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a  b  s  t  r  a  c  t

A  variable  structure  control  (VSC)  method  for unstable  industrial  processes  is proposed.  The  proposed
control  method  is able  to  provide  a  highly  satisfactory  system  performance  and  to  tackle  with  robustness
issues  of  the  processes  in  the  presence  of  uncertainties.  An  ITAE-based  numerical  tuning  algorithm  for
acquiring  optimal  control  parameters,  and  a direct  auto-tuning  mechanism  for the  proposed  controller
are  also  provided.  The  performance  of  the  proposed  VSC  method  is illustrated  on  some  unstable  process
models  including  a continuous  stirred  tank  reactor  (CSTR),  in  order to show  its  effectiveness,  validity  and
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feasibility.
© 2015  Elsevier  Ltd.  All  rights  reserved.
. Introduction

Process control system designs are mostly based on PID
ontrollers and empirical process models [1–5]. The empirical first-
rder plus time delay (FOPTD) models can describe dynamics of
any processes appropriately for control design aims. Specifically

uch models are used for tuning PID controllers and stability anal-
sis of the closed-loop processes [1]. The intuitiveness, simplicity
nd good performance features of the PID (mostly PI) controllers
ake them the most widely used control strategy today [6–9].
owever, PID controllers, like other classical approaches, have

obustness vulnerability and may  pose performance challenges for
nstable and uncertain processes.

In recent years, there has been a great interest in control designs
or unstable processes (e.g. unstable FOPTD models) since it is
ell-known that the performance specifications obtained for a

table model cannot work for an unstable processes. Therefore,
any methods have been developed for stabilizing unstable pro-

esses including the modified Ziegler–Nichols method [10], mirror
apping [11], truncated predictor feedback control [12], smith

redictor based control [13], PID-based controllers [14–18], IMC

ethod [19,20], optimization-based methods [21,22], synthesis
ethod [23], sliding mode control [24,25], and the fuzzy-neural

pproach [26]. Most of the above methods have additional

∗ Tel.: +90 352 224 8800; fax: +90 352 338 8828.
E-mail address: gunyaz.ablay@agu.edu.tr

ttp://dx.doi.org/10.1016/j.jprocont.2015.04.017
959-1524/© 2015 Elsevier Ltd. All rights reserved.
adjustable parameters for obtaining controller parameters, com-
plex design procedures, and robustness issues.

The goal of this work is to develop a robust, simple and effec-
tive VSC method for unstable processes. Another aim is to provide
a direct auto-tuning algorithm for the proposed VSC system with-
out needing a secondary relay method. In the literature, there are
very few VSC systems for unstable systems while different switch-
ing control strategies similar to gain scheduling approaches can be
seen. Most of the given switched-systems have a switching strat-
egy with some PID controllers or continuous change of controller
parameters [27]. Some of the studies seen in the literature include:
variable structure PID controllers [27–30], a variable parameters
based PID controller [31,32], a controller switching between P, PD
and PID structures [33,34], and a variable parameters based con-
trol [35]. In general, these studies utilize various switching logics
to enhance the system performance under operational variations.
Some studies have also been considered a specific variable struc-
ture system, i.e. sliding mode control methodology [36–39], for the
process control systems [24,25,40–43]. In these studies, the inte-
gral sliding surface design was used for the reduced-order (FOPDT)
models of processes, and some parameter tuning structures similar
to empirical PID tuning algorithms were developed for process con-
trol systems. However, these methods require the measurement of
the derivative of the process output, and thus, can result in poor

control performances. For these reasons, this work aims to develop
a VSC method having the robustness and good response features
of the sliding mode control, and effectiveness and simplicity of
PID controllers. Since process control systems often use empirical

dx.doi.org/10.1016/j.jprocont.2015.04.017
http://www.sciencedirect.com/science/journal/09591524
http://www.elsevier.com/locate/jprocont
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odels, i.e. FOPDT models, robustness and setpoint performance of
hese controllers in the presence of parameter variations and dis-
urbances become important in operations [1,44]. The proposed
SC approach with its direct auto-tuning function can solve all

hese issues by providing a good setpoint response and robustness.
The organization of the study is as follows: Section 2 introduces

he proposed VSC system, some application examples of the con-
roller are given in Section 3, and finally, the conclusion of this work
s provided in Section 4.

