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In this paper, we examine a selling environment where a manufacturer-controlled retailer and an independent
retailer sell a slow-moving A item. The manufacturer offers the independent retailer a price protection contract
stipulating that the manufacturer reimburses the independent retailer in case of a reduction in the wholesale
price. The price set by the independent retailer is assumed to be determined by Retail Fixed Markdown (RFM)
policy. The manufacturer also offers the independent retailer a special discount rate for the replenishment orders
and the retailers are assumed to follow (R, S) inventory replenishment policy. The manufacturer adopts a
periodic-review pricing strategy and the mean demand observed by each retailer in a given period depends on
the prices. We also take the customers choosing no-purchase option into account. We employ multinomial logit
(MNL) models to forecast customers’ preferences based on retail prices. The retailers’ market shares are esti-
mated by customized choice probability functions. We propose stochastic programming models to determine the
manufacturer’s pricing strategy. Then, we propose a variant Stochastic Dual Dynamic Programming (SDDP)
algorithm to determine the manufacturer’s approximately optimal pricing strategy by getting around three
curses of dimensionality. Then, we move on to the observations on the impact of four critically important
contractual parameters on the price, the market shares and the expected total net profits and finally discuss some
possible approaches for the selection of the best compromise values of those contractual parameters.

1. Introduction entice retailers to keep the inventory of its products. Especially, external

retailers want to be protected against sudden drops in the wholesale

In high-tech industry, customers tend to purchase technologically
advanced brand new products or the improved models of the products
they already have. Lee, Padmanabhan, Taylor and Wang (2000) state
that in the personal computer industry, products face rapid obsolescence
that gives rise to slumps in prices throughout their life cycles so sellers
are confronted with high demand uncertainty. This tendency compels
manufacturers to make some changes in their product mixes. With the
development, production and introduction of some brand new products,
the old products are offered at discounted prices to the customers that
have relatively low budgets. As manufacturers can sell their products to
the end customer via its own retailers, they may also prefer collabo-
rating with some retailers in order to reach much more customers in the
market. For this purpose, manufacturers should offer some privileges to

* Corresponding author.

prices at which they purchase the products. Sourirajan, Kapuscinski and
Ettl (2008) state that price protection is intended to induce distributors
and retailers to keep adequate inventory by protecting them against
sudden drops in the price of the corresponding product. Manufacturers
offer a price protection contract by which they assure retailers that they
are committed to reimbursing retailers the amount of reduction in
wholesale prices per product for the inventory retailers have in stock.
In presence of such restrictions, manufacturers might offer some
other privileges than price protection. One of these privileges is mid-life
returns. If a manufacturer grants a retailer the opportunity of returning
some of its inventory at any time of the selling horizon, then it also
accepts refunding the retailer some money per returned product. Like-
wise, if the product in question will be withdrawn from the market after
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a selling horizon of a predetermined length, retailers can be allowed to
return their remaining on-hand inventory at the end of that selling ho-
rizon in exchange for some refund. This is called end-of-life returns.

In the literature, there is a variety of research papers where the ef-
fects of different price commitment policies on channel coordination in
different selling environments are analyzed in a two-period case where
there exist one manufacturer and one retailer (Taylor, 2001; Zhang,
2008; Lu, Song, & Regan, 2007; Chen & Xiao, 2011; Lee et al, 2000).
Researchers present the conditions that have to be satisfied to ensure
channel coordination for some policies which are capable of coordi-
nating a supply chain. These policies are price protection, mid-life
returns and end-of-life returns. There also exist research papers in
which some supplementary policies are evaluated in conjunction with
price protection, mid-life returns and end-of-life return in a two period
case where there exist one manufacturer and one retailer (Lee & Rhee,
2007; Wang, 2002).

These studies mostly focus on which inventory replenishment or
return policy is optimal and researchers aim to determine the optimal
policy parameters. In this kind of research papers, the retail price and
the wholesale price set in each period of the selling horizon are assumed
to be fixed and researchers employ demand distributions that are esti-
mated based on fixed retail prices. However, it is also intriguing whether
or not the evaluated price commitment policies and return policies are
capable of coordinating a supply chain and providing a win-win
outcome in an environment where retail prices are decision variables
and they have an influence on demand distributions. For that purpose,
we only focus on pricing strategies in this study by excluding channel
coordination and win-win outcome concerns and reckoning with price-
dependent consumer behaviors in order to lay a foundation for further
researches on channel coordination in selling environments where
responsive pricing strategy is adopted instead of pre-announced pricing
strategy.

In the literature, there are research papers in which pricing and in-
ventory control decisions are studied and analyzed simultaneously.
Chen, Chen, Keblis and Lee (2019) study a selling environment where a
deteriorating product that is assumed to have a short lifecycle is sold
throughout a finite selling horizon of multiple periods. They assume
deterministic, stock level-dependent, time-varying and price-dependent
demand for the product and develop an algorithm to determine a profit-
maximizing replenishment and pricing policy. Ghoreishi, Mirzazadeh,
Weber and Nakhai-Kamalabadi (2015) build an Economic Order
Quantity model for non-instantaneous deteriorating items for which
inflation- and selling price-dependent demand is observed by allowing
partial backlogging and customer returns. They propose an efficient
algorithm intended to simultaneously optimize the selling price, the
length of the replenishment cycle and the length of time when shortage
does not occur. Mishra (2017) builds a model for a deteriorating item for
which stock level- and selling price-dependent demand is observed by
assuming Weibull deterioration and partial backlogging. The author
proposes a simple algorithm designed to simultaneously optimize the
selling price, the replenishment schedule and the order quantity with the
purpose of maximizing the total profit. Nagaraju, Rao and Narayanan
(2016) focus on both a centralized and a decentralized three-echelon
inventory system consisting of a manufacturer, a distributor and a
retailer. The author assumes that selling price-dependent deterministic
demand is observed for the product and the selling price is a function of
the replenishment quantity with dependence factor. Some managerial
insights on the optimal selection of replenishment quantity and ship-
ment frequency are set forth in the paper. In another research paper,
pricing and inventory decisions for a two-echelon inventory system are
discussed by assuming nonlinear price-dependent demand (Nagaraju,
Kumar, & Narayanan, 2018). Agi and Soni (2020) build a deterministic
model and propose an algorithm meant for the simultaneous optimiza-
tion of the selling price, the cycle length, the order quantity and the end-
of-cycle inventory for a perishable product. The authors assume that
demand depends on the selling price, the current inventory level and the
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freshness condition.

If a manufacturer and the retailers with which it collaborates sell a
product to the end customer, then there exists a natural competition.
Therefore, unlike the previous studies, the impact of the retail prices on
consumers’ purchasing behavior has to be taken into account, as well.
That is, it is not convenient to employ even price-dependent demand
functions. Instead, price-dependent stochastic demand distributions
have to be employed. As a starting point for such analyses, we commit
ourselves to examining the impact of price protection and end-of-life
return opportunity on the optimal retail price and the actors’ profits.
However, we do not deal with the determination of the optimal in-
ventory replenishment policy and the optimal return policy.

