current based efficiency plot is provided as
an illustration, and it shows that the amplifier is more efficient at
large loads while suffering at very light loads. The sensorless and
current feedback based control methods provide very close results.

The control circuit schematics provided by Figs. 2 and 3 are
realised with NI Multisim software, and the circuit realisation
results are shown in Figs. 7-11. Fig. 7 shows the circuit waveforms
for the sensorless control. As the amplifier order increases, the
phase delay increases and the amplification factor (gain)
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50 us/Div
b

Fig. 7 Sensorless control circuit waveforms
(a) Reference input, (b) voltage output for second-, fourth- and sixth-order amplifiers

50 us/Div

c

Fig. 8 Current feedback based control circuit waveforms
(a) Reference input, (b) voltage output for second-, fourth- and sixth-order amplifiers,
(¢) Inductor current for fourth-order amplifier

remarkably decreases, while the voltage output becomes smoother.
The amplifier gain is set to be 10, and it is given as percentage (%)
in Table 1.

Current feedback based control circuit results are shown in
Fig. 8. Compared to sensorless control, the amplification factor
stays constant and smaller phase delays are seen. Due to the
implementation of the controller with a hysteretic comparator, the
hysteretic variation in the inductor current is clearly observed in
Fig. 8c.

The Lissajous curves of the circuit realisation results are
illustrated in Fig. 9 for high-order class-D amplifiers. The current
feedback based controller (Method 2) provides much smaller phase
delay, which is compatible with the numerical simulations. In
addition, the symmetry between input and output is almost lost
with sensorless control, but the symmetry is preserved with the
current feedback control with increasing system order. That is, the
amplification factor of the sensorless control deteriorates with
increasing system order, while the current feedback based control
provides an excellent amplification factor.

Fig. 10 shows the discrete Fourier transform based power
spectral density of the output of the fourth order class-D amplifier.

5



Vout [V]

Vout [V]
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Fig. 10 Power spectral density for the fourth-order amplifier under
current feedback control
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Fig. 11 Responses of fourth-order amplifiers for a 4 Q load

The fundamental frequency of 10kHz is clearly dominant
compared with harmonics. The first five to ten harmonics are used
to calculate THD of the output signal and provided in Table 1.

To measure the robustness of the integral controllers under load
variations, the load resistance is changed from 8 to 4 Q, and the
tracking performances of controllers for the fourth-order class-D
amplifier are shown in Fig. 11. The circuit results show that the

6

amplifier output follows the reference input, but with a degradation
in the amplification factor. The current feedback based control
(Method 2) yields a better performance.

Note that in the literature, the available class-D amplifier
controllers are given for second-order class-D amplifiers and are
mostly based on circuit designs, rather than control theory based
designs. In this work, the focus is on the theoretical control design,
analysis and implementation of controllers for the high-order class-
D amplifiers. For these reasons, a comparison with previous
techniques is not provided since a direct and fair comparison is not
possible.

5 Conclusion

Robust sensorless and current mode integral controllers for nth
order class-D power amplifiers are investigated. The variable
structure control theory is applied to establish the theoretical design
and analysis of these non-linear controllers. The efficiency and
feasibility of the controllers are verified with numerical simulations
and circuit implementations. The sensorless control has a very
simple implementation structure without any stability constraint,
while current feedback based control improves the class-D power
amplifier performance by reducing phase delay significantly and
keeping amplification factor (gain) of the power amplifier at
maximum. It is also shown that the proposed controllers ensure fast
dynamic responses with small phase shifts with negligible steady-
state errors and robustness against load variations.
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