. The proposed variable structure controller

Some exothermic chemical reactors and biochemical reactors
re operated at open-loop unstable steady-states [45]. For open-
oop unstable systems, which are difficult to control due to the
ight tuning requirements, an appropriate controller must first sta-
ilize the system. In addition, model uncertainty, load disturbance,
easurement noise, and set-point response must all be taken into

ccount in a reasonable design method. A drawback of classical (e.g.
ID) controllers is that they do not consider all these aspects in a bal-
nced way [1]. More importantly, the robustness of controllers is an
navoidable problem in classical control methods. The robustness
roblem can be better addressed with a variable structure control
ystem.

An open-loop unstable process can be modeled with [46,47]

Y(s)
U(s)

= K

�s − 1
e−Ls (1)

here K is the static gain, � is the time constant and L is the delay.
ith the use of Taylor series approach, i.e. e−Ls ≈ 1/(Ls + 1), the

nstable model (1) can be approximated to

Y(s)
U(s)

∼= K

(�s − 1)(Ls + 1)
(2)

r in the differential equation form

¨ + ˛1ẏ + ˛0y = ˇu (3)

here ˛0 = 1/�L, ˛1 = (� − L)˛0 and  ̌ = K˛0. Now, a VSC can be
esigned to stabilize error dynamics. Due to their inherently
obustness against uncertainties, the VSC systems can fit well to
uch models with a suitable design. In these control methods, a
witching surface is usually designed so that the VSC drives the
rror trajectories of a system onto this surface and keeps these tra-
ectories on the surface for all subsequent times. For the system (3),

 switching surface can be designed as

 = ė  + �e (4)

here e = r − y with a reference signal r(t), and � > 0 is a constant.
o bring error trajectories on this surface and keep them there, a
uitable VSC can be designed by

u = −k0y + kp|�|1/2sat(�) + u1

u̇1 = ki|�|1/2sat(�)
(5)

here k0 and kp are proportional gains, ki is an integral gain, � is
he switching surface, and sat(·) is the saturation function defined
y {

�/ |�| , if |�| ≥ 1

at(�) =

�, if |�| < 1
(6)

In (5), it is assumed that |u1| ≤ �3 for some �3 > 0. The block
iagram of the proposed control system is illustrated in Fig. 1.
Fig. 1. Block diagram of the proposed VSC system.

By considering the model (3), switching surface (4), and con-
troller (5), a stability analysis of the proposed VSC can be done as
follows. First, if a positive definite Lyapunov function is defined by

V = �2/2 + u2
1/2 (7)

then its derivative must be negative definite for stability,

V̇ = �
(

r̈ + �ṙ + (˛1 − �)ẏ + ˛0y − ˇu
)

− ˇu1� + u1u̇1 (8)

where it is assumed that
∣∣r̈∣∣ ≤ �2,

∣∣ṙ∣∣ ≤ �1, |y| ≤ �0 for some posi-
tive numbers �0, �1 and �2. From (6), it is clear that the controller
consists of outer and inner parts. For the outer part of the controller,
i.e. for |�| ≥ 1,

V̇ = �
(

r̈ + �ṙ + (˛1 − �)ẏ + (ˇk0 − ˛0)y − ˇkp|�|1/2sgn(�)
)

+ ϕ0

(9)

where the function ϕ0 can be written as

ϕ0 = −ˇu1� + kiu1|�|1/2sgn(�)

= −ˇu1�
(

1 − |�|−1/2
)

= −εˇu1�

(10)

where 0 ≤ ε < 1 and it is assumed that ki =  ̌ for simplicity. Substi-
tuting (10) into (9) results in

V̇ = �
(

r̈ + �ṙ + (˛1 − �)ẏ + (ˇk0 − ˛0)y − ˇkp|�|1/2sgn(�)
)

+ ϕ0

≤
(∣∣r̈∣∣ + �

∣∣ṙ∣∣ + εˇ |u1| − ˇkp|�|1/2
)

|�|
≤

(
�2 + ��1 + εˇ�3 − ˇkp|�|1/2

)
|�|

= −
(

ˇkp|�|1/2 − �̂
)

|�|

(11)

where �̂ = �2 + ��1 + εˇ�3, � ≥ ˛1 and k0 = ˛0/  ̌ = 1/K.  Since |�| ≥
1, if we choose kp > �̂/ˇ,  then V̇ < 0. Namely, whenever |�| ≥ 1,∣∣�(t)

∣∣ will strictly decrease until it reaches the set |�| < 1 in finite
time and remains inside the set subsequently. For the inner part of
the controller, i.e. inside the set |�| < 1, the Eq. (8) can similarly be
written as