In this study, a manufacturer-controlled retailer and an independent
retailer sell a slow-moving A item throughout a finite selling horizon
which is partitioned into periods. The manufacturer sets the retail price
at the beginning of each period and the manufacturer-controlled retailer
sells the product to the end customer at that price. The independent
retailer offers the end customer a discounted price in accordance with
Retail Fixed Markdown (RFM) policy. We assume a non-increasing price
environment resulting from the depreciation of the product over time.
The manufacturer offers the independent retailer price protection meant
for the protection against slumps in the retail price. The manufacturer
also allows the independent retailer to return the entire unsold in-
ventory at the end of the selling horizon. Both retailers are allowed to
place a replenishment order at the beginning of each period. In this
study, we make an assumption on the inventory replenishment policies
that the retailers follow throughout the selling horizon so that we are not
concerned with the optimization of replenishment policies. We also
employ price-dependent stochastic demand distributions by taking the
influence of the retail prices on consumers’ valuations about the retailers
into consideration.

The manufacturer aims to develop a profit-maximizing pricing
strategy. The optimal pricing strategy can be determined by modeling
the problem through dynamic programming approach. However, it is
impossible to determine the optimal retail price in a given period for
each possible state because the optimal retail price in a given period of
the selling horizon depends on the retail price set in the previous period
and the retail price is a continuous decision variable. That is, the state
space is infinite so the model is plagued by one of the three curses of
dimensionality defined in Powell (2007). Furthermore, the decision
space and the random event space are also infinite so all the three curses
of dimensionality trouble the determination of the optimal pricing
strategy. Therefore, our objective is to propose a suitable method meant
to determine an approximately optimal pricing strategy for the manu-
facturer and to analyze the impact of price protection and end-of-life
return opportunity on this approximately optimal pricing strategy and
the manufacturer’s and the independent retailer’s true expected total
profits given that strategy.

In the literature, some approximate dynamic programming algo-
rithms are proposed to circumvent the difficulties that arise from the
existence of three curses of dimensionality (Powell, 2007). The fast
convergence of these algorithms necessitate decent estimations of the
value functions such as pre-decision profit-to-go functions, post-decision
profit-to-go functions, Q-factors etc. However, the existence of a proper
and reliable way of estimating the value functions is questionable.
Furthermore, the optimization is done sequentially by starting from the
first stage and generating a realization from the distribution of random
event occurring between stages on each iteration. That is, a single state
is visited at each stage on each iteration. Even if the demand distribu-
tions depend on the decision variable in our problem, sequential opti-
mization helps us calculate the retailers’ market shares given the
optimal action through special market share functions and estimate the
demand distributions based on those market shares at each stage. For
that reason, these algorithms are adaptable to our problem. However,
the applicability is also a very critical evaluation measure in the selec-
tion of a suitable adaptable methodology.
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These algorithms entail updating the estimations of the value func-
tions through a smoothing operation on each iteration by using the es-
timations of the previous iteration and the approximate optimal values
of the current iteration. However, the concern about the smoothing
operation is the selection of an appropriate step size. Moreover, these
algorithms terminate when the number of iterations reaches the preset
maximum value. However, the selection of that value is a little bit
problematic in our case because the convergence is bound to require a
very large number of iterations. Therefore, these algorithms are not
applicable to our problem although they are adaptable because of the
complicated structure of the problem.

Unlike the approximate dynamic programming algorithms, Sto-
chastic Dual Dynamic Programming (SDDP) algorithm first proposed by
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Pereira and Pinto (1991) and analyzed further in Chen and Powell
(1999), Donohue and Birge (2006), Linowsky and Philpott (2005) and
Philpott and Guan (2008) for finite random data process skillfully deals
with the estimation of the post-decision profit-to-go functions by
deriving an upper bound on each iteration and it has a legitimate
stopping criterion. However, the random data process is assumed to be
finite in these papers. As in our case, the random data process is
generally infinite in most real-life applications. For this reason, Shapiro
(2011) discusses how the SDDP algorithm can be implemented when the
random data process is infinite. Since the algorithm is also well-suited to
the cases in which random data process is infinite, this algorithm is more
applicable to our case compared to the approximate dynamic pro-
gramming algorithms. For that reason, we model our problem through a
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stochastic programming approach.

SDDP algorithm is a simulation-oriented method the initialization of
which necessitates the generation of a number of realizations from
random event distributions. However, demand distributions that depend
on the decision variable preclude the direct generation of demand re-
alizations in our case. For this reason, we propose a modified version of
the SDDP algorithm to determine the manufacturer’s approximately
optimal pricing strategy. By doing so, we also want to shed light on how
the problems afflicted by three curses of dimensionality in which
random event distribution depends on the decision variable can be dealt
with in case the parametric expression of the optimal solution is not
possible.

The organization of the research paper is as follows; in the next
section, we provide the full problem definition by defining the bound-
aries of the research built on some assumptions. In the third section, we
present the stochastic programming model to be solved to determine the
manufacturer’s optimal pricing strategy. In the fourth section, we
explain the variant SDDP algorithm we propose to circumvent the three
curses of dimensionality and to determine the manufacturer’s approxi-
mately optimal pricing strategy. In the fifth section, we present the re-
sults of the numerical experiments carried out to observe how the
changes in the four contractual parameters playing a significant role in
the manufacturer’s pricing decisions impact the approximate optimal
price, the retailers’ market shares and their true expected total net
profits. In the sixth section, we summarize the study and share the
conclusions we draw.

2. Problem definition

In this problem, a manufacturer-controlled retailer and an indepen-
dent retailer sell a slow-moving A item to the end customer throughout a
finite selling horizon. The manufacturer is responsible for the produc-
tion and the delivery of the corresponding product to the retailers. At the
beginning of each period, the manufacturer determines the retail price
at which the manufacturer-controlled retailer will sell the product to the
end customer as shown in Figure 2.1. A non-increasing price environ-
ment is assumed by neglecting some extraordinary external factors such
as erratically changing foreign currency parities, inflation rate, interest
rate etc. that might have an impact on the manufacturing cost of the
product. That is, the product keeps depreciating over time so the
manufacturer does not increase the retail price throughout the selling
horizon. In purpose for enticing the independent retailer into keeping
the inventory of the product during the selling horizon, the manufac-
turer offers the independent retailer price protection in case of a
reduction in the retail price. The manufacturer is committed to reim-
bursing the independent retailer for a fixed proportion of the indepen-
dent retailer’s on-hand inventory whenever it decreases the retail price.
From the second period on, reimbursement should be fulfilled at the
beginning of each period in which the manufacturer decides to sell the
product at a lower price as shown in Figure 2.1 provided below.

Both of the retailers are allowed to make replenishment at the
beginning of each period after the manufacturer sets the retail price as
shown in Figure 2.1. The necessary lead time for the production and the
delivery of replenishment orders is assumed to be negligibly short. Since
the purpose of this study is to determine the manufacturer’s optimal
pricing strategy instead of optimal replenishment policies, an assump-
tion is made about the replenishment policies that these retailers follow
throughout the selling horizon. This assumption is inspired by the
research papers that study channel-coordinating replenishment policies
in case of fixed retail and wholesale prices. By the assumption, both of
the retailers follow order-up-to inventory replenishment policy (R, S)
which is proven to coordinate supply chains in many problem settings
discussed in Lee et al. (2000), Lee and Rhee (2007) and Liu, Fry, Qin and
Raturi (2012). The independent retailer’s order-up-to level is negotiable
because retailers are inclined to order in large batches in presence of
price protection and end-of-life return opportunity. Replenishment
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policy parameters are fixed in the price commitment contract and they
cannot be changed during the selling horizon. It is assumed that both
retailers have no stock before they make replenishment at the beginning
of the selling horizon.

The manufacturer enables the independent retailer to purchase
products at a discounted price. After the manufacturer sets the retail
price in a given period, the wholesale price is determined by discounting
the retail price. The discount rate is assumed to be fixed over time. Both
of the retailers are allowed to backorder a fixed maximum allowable
amount of demand in each period except the last one in case they
observe excess demand. The retailers determine the size of their
replenishment orders by reckoning with backordered demand. From the
second period on, the backordered demand is satisfied after the
replenishment order is delivered at the beginning of each period as
shown in Figure 2.1. The retailers offer their customers a special dis-
count for the backordered demand. That discount is applied on the price
that customers would have paid if the product had been available in the
previous period. No lost sales cost is incurred for the other customers
turned down in a stockout.

After the manufacturer sets the retail price in a given period, the
retail price at which the independent retailer will sell the product to the
end customer is determined by Retail Fixed Markdown (RFM) policy as
shown in Figure 2.1. That price is computed by marking down the retail
price set by the manufacturer by a fixed rate. The objective with the
application of RFM policy is to lure customers from a lower-income
segment so as to raise revenue. The markdown rate has to be less than
the discount rate for the independent retailer’s profitability throughout
the selling horizon.

Since these retailers are natural competitors in the market, the retail
prices have an influence on their demand distributions as shown by
dashed lines in Figure 2.1. Poisson distribution is a perfect fit to model
demand behavior for a slow-moving A item as proposed by Silver, Pyke
and Peterson (1998). Therefore, the distribution of the number of po-
tential customers in each period is assumed to be Poisson with an esti-
mated and known mean value. Potential customers either purchase the
product from either retailer or leave the market. The retailers’ market
shares given the retail prices can be estimated by employing a suitable
choice model. The demand observed by each retailer in a given period is
also Poisson distributed since a Poisson process can decompose into
Poisson sub-processes. The mean demand observed by a given retailer in
a given period equals the mean number of potential customers multi-
plied by the retailer’s market share.

The independent retailer is allowed to salvage its entire remaining
inventory by returning the unsold products to the manufacturer at the
end of the selling horizon in return for a refund. The manufacturer also
salvages its leftover inventory and the products returned by the inde-
pendent retailer.

We model this problem through stochastic programming approach to
maximize the manufacturer’s expected total profit. The stochastic pro-
gramming model is presented in the following section.

3. Mathematical models

In this section, the stochastic programming model constructed to
maximize the manufacturer’s expected total profit is presented. The
length of the selling horizon is assumed to be N periods. The notation
used throughout the section is shown in Table 3.1 presented below.

In the first period, the manufacturer sets the retail price and then the
manufacturer-controlled retailer and the independent retailer make
replenishment to raise their inventory levels to their order-up-to levels
ST and S7, respectively. As a result, the manufacturer makes some post-
decision profit by selling some products to the independent retailer.
After replenishments, the manufacturer generates some extra post-
decision revenue by selling the product to the end customer in the
first period and selling some products to the independent retailer in case
of a replenishment order at the beginning of the second period. There-
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Table 3.1
Notation.

r Inventory holding cost per dollar per period

0 Discount rate offered to customers for backordered demand

p Discount rate offered to the independent retailer for replenishment orders
a Reimbursement rate

c Production cost per product in period t Vt € {1,2,...N}

D!  Demand observed by the manufacturer-controlled retailer (m) in period t

vt e {1,2,-N}
Dj Demand observed by the independent retailer (r) in period t Vt € {1,2,---N}
D, Ordered pair (D}, D) of demands observed by retailers in period t

vte {1,2,-N}

Ny Maximum allowable amount of demand that can be backordered by
manufacturer-controlled retailer (m) in period t Vt € {1,2,---N}

Ny Maximum allowable amount of demand that can be backordered by
independent retailer (r) in period t Vt € {1,2,---N}

sy Order-up-to level that the manufacturer-controlled retailer (m) needs to place a
replenishment order if inventory level goes below at the beginning of period t
vt e {1,2,-N}

S; Order-up-to level that the independent retailer (r) needs to place a
replenishment order if inventory level goes below at the beginning of period t
vte {1,2,-N}

48 Manufacturer-controlled retailer (m)’s on-hand stock right before observing
demand in period t Vt € {1,2, ---N}

I; Independent retailer (r)’s on-hand stock right before observing demand in

period tVt € {1,2,--N}

Wi Salvage value per product of manufacturer-controlled retailer (m)’s unsold
inventory at the end of the selling horizon

Wy Refund per product returned by the independent retailer (r) at the end of the
selling horizon

) Retail price set by the manufacturer in period t vt € {1,2,--N}

fore, the retailers’ inventory levels after replenishments and the demand
observed by each retailer in the first period are determinants of the
manufacturer’s pricing decision in the second period. For that reason, a
post-decision profit-to-go function (¢, (S7',S7,p1)) of the retailers’ in-
ventory levels (ST' and S}) after replenishments and the price (p;) set by
the manufacturer in the first period connects the first-stage problem to
the second-stage problem. The post-decision profit-to-go function of a
given period returns the optimal expected total profit the manufacturer
makes from after it sets the retail price and the retailers make re-
plenishments till the end of the selling horizon given the inventory levels
after replenishments and the retail price set for the given period. The
post-decision profit-to-go function of the first-stage problem is exactly
the expected value of the pre-decision profit-to-go function
Qo (S?HSL p17D1)) of the second-stage problem over the ordered pair
(D;) of demands observed by the retailers in the first period. The model
that has to be solved in the first period is as follows:

;ng‘x =S+ ((1=p)p1—c1).S + ¢, (S’l”7 S{,pl), (3.1)
1 1

where

A ={p1 €R:p >0}, (3.2)
[ (S'1"7S{=p1) = [p, [Q2(5T7ST7P17D1)}- (3.3)