V̇ = �(r̈ + �ṙ + (˛1 − �)ẏ + (ˇk0 − ˛0)y − ˇkp|�|1/2�) + ϕ1 (12)

with

ϕ1 = −ˇu1� + kiu1|�|1/2�

= −ˇu1�(1 − |�|1/2)

= −ε1ˇu1�

(13)

where 0 < ε1 < 1 and again it is assumed that ki =  ̌ for simplicity.
Finally,

V̇ ≤ �̄ |�| − ˇkp|�|5/2

≤ −
(

1 − �
)

ˇkp|�|5/2
(14)

where 0 < � < 1. The inequality (14) is satisfied for all(
�̄

)2/3
�ˇkp

Hence, the trajectory reaches the ultimate bound set  ̇ ={
|�| <

(
�̄/(�ˇkp)

)2/3
, |�| < 1

}
in finite time. This means that the
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ig. 2. The phase-portrait of the error dynamics around the switching surface.

racking error also stays around the origin, but usually not in the
rigin since � = ė  + �e.  Consequently the practical stability of the
roposed controller (5) is guaranteed for the given ultimate bound.
his is illustrated in Fig. 2.

It is obvious from stability analysis that there are three condi-
ions to be satisfied: (1) kp > �̂/ˇ,  (2) � ≥ (� − t0)/�t0 with � > 0,
nd (3) k0 = 1/K. However, the stability analysis does not provide a
traightforward condition for the control term ki, and thus it may
e selected arbitrarily to get a satisfying steady-state response. A
earch algorithm for optimal parameter selections is provided in
ection 2.3. It should also be noted that if the sign of the model gain

 changes, i.e. if K < 0, then the sign of the control signal must also
e changed (u < 0).

.1. Robustness

Robustness of the VSC system under bounded uncertainties
ust be evaluated since the model (1) and its approximation (2)

ave inherent uncertainties. The process model (2) with uncertain-
ies can be written as

¨  + ¯̨ 1ẏ + ¯̨ 0y + d = ¯̌ u (16)

here d is a bounded disturbance,
∣∣d∣∣ ≤ �4, ¯̨ 0 = ˛0 + ı˛0, ¯̨ 1 =

1 + ı˛1 and ¯̌ =  ̌ + ı  ̌ with bounded uncertainties ı˛0, ı˛1 and
ˇ. Under these circumstances, the following stability conditions
an be obtained via the Lyapunov stability approach as described
bove,

p >
�̄

ˇ
, |�| ≥

(
�̄

�ˇkp

)2/3

(17)

here �̄ ≥ �̂ due to the bounds of uncertainties and the dis-
urbance. Consequently, the practical stability of the system is
uaranteed under bounded uncertainties.

.2. Various control structures

As in PID control systems, the VSC can be expressed with one-
erm as

 = −k0y + kp|�|1/2sat(�) (18)

nd with three-term as

u = −k0y + kp|�|1/2sat(�) + u1 + u2

u̇1 = ki|�|1/2sat(�) (19)
u2 = kd
d

dt

(
|�|1/2sat(�)

)
Furthermore, other control forms can also be constructed with

ome combinations of u, u1 and u2. The stability of various VSC
ontrol 32 (2015) 10–15

structures may  also be shown with the similar arguments given
above. One interesting point of the VSC is that the integral term
of the controller, u1, can be omitted for constant reference signals,
but it is necessary to have u1 for time-varying reference profiles to
minimize tracking errors.

Finally, the controller (5) exhibits very interesting control fea-
tures for various exponents of the term |�|p for 0 ≤ p ≤ 1. On the
other hand, the proposed controller, i.e. for p = 0.5, utilizes the
robustness advantage of the VSC systems and the noise rejection
feature of the error-squared control, and thus it is recommended
in this work.

2.3. Tuning the control parameters

The VSC parameters can be approximately determined from
the analytical stability analysis with some trial-and-error, but it
is not possible to get optimal parameter settings in such a way. On
the other hand, with simulation packages, e.g. Matlab and Maple,
numerical simulations can easily be carried out to search for the
best possible control parameter settings for the application at hand.
In this way, all control design objectives in both the time and fre-
quency domains can be met.