At the beginning of a given intermediate period t, the manufacturer
incurs inventory holding cost per product carried over from period t-1,
earns some money by selling products to the independent retailer in case
the independent retailer places a replenishment order, and incurs some
production cost stemming from the retailers’ replenishment orders if
there is any. The retailers’ replenishment orders also cover the products
backordered in the period t-1. Since there is a non-increasing price
environment, if the manufacturer changes the price of the product, it
reimburses the independent retailer for a fixed proportion of the unsold
inventory carried over by the independent retailer from period t-1 in
compliance with the price commitment contract. Therefore, there exists
a reimbursement cost term in the objective function. The objective
function also contains the earnings from selling products in period t-1.
Furthermore, we know that the retailers’ inventory levels at the
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beginning of the period have an influence on the manufacturer’s pricing
decision. For that reason, we have to solve the model of period t for the
retailers’ all possible inventory levels before they observe demand in
period t-1 and all possible amounts of demand that they can observe in
period t-1. The possible inventory levels that a given retailer can have at
the beginning of period t-1 range between the given retailer’s order-up-
to level in period t-1 and the maximum of its order-up-to levels till
period t-1. Then, the model that has to be solved for a given intermediate
period ¢ (t # 1) is as follows:

Q,(I;’i],l,’fl,p,,l,D,,l) = max —max{min{D;'ll —1I",,N", }, 0 }.é).p,,l

Pi€A
+min{D}" |, I" +N" }.py
—max{I", =D} ,0}.c; 1.1
—max{S" —I" , + D" ,0}.c,
+max{D" —I" —N",,0}.c,

+max{S,r -1, +Drr_|,0}.((l —p)pi—c:)

—max{D,’il -1, —N{il,O}.((l —B)pi—c)

—max{I_, —D;_,,0}.a.(pr-1 — p1)

""‘pr(IL:"(Iﬁerﬁl) 71Lf(1;—17D;71)7Pr) 3.49)
where

A ={p, €R:p <pi1,p >0}, (3.5)
0, (L (14, D) L (10 D) pe) =Eo [Qun (L U2 D1) s g o

IL;‘(IL]vD;fl)apHDI)]v

Ly (17, D)) = max{S}.I", = D", }, 3.7)
ILY (I, D;_) = max{S;. I, =D, }. (3:8)

The functions shown in Equation (3.7) and Equation (3.8) return the
manufacturer-controlled retailer’s and the independent retailer’s post-
replenishment inventory levels at the beginning of the period. At the
end of the selling horizon, the independent retailer returns its unsold
inventory to the manufacturer and gets refunded. The manufacturer
salvages the manufacturer-controlled retailer’s unsold inventory and the
products returned by the independent retailer. Then, the profit function
of the dummy period N + 1 given the retailers’ inventory levels before
observing demand in period N, demand observed by the retailers in
period N and the price set by the manufacturer in period N is as follows:

On+1 (I}’(},IA’,,pN,DN) = —max{];,"—D%O}ACN.r—i-D;",.pN—max{D;”,—l}\’,ﬂO}ApN

+ max{l}f} - Dy, 0}.w,,, + max{l,f, — Dy, 0}.(w,,, —w,). (3.9)

In this model, the state space, the decision space and the random
event space are infinite. For that reason, only if closed-form expressions
can be obtained for the post-decision profit-to-go functions, the exact
optimal price that the manufacturer should set to maximize its expected
total profit can be determined. However, it is not possible to solve the
optimization problems parametrically. For that reason, we propose a
variant SDDP algorithm that can be implemented to determine the
approximately optimal price in the following section.

4. Methodology

The multi-stage decision-making is a very troublesome task if a sort
of randomness should be taken into account and the random event is
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identified by a continuous random variable which can inherently take on
infinitely many values. However, even the discreteness of the random-
ness does not facilitate the process if the support of the corresponding
discrete random variable is infinite. The hardness triggered by the
infinite support of a random event arises from infinite random event
space which is one of the curses of dimensionality elaborated on by
Powell (2007).

Furthermore, even if the random variable characterizing a random
event takes on finitely many values, the existence of an infinite decision
space most of the time renders it impossible to keep track of the evo-
lution of optimal actions over time. In that case, the attainment of the
exact optimal action at each stage necessitates deriving the closed-form
expression of the profit-to-go function of the following stage which
provides the expected total profit made till the end of the horizon given
the action at that specific time epoch. Under these circumstances, if
there is no effective means of circumventing this trouble, the strategist is
compelled to relinquish exact optimal actions and driven to seek out a
way to obtain an approximate solution. In our model, we are up against
such a trouble, as well. In compliance with the problem definition, the
manufacturer is allowed to set a continuous price and the distribution of
the random demand observed by the manufacturer-controlled retailer
and the independent retailer shows a Poisson behavior. For this reason,
we have to look for a methodology that supplies us with an imple-
mentable set of procedures leading to an approximate optimal pricing
policy.

Pereira and Pinto (1991) proposes such an algorithm called Sto-
chastic Dual Dynamic Programming (SDDP) specialized in multi-stage
decision-making. In various research papers such as Chen and Powell
(1999), Donohue and Birge (2006), Linowsky and Philpott (2005) and
Philpott and Guan (2008), this algorithm is extended and analyzed for
the case where random data process is finite. However, the random data
process is infinite in our study. As an extension to the earlier research,
Shapiro (2011) discusses the implementation of the SDDP algorithm in
case of an infinite random data process. In Shapiro (2011), it is assumed
that the random data process is stage-wise independent implying that
the probability of a given random realization at a given stage does not
depend on the random realization observed in the previous stage.
Moreover, the distributions of the random events occurring between two
consecutive stages are assumed to be known in advance. That is, not only
are the types of the distributions known in advance, but the parameters
are also fixed. Another assumption is that the optimal decision at a
specific stage depends on only the random realization observed right
before and the action taken at the preceding stage. That is, the history of
random realizations does not have an influence on the decision maker’s
preference.

In our problem setting, the mean number of potential customers in
the market in each period of the selling horizon is estimated in advance.
As explained in Section 2, the mean demand observed by a given retailer
in a given period depends on the retail price the manufacturer sets. This
means that although we know that the distribution of the demand
observed by each retailer is Poisson, the manufacturer’s pricing decision
influences its mean. Furthermore, since the inventory levels of the re-
tailers are determinants of how the manufacturer will react, the re-
tailers’ starting inventory levels at the beginning of each period have to
be reckoned with. Although the actions taken by the manufacturer in
two consecutive periods are dependent because of the non-increasing
price assumption, fortunately, the random data process is still stage-
wise independent given a feasible set of actions taken by the manufac-
turer from the beginning of the selling horizon till the end. The differ-
ences in our model require the ideation of a new algorithm which is a
variant of SDDP algorithm that is capable of handling the price-
dependent infinite random event space. Through the variant SDDP al-
gorithm, we will be able to analyze the case where the retail price set by
the manufacturer in a given period has an influence on the demand
distributions. Otherwise, the SDDP algorithm proposed and extended
over time in the literature is not capable of dealing with this case. It will
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be explained below how the original SDDP algorithm proposed under
some certain assumptions is adapted to the specifications of our
decision-making process.