While for some processes, the static gains of the VSC, i.e. kp,
ki and kd, can be calculated from the well-known PID tuning
algorithms, a general search algorithm must be developed. The
Nelder-Mead simplex algorithm as described in Lagarias et al.
[48] can be used for optimizing the VSC system. This algorithm
is the basis of Matlab’s “fminsearch” optimization algorithm to
solve nonlinear optimization problems. In order to get appropriate
results, there is a need for performance index. Among the avail-
able performance criteria (i.e. IE, IAE, ITAE, ISE, ITSE, ISTE), the ITAE
performance index usually gives the most conservative controller
settings [49], with the criterion given below,

ITAE =
∫ ∞

0

t
∣∣e(t)

∣∣dt (20)

Now the goal is to find the optimal VSC parameters that mini-
mize the ITAE performance criterion. In the search algorithm, the
performance index can be calculated through the Simpson’s 1/3
rule [50].

2.4. Auto-tuning feature of the variable structure controller

While automatic tuning can be done in many different ways,
some commercial controllers use the relay method for auto-tuning
in PID controllers. Since the proposed VSC method has a relation
with the continuous form of the relay method, it can directly be
used for auto-tuning of the control system. To develop such a func-
tion, describing functions can be used in analyses. The describing
function analysis is an approximate method that can be used to
determine whether an oscillation (limit cycle) can occur in a non-
linear feedback system. Fourier series play an important role in
determination of the describing function of a nonlinear element
since the output of nonlinear element can always be expressed with
Fourier series expansion for a given sinusoidal input signal to the
nonlinear element [51]. In the describing function analysis, the first
harmonics of the Fourier expansion are used by assuming that the
first harmonics of the signal coming from the nonlinear element
will survive when it passes a low-pass filtering linear system. The
describing function is defined as
N(a) = 1
	a

2	∫
0

up sin(ωt) dωt + j

	a

2	∫
0

up cos(ωt) dωt (21)
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here N(a) is the describing function of a nonlinear element and
s only an amplitude, a, and phase, ω, dependent function. The
escribing function analysis is performed through the Nyquist cri-
erion by defining the following characteristic equation [52]

(jω) = −1/N(a) (22)

here a limit cycle exists if Eq. (22) has a solution. Similar to the
elay based auto-tuning, the one-term VSC structure can be used
y setting ki = 0 in (5), namely,

p = Kp|�|1/2sat (�) (23)

here the controller normally becomes u = −k0y + kp|�|1/2sat(�),
ut only the nonlinear part of the controller is considered for the
escribing function analysis. The fundamental element of (23) can
e written in terms of sinusoidal signals for a response to a sinu-
oidal input, � = asin(ωt),

p ∼=
{

kp
√

a sin(ωt), if a > 1

kpa
√

a sin(ωt), if a ≤ 1
(24)

Substituting (24) into (21), a describing function can be found
s

(a) =
{

kp/
√

a, if a > 1

kp
√

a, if a ≤ 1
(25)

Now the function (25) can be used to tune VSC parameters auto-
atically. Let the ultimate gain be Ku = N(a) and the ultimate period

e Pu = 2	/T for the signal period T. Then, the VSC parameters can
e defined as

p = Ku/2.2, ki = 1.2kp/Pu (26)

Eq. (26) may  not give optimal results as described in Section
.3, but can provide satisfactory results for some unstable systems.
ig. 3 shows the block diagram for the describing function analy-
is of the VSC system. Since up can be approximated to sinusoidal
ignals as in (24), i.e. describing function calculations are almost
xact and much closer to the conventional sine-wave test, the pro-
osed VSC method is better than the relay and saturation feedback
ased tests. The other advantages of the above auto-tuning proce-
ure include: avoiding trial-and-error search, not operating near
he instability limit, easy to automate, and avoiding an additional
elay system.

. Applications

In the following examples and a CSTR application, it will be
hown that the VSC method can significantly improve the system
erformance and robustness. The tuning approach will be based on
he nonlinear optimization method described in Section 2.3.

.1. Example 1: an unstable process

Consider an unstable system described by
(s) = e−0.25s/(s − 1) (27)

The VSC and PI controller parameters for the reduced order
odel (27) are obtained via the optimal search algorithm described

Fig. 3. Block diagram for describing function analysis.
Time (s)

Fig. 5. Disturbance rejection response of the VSC and PI controller.

in Section 2.3. The VSC control parameters are found as kp = 0.5,
ki = 0.1 and � = 5 (for PI controller, kp = 2.55 and ki = 0.1). Fig. 4 illus-
trates the setpoint responses of the VSC and PI controller for the
system (27). It is clear that the VSC provides much faster response
and smaller overshoot compared to the PI controller.

The load disturbance rejection performance of the VSC system
is shown in Fig. 5. A step load disturbance is added to system at
t = 100 s, and one can observe that the VSC provides better distur-
bance rejection response.

Performances of the controllers under model uncertainties are
shown in Fig. 6. The model uncertainties are considered to be order
increase in the process models, e.g. G(s)Ga(s) = G(s)/(�as + 1) with
a time constant �a > 0. When the order of the model dynamics
increases with different time constants (i.e. �a = 0.1 and �a = 0.36),
it is seen from figures that the VSC system gives more conserva-
tive results compared to the PI controller. When the time constant
of the unmodeled dynamics increases from �a = 0.1 to �a = 0.36 as
in Fig. 6(b), while the PI controller results in an unstable system
response, the VSC stabilizes the process in a short time. Hence, this
shows that the VSC system increases robustness of the closed-loop
system.
3.2. Example 2: a non-minimum phase unstable process

The control of unstable systems with minimum/non-minimum
phase processes is a challenging one [13]. Since they are easy
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o design and tune, simple controllers are very valuable for the
rocess industry. Consider an unstable non-minimum phase
elayed system

(s) = e−0.25s(1 − 0.5s)/(s − 1) (28)

The delayed system has an unstable pole and a positive zero.
ppropriate VSC gains for the system are kp = 0.032, ki = 0.005 and

 = 3 (for PI controller, kp = 1.26 and ki = 0.02). As seen in Fig. 7,
oth VSC and PI controller have some overshoot, but the VSC
rovides faster transient response and much better load distur-
ance response, as well as more conservative control requirements.
pecifically, the overshoot is significantly decreased with the VSC.

.3. An application: the continuous stirred tank reactor

Consider a well-mixed CSTR problem described by [53–55]

ẋ1 = −(1 + ı1)x1 + 2ı2x2dx2 + ı2x2
2

ẋ2 = ı1x1 − (1 + ı2x2d + 2ı3x2d)x2 − (ı2 + ı3)x2
2 + u

ẋ3 = 2ı3x2dx2 − x3 + ı3x2
2

(29)

here x1, x2 and x3 are the dimensionless concentrations of the

eactants in the reactor zone, the measurable reactant concentra-
ion in the exit stream is x2, and the manipulated variable u is
he dimensionless feed concentration. The system parameters are
iven by ı1 = 3, ı2 = 0.5, ı3 = 1, and x2d = 0.8796. The CSTR model
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ig. 7. Responses to set-points and load disturbances of the oscillatory process with
SC and PI controller.
Fig. 8. Responses to set-point of the CSTR under noise with VSC and PI controllers.

given in (29) is highly nonlinear and have two equilibrium points
(one of them is unstable) for the given parameter values. The con-
trol aim is to keep the desired concentration, x2, as close as possible
to its set point.

For the given system, suitable VSC gains can be found from the
nonlinear optimization method (see Section 2.3) as kp = 1, ki = 20
and � = 10, and the PI gains are obtained as kp = 6 and ki = 103
using the MATLAB’s tuning algorithm. The measurement noise is
assumed to be normally distributed with the magnitude around
±10% of the set-point. Due to the measurement noise, to limit the
high frequency gain of the derivative term in (4), a derivative fil-
ter is used, i.e. ė = e[s/(0.5s + 1)]. Fig. 8 shows set-point responses
of the VSC and PI controlled CSTR under noisy measurements. It is
seen that the VSC significantly improves the transient response of
the system (non-overshoot response) while requiring smaller con-
trol energy compared to the PI controller. The effects of noise on
the system measurement and control signal are similar for both
methods.

4. Conclusion

A variable structure control approach is proposed for unstable
processes for getting a highly satisfactory control performance and
robustness against uncertainties and disturbances. The VSC system
is designed in the form of the PID controllers so that it can be directly
applied to existing automatic control software and hardware with
some software modifications. It is shown that: (1) the VSC method
is robust under bounded uncertainties, (2) changes in the process
parameters can result in instability with PID controllers, but stable
limit cycle with the VSC system, (3) a highly satisfactory system
performance is obtained with conservative control requirements,
(4) the VSC method can be directly used to acquire an auto-tuning
function similar to relay method without a secondary relay system.
Consequently, in order to enhance control performances and con-
troller robustness, the proposed VSC method can directly be used
for controlling processes instead of PID controllers.
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