SDDP algorithm is proposed to solve sample average approximation
problem (SAA) as explained in Shapiro (2011). The algorithm is
executed iteratively and involves the consecutive implementations of
two steps on each iteration. These steps are called backward step and
forward step. The backward step is initialized by generating a number of
realizations from the random event distributions in purpose for simu-
lating the random behavior. Likewise, we have to generate a chosen
number of Poisson demand realizations observed by the manufacturer-
controlled retailer and the independent retailer in each period to build
the SAA problem. Since the mean demand observed by a given retailer
depends on the manufacturer’s pricing decision, we cannot know the
exact mean value in advance. For that reason, this fact obstructs the
generation of ordered pairs of demand realizations for each period be-
forehand. However, we can simply generate realizations for the number
of potential customers in the market for each period because the esti-
mated mean aggregate demand is known in advance by problem defi-
nition. This implies that we can construct the SAA problem by
substituting the expectation of the conditional expectation of the pre-
decision profit-to-go function of the following period given the num-
ber of potential customers over all possible numbers of potential cus-
tomers for the post-decision profit-to-go function of the current period in
the objective function of the mathematical model of each period. For a
given period ¢, this relation is as follows:

@,(PRIL, PRIL], p,) = Eu, [Ep, [Qu1 (PRIL], PRIL], p,, (D", D) )\A, = a] |.
(4.1)

In the equation shown above, PRIL{" and PRIL; stand for the
manufacturer-controlled retailer’s and the independent retailer’s in-
ventory levels right after the replenishments at the beginning of the
period t. If M, realizations are generated for the number of potential
customers observed in the market in a given period t, then the approx-
imate post-decision profit-to-go function (@, (PRIL!", PRIL],p,)) of that
period is expressed as follows:

. 1 & ~ _
@.(PRIL", PRI, p,) = R Z Ep, {QHI (PRIL], PRIL,, p,, (D}, D}) )\A,
L k=1

= Ak :| .

In Equation (4.2) shown above, a;x stands for the kth realization
generated for the number of potential customers observed in period t.
The approximate pre-decision profit-to-go function

(4.2)

Q (I",I_,,p1,D:_1)) of a given period t except the first period is
characterized by the optimal value of the nonlinear SAA model shown
below given the retailers’ inventory levels (I'; and I. ;) after re-
plenishments at the beginning of period t-1, the retail price (p, ;) of the
product set by the manufacturer in period t-1 and the ordered pair (D,_1)
of demands observed by the retailers in period t-1.

O, (I, I »pi1; Dicy) = maxPRD, (I, 1}y prt, DY, D))
+POD/(Ip:: DI, )
+a!(IL:n(17ilVD:n—l)71L;(Itr—l7Dzr—l)7pt)7 (4.3)
where
Fo={p €R:p <p 1,p. >0}, (4.4)

@ (L7 (17, D2y ) ALY (1 Dy ) i ) =
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= ZED, (00 e 02,0 ). 1007 (072 = .

(4.5)
ILI/W([ZHDL) = max{S;”J,’“l _Dml} (4.6
1L (I, D) = max{S], I, =D, }. (4.7)

In the nonlinear model presented above, PRD,(.) and POD,(.) are the
functional representations of the pre-decision profit made right before
the pricing decision for period t and the post-decision profit made right
after the pricing decision in the current period t, respectively. The SAA
model to be solved to determine the approximate optimal price to be set
in the first period of the selling horizon is as follows:

mFaxFPP(pl) +¢,(S7,87,p1), (4.8)
1

where

F1:{p1 eR:py ZO} (4.9)

In the nonlinear model presented above, FPP(.) stands for the func-
tional representation of the profit made right after the replenishments at
the beginning of the selling horizon. Despite the new formulation of the
problem, it is still hard and most of the time impossible to derive a
closed-form expression for the approximate post-decision profit-to-go
functions. Therefore, we have to derive a function of the decision vari-
able which returns an upper bound over the corresponding approximate
post-decision profit-to-go function of each period. In this case, if we
mean to derive an upper bound over the approximate post-decision
profit-to-go function of a given period t given the retailers’ inventory
levels right after the replenishments at the beginning of the corre-
sponding period, we have to derive an upper bound function for the
conditional expectation of the approximate pre-decision profit-to-go
function of the succeeding period t + 1 given each realization generated
for the number of potential customers in period t at the beginning of the
backward step and then take the sample average of these functions. This
relation is as follows:

@,(PRIL, PRIL],p,) < @,(PRIL", PRIL!, p,), (4.10)

where

@,(PRIL", PRIL;, p,) M[ Z Ep, {QH, PRIL",PRIL],p,, D,)\A, = a,‘k]

(4.11)

Since these two retailers are assumed to follow order-up-to inventory
replenishment policy, PRIL;" ranges between S}* and the maximum of all
the order-up-to levels from the beginning of the selling horizon to period
t. The same applies to PRIL] implying that there are finitely many pairs of
inventory levels for which we have to find an upper bound for the
approximate post-decision profit-to-go function of period t.

Given the number of potential customers in the market in an arbi-
trary period t, the amount of demand observed by either retailer in that
period is trinomially distributed. The probability that a potential
customer prefers purchasing the product from a given retailer is that
retailer’s price-dependent market share by problem definition. Let
MST (pe), MS;(p;) and MS;(p;) stand for the manufacturer-controlled
retailer’s market share, the independent retailer’s market share and
the probability that a potential customer chooses no-purchase option
given the price p; set by the manufacturer in period t, respectively. Then,
Equation (4.11) can be expanded as follows:

M, ax a1

Z S N (@i (PRILY PRIL, p., (1,m) ).

k=1 1=0 m=0

@,(PRIL!, PRIL;, p
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1, 1, _l m r m 0 Apg—l—m
(“Tk)<“ = ).(Ms, (P)(MS(p) )" (MS; (p) )" (4.12)
where
O, (PRIL", PRIL!,p;, (I,m) ) < Q,,, (PRIL", PRIL!,p,, (I,m) ). (4.13)

As can be seen in the equation presented above, we have to derive an
upper bound function for the pre-decision profit-to-go function of the
succeeding period t + 1 given the inventory levels after replenishments
in period t and for each possible pair of demands observed by the re-
tailers in period t given each realization generated for the number po-
tential customers in the market in period t. Afterwards, we have to take
the sample average of all the upper bound functions multiplied by the
trinomial mass function over all the realizations generated for the
number of potential customers in period t at the beginning of the
backward step. The quality of the upper bound dramatically impacts
how fast the algorithm converges. Therefore, it necessitates solving
Lagrangian Dual (LD) problem to derive a favorable upper bound
function given an arbitrary price.

Since it is hard to solve the LD problem parametrically, an imple-
mentable policy consisting of the prices set throughout the selling ho-
rizon has to be selected. That is, if the length of the selling horizon is N
periods, the implementable policy is defined as a set of N feasible prices.
Let the trial decision in period t be denoted by p;. The criterion to be
satisfied in the selection of an implementable policy is the feasibility
implying that the decreasing price environment requires the relation-
ship shown below:

PN <Pn—1 <pn—2 <+ <DPr1. (4.14)

We do not need to derive an upper bound function for the post-
decision profit-to-go function of the last period by solving the LD
problem because we can derive the closed-form expression. Such a
derivation is possible because as explained before, we know the exact
closed-form profit function of the dummy period N + 1. Then, the only
upper bound imposed on each iteration over the post-decision profit-to-
go function of the last period is:

My anx anx—l

@y (PRIL:, PRILy, py) = Z > (Qw+1 (PRILY, PRILY, py, (I,m) )

k=1 =0 m=0

(T)(m l)-(MSWN>)’~(MS'N<pN>)’"~(Msm»““”"ﬂ (4.15)

Then, we will move on to the penultimate period and derive upper
bound functions for the approximate post-decision profit-to-go function
for the retailers’ all possible inventory levels after replenishments at the
beginning of the period. As explained before, given each feasible pair of
inventory levels, we have to solve the LD problem of the last period to
derive an upper bound function for the pre-decision profit-to-go function
of the last period for each possible pair of demands observed by the
retailers given a realization generated for the number of potential cus-
tomers in the market in the penultimate period. Then, we have to repeat
the same operation for all the other realizations generated for period N-
1. When solving the LD problem, we assume that the price set by the
manufacturer in period N-1 is the trial decision py_,. The LD problem to
be solved to derive an upper bound for the pre-decision profit-to-go
function given a feasible pair (I§_,,I7,_,) of inventory levels, a feasible
pair (D}_;,Dy_,) of demands observed by the retailers and the trial
decision py_, is as follows:

mind (1), (4.16)
>0

where

d(A) = max PODy(Iy_,,py,Dy_,) +T+A.(By_, —Pv), (4.17)

(pn.T)EFN
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Fy = {(PNvT) ER:T< @N(ILX;(I;\’/‘—I*D;\’IJ—I)JL;V([}:/—I7D1r\1—1)7pN)’pN
>0}.
(4.18)

There are some methods proposed to solve LD problem such as
subgradient algorithm, Bundle’s method, outer linearization etc. Let 1"
be the optimal solution of the LD problem formulated above. The next
step is to find an upper bound for an arbitrary price py_; set by the
manufacturer in the previous period. Since 4" is always a feasible solu-
tion, the optimal solution of the Lagrangian relaxation problem shown
below provides a part of the upper bound function for an arbitrary price
Pn-1-
d(X')= max PODy(I}_,,pn,Dy ) +T—2"p,

(pn,T)EFN

(4.19)

where

Fy={(pn.T) R : T <@y(ILy(Ly_,,Dy_,). 1Ly (Iy_,, Dy_,).Pn ), Py
>0}
(4.20)

If we add the functional terms of the price set by the manufacturer in
period N-1 to the optimal solution of the Lagrangian relaxation problem
shown above, then it provides an upper bound function of the price
(pn-1) set in the penultimate period over the approximate pre-decision
profit-to-go function of the last period given the retailers’ post-
replenishment inventory levels (I ; and I} ) in period N-1 and the
amounts of demand (D}, and Dj, ,) observed by the retailers in period
N-1. That upper bound can be expressed as follows:

QN([;V”,”I;],UPN—M (D;\’KI—HD;\/—l) ) = PRDN(IXJ"A71;171~,PN717D;3717D;§/71)

+d(A) 4+ 24" pyy. (4.21)

We have to repeat the same operations for all possible pairs of de-
mands given each realization generated for the number of potential
customers. Then, using Equation (4.12), we can derive the first upper
bound function over the approximate post-decision profit-to-go function
of period N-1 for the pair (1’;;71,1;,71) of inventory levels. Likewise, we
can derive upper bound functions for all the other feasible pairs of in-
ventory levels.

In the process of finding an upper bound function for the approxi-
mate post-decision profit-to-go function of period N-2 given the in-
ventory levels after replenishments, as explained before, we have to
derive upper bound functions for the approximate pre-decision profit-to-
go function of period N-1 given the inventory levels after replenishments
in period N-2 and all possible pairs of demands observed by the retailers
in period N-2 given each realization generated for the number of po-
tential customers in period N-2. Given the inventory levels right after the
replenishments and the pair of demands observed by the retailers in
period N-2, we can calculate the inventory levels right after the re-
plenishments in period N-1. Then, before solving the LD problem of
period N-1, we have to impose the upper bound found for the approxi-
mate post-decision profit-to-go function of period N-1 that corresponds
to the inventory levels after the replenishments in period N-1 by adding
a constraint to the constraint set. This means that the constraint set of
each problem will contain an extra constraint forcing the upper bound
over the approximate post-decision profit-to-go function. Let uf (I, IT,
p:) denote the upper bound function of p; derived in the kth iteration for
the approximate post-decision profit-to-go function of period t given the
pair (I",I) of inventory levels after the replenishments in period t.
Then, at the end of the backward step of the first iteration, we have to
solve the following problem to obtain the first provisional approximate
optimal price for the first period and an upper bound over the optimal
value of the SAA problem.
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max FPP(p;)+T, (4.22)
(p1.T)EF,
where
Fi={(p;,T) € R : T <u(S7,S;,p1)p1 20} (4.23)

Let 9; be the upper bound and (pi, T") be the optimal solution
attained by solving the problem shown above. If the manufacturer fixes
the price at p}, then the expected total profit across all possible demand
scenarios bounds the actual optimal value from below. We still do not
know whether the optimal solution of the SAA problem we have been
solving is p] or not. This means that pricing the product at p! in the first
period, we can also acquire a lower bound for the optimal value of the
SAA problem. In this case, we have to check how close the upper bound
9, and the lower bound are to one another. However, it might be hard to
determine the lower bound since the larger number of realizations
generated for the number of potential customers in each period at the
beginning of the backward step, the larger number of demand scenarios
for which to solve the models in a forward fashion. Therefore, we have to
commit ourselves to constructing a one-sided confidence interval of the
expected total profit made across all the demand scenarios comprising
the realizations generated for the SAA problem. The forward step is
intended for the construction of the confidence interval.

There are two alternative ways devised for the forward step. Assume
that M realizations have been generated for the number of potential
customers to simulate the random event of each period. In this case,
there are a total of MV scenarios. Since these realizations are sampled
from the corresponding Poisson distributions, we know that the proba-
bility of observing either scenario among these MM scenarios is ;&. Let
#;(p}) be the total profit given the ith scenario and the provisional
optimal price pi attained at the end of the backward step. Then, the
expected total profit across all scenarios of the SAA problem is computed
as follows:

MV

u(pi) :Z%-m(pi)-

i=1

(4.24)

As explained before, Equation (4.24) provides us with a lower bound
for the optimal value of the SAA problem. In the first alternative way of
finding a lower bound, we uniformly extract K scenarios from M sce-
narios that are composed of the realizations generated at the beginning
of the algorithm. Then, we have to solve the models for each subscenario
of these K demand scenarios using the trial solution p] of the first period
and the corresponding upper bounds determined in the backward step. A
subscenario of a given scenario consists of the feasible distributions of

the potential customers to the retailers. Let s{i] be the number of ways of
distributing the potential customers in period j given the ith selected
scenario. Then, this scenario contains Hf:ls’fiJ subscenarios implying that
we have to solve the models moving forward as many times for that
specific scenario. Let a,; denote the number of potential customers in

period t given the ith selected scenario, md’;m be the demand observed by
the manufacturer-controlled retailer in period t given the jth subscenario
of the ith selected scenario, rd’;‘[i] be the demand observed by the inde-
pendent retailer in period t given the jth subscenario of the ith selected
scenario and p’;_[i] be the optimal price in period t given the jth sub-
scenario of the ith selected scenario and the provisional optimal price p}
of the first period. Then, the probability of observing the subscenario j
given that the ith scenario has materialized is given by:

. i) il — mdf.m i \ymd
P(S; =j) = — || ——=].(MS 1))
(5= H(mau ) ( ) (se],)

=1 1i] 1[i]
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e g of J i —mdy g =rdy
'(MSr (P,_m ) ) ~(MS; (P’r.[i] ) ) :

In the process of calculating the expected total profit given a sce-
nario, the probability of observing a subscenario has to be calculated as
shown above. That is, we have to keep track of the probabilities in a
dynamic way since the price directly influences the probability that a
potential customer purchases the product from each retailer. Consid-

(4.25)

ering the chosen K scenarios, we need a total of 3"k (H;f:ﬁﬁ]) itera-
tions in the forward step. Obviously, the sample average of the expected
total profits made out of K scenarios given the price p} serves as an
unbiased estimator of y1(p; ). Let sty (p1 ) be the expected total profit made

given the ith selected scenario. Then, the one-sided confidence interval
with a confidence level of 1-a is as follows:

( (w})—z<1/1<>.ﬂ[k]uni>)z>/z(—1

K
>t (1) — 2
K [i] /1 o \/I?

i

=~

(4.26)

The left-hand side of the inequality 4.26 is a lower bound for the
optimal value of the SAA problem. Let LB; denote the lower bound
obtained at the end of the forward step of the first iteration. Then, if the
inequality 4.27 shown below is satisfied given an acceptably small
tolerance €, then p; is the approximate optimal price to be set in the first
period. Otherwise, we have to move on to the second iteration and
derive new upper bounds for the post-decision profit-to-go functions
using one of the feasible trial solutions obtained in the forward step.

9, — LB, < €. (4.27)

Alternatively, let //l:(pi) be the profit made if the jth subscenario of
the ith scenario occurs and P{:(p}) be the probability of observing the jth
subscenario of the ith scenario given the price p} set by the manufacturer
in the first period of the selling horizon. Pi(p%) is exactly the probability
of observing the ith scenario multiplied by the conditional probability of
observing the jth subscenario given the ith scenario. The conditional
probability is computed calling the equation (4.25) and by definition of
the SAA problem, the probability of observing a scenario is . If the
scenario i has s; subscenarios, then the expected total profit across all
realizations generated at the beginning of the backward step given the
price p} is provided by:

W0) =3 SR 0)).

=1 j=1

(4.28)

As explained before, Equation (4.28) provides us with a lower bound
for the optimal value of the SAA problem. In the second alternative way
of finding a lower bound, we uniformly extract K demand subscenarios

from a total of Z?ﬂsi subscenarios in the fashion that one of the MM
scenarios is uniformly chosen and then one of the subscenarios of that
scenario is extracted. The extraction of the subscenario entails solving
the models from the first period to the last one and dealing with the
evolution of probabilities as in the previous alternative way. Firstly, we
have to calculate the retailers’ market shares in the first period given the
provisional optimal price p} and then generate a binomial random
variate standing for the demand observed by the manufacturer-
controlled retailer in the first period for the corresponding scenario.
Then, we have to subtract that random variate from the number of po-
tential customers in the first period given the selected scenario. Then, we
have to calculate the probability of a potential customer purchasing the
product from the independent retailer given that it does not purchase
from the manufacturer-controlled retailer. Then, we have to generate a
binomial random variate standing for the demand observed by the
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independent retailer in the first period. Inserting the generated binomial
random variates into the model of the second period, we have to solve it
to find the optimal price to be set in that period given the scenario and its
subscenario. Afterwards, we have to calculate the retailers’ market
shares in the second period given the optimal price that has just been
attained. Then, we have to generate random variates as we do for the
first period. At the end, this process forms a complete subscenario for the
previously chosen scenario. Considering the chosen K scenarios, we
need a total of K iterations in the forward step. Although the first
alternative way possibly provides us with a better lower bound, the
second way is superior in terms of running time because we are in
control of the number of iterations needed in the forward step consid-
ering the exponentially growing number of iterations necessitated by the
first way. Let uy (p}) be the total profit made out of the ith selected

subscenario. Then, Y_{; 1.4 (p}) is an unbiased estimator of (p}). Then,
the one-sided confidence interval with a confidence level of 1-a is as

follows:

. (zKl(u,-(pn—kz](l/K).u[k](pi)) )/K—l
;Eﬂm (P1) =z VK

<u(pi)

(4.29)

The left-hand side of the inequality 4.29 is a lower bound for the
optimal value of the SAA problem. Let LB; denote the lower bound
obtained at the end of the forward step of the first iteration. Then, if the
inequality 4.30 shown below is satisfied given an acceptably small
tolerance €, then pj is the approximate optimal price to be set in the first
period. Otherwise, we have to move on to the second iteration and
derive new upper bounds for the post-decision profit-to-go functions
using one of the feasible trial solutions obtained in the forward step.

9, —LB; < €. (4.30)

As explained before, if we are currently carrying out the kth iteration,
we have to derive an extra upper bound for the approximate post-
decision profit-to-go function of each period for all possible inventory
levels after replenishment. That is, we have to keep all the upper bounds
derived in the previous iterations. After implementing the backward
step and the forward step, we obtain a new upper bound and a new
lower bound for the optimal value of the SAA problem, respectively. If
the stopping criterion is satisfied at the end of the iteration k, then p¥ is
the approximate optimal solution of the SAA problem for the first period
of the selling horizon. The step-by-step summary of the variant SDDP
algorithm is provided in Appendix A.

In the following section, four critically important contractual pa-
rameters are evaluated to observe how the changes in each parameter
impact the approximate optimal price, the retailers’ market shares and
their expected total net profits. Some approaches on the selection of the
best compromise values of these contractual parameters are also pro-
vided. For all these analyses, the variant SDDP algorithm proposed in
this section is implemented and the manufacturer is assumed to specify
its pricing strategy based on the approximate optimal solutions returned
by this algorithm.

5. Numerical experiment

We have to implement the algorithm designed in the previous section
for some problem instances to observe the manufacturer’s pricing de-
cisions through this approach. There exist some critically pivotal
contractual parameters such as reimbursement rate, discount rate,
markdown rate and refund per product returned by the independent
retailer. Therefore, it is fundamental to analyze the evolution of the
manufacturer’s pricing strategy over the varying values of these



B. Yildiz and M. Siitgii

parameters. It is out of scope to determine the optimal values for these
contractual parameters but it can be beneficial to get an insight into the
selection process for some further research. At this point, the selected
values for these contractual parameters have to satisfy both retailers’
profit expectations by enabling them to recover their initial outlay on
the production or the acquisition of some initial inventory at the
beginning of the selling horizon. However, before solving any problem
instance, we have to choose a suitable method to estimate the retailers’
market shares given the price set by the manufacturer in a given period.

One of the most widely used methods employed to estimate the
market shares for existing alternatives in a given market is multinomial
logit models (MNL) first proposed by Luce (1959) with the derivation of
choice probabilities. Then, Luce and Suppes (1965) show the connection
between the logit choice probability functions and the unobserved
utility distributed extreme value. Finally, McFadden (1974) finishes off
the research by proving that logit choice probability functions always
entail the extreme value distribution of the unobserved utility. In this
section, we utilize customized forms of the choice probability functions
that are built on a price-dependent utility function. As explained before,
there are three alternatives a potential customer can select among in our
problem setting. Therefore, there exist three choice probability func-
tions associated with a purchase from the manufacturer-controlled
retailer, a purchase from the independent retailer and no-purchase op-
tion. The probability of a potential customer purchasing the product
from the manufacturer-controlled retailer is given by.

Hm =P
exp ©

MS,,(p) = (5.1)

=P pr=(1-7).p
T

exp © +exp

+1
Likewise, the probability of a potential customer purchasing the
product from the independent retailer is.
Hr—(1=7).p

exp  *

= (1=7).p
7

MS,(p) = (5.2)

fom P

exp +

+ exp + I

If a potential customer does not prefer purchasing this product from
either retailer, then it directly leaves the market since there is no sub-
stitute good. The proportion of the number of potential customers
choosing the no-purchase option to the number of potential customers in
the market is provided by.

1

MS,(p) = (5.3)

(1

;V)I: T 1

Hm =P

exp © +exp

As can easily be observed, all the probabilities presented above add
up to 1. In these choice probability functions, y,, and g, stand for the
mean maximum price a potential customer is willing to pay to purchase
the product from the manufacturer-controlled retailer and the inde-
pendent retailer, respectively. The maximum-willingness-to-pay values
can be elicited from a sample of potential customers by administering a
marketing survey to them. In such a survey, some information on de-
livery times, post-sale services etc. should be provided about the re-
tailers and each potential customer should be asked about the maximum
price it is willing to pay to purchase the product from each one of the
retailers. Then, the mean maximum price can be estimated for each
retailer by the sample average of the maximum-willingness-to-pay
values provided by the potential customers.

Another parameter showing up in the choice probability functions is
the scale factor 7. In Luce and Suppes (1965) and McFadden (1974), it is
shown that the unobserved utility follows extreme value distribution
and the difference between two extreme value random variables is
logistically distributed. The variance of a logistic random variable is %
so we have to estimate this variance to obtain an estimator of the scale
factor. For this purpose, we have to compute the sample variance of the
maximum-willingness-to-pay values provided by the potential cus-
tomers for both the retailers. Then, we can extract the estimator of the
scale factor by equating the sample variance with the variance of the
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logistic random variable.

In this section, we observe the influence of the changes in the value of
each critically significant contractual parameter on the approximately
optimal price that the manufacturer should set in the first period given
the pricing strategy we propose by solving the mathematical models
shown in Section 3 for a selling horizon of three periods. We also provide
some approaches for the selection process of the values of these
contractual parameters to render the price protection contract profitable
and favorable for both of the retailers. We have done an extreme value
analysis for the other parameters than the contractual parameters dis-
cussed throughout this section. We have observed that the changes in
the value of those parameters have no influence on how the approxi-
mately optimal price and the retailers’ true expected total profits change
in relation to the discussed contractual parameters. The changes in the
value of those parameters impact only the amount of change in the
approximately optimal price and the retailers’ expected total profits. For
that reason, we fix those parameters at specific values and do not change
them throughout the section. The values that those parameters take on
are presented in Table 5.1 shown below.

Apart from contractual and non-contractual parameters, there exist
some parameters the values of which we have to fix to implement the
variant SDDP algorithm. We generate 15 Poisson random variates
standing for the number of potential customers in the market for each
period of the selling horizon. We form 100 demand subscenarios in the
forward step as explained in the previous section to obtain a lower
bound for the optimal value of the actual SAA problem. We also have to
define the stopping criterion to check whether to stop implementing the
algorithm at the end of each iteration or not. As the stopping criterion,
we would like the upper bound obtained at the end of the backward step
to be in 10 % neighborhood of the absolute value of the lower bound
obtained at the end of the backward step.

The first contractual parameter we examine is the reimbursement
rate. As defined before, reimbursement rate is the proportion of the in-
dependent retailer’s on-hand inventory that is eligible for reimburse-
ment in case of a reduction in the price set by the manufacturer in a
given period. Although it seems to take on values ranging between 0 %
and 100 %, it might also take on a value strictly larger than 100 % under
some special circumstances. Therefore, we solve problem instances for
various values of the reimbursement rate by setting discount rate to 40
%, markdown rate to 20 % and refund per returned product to 200$. The
influence of the changes in the reimbursement rate on the approximately
optimal price the manufacturer sets, the retailers’ market shares and the
proportion of the lost customers in the first period is shown in Table 5.2
for reimbursement rates not larger than 100 % and in Table 5.3 for
reimbursement rates above 100 %.

We can easily deduce from Table 5.2 and Table 5.3 that as the
reimbursement rate increases, the manufacturer tends to reduce the
price. The first reason for such a tendency is that the manufacturer
avoids possibly higher amounts of reimbursement in the following pe-
riods of the selling horizon. The manufacturer raises the independent
retailer’s market share by diminishing the price so as to boost demand
the independent retailer observes because higher amount of demand

Table 5.1

The values of fixed contractual and non-contractual parameters.
Parameter Value
Holding cost per dollar per period ($) 0.05
Discount rate for backordered demand (%) 15
Salvage value ($) 60
Production costs ($) (60, 60, 60)
Manufacturer-controlled retailer’s reorder points (22,19,17)
Independent retailer’s reorder points (15, 13, 10)
Mean number of potential customers per period (22,19, 15)

Mean maximum-willingness-to-pay values for retailers ($)
Multinomial logit scale factors
Allowable amounts of backordered demand for retailers

(200, 175, 140)
(32.66, 27.45, 25.55)
(15, 15, 0)
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Table 5.2
The influence of the reimbursement rate up to 100% on the approximate optimal
price and market shares.

Reimbursement rate (%) 40 60 70 80 100

Approximate optimal price 176.37  176.22 176.14  176.06 175.89
(€]

Proportion of lost customers 10.95 10.91 10.89 10.87 10.83
(%)

Manufacturer’s market share 22.57 22.60 22.61 22.63 22.65
(%)

Independent retailer’s market 66.48 66.49 66.50 66.50 66.52

share (%)

Table 5.3
The influence of the reimbursement rate above 100% on the approximate
optimal price and market shares.

Reimbursement 150 400 550 700 850 1300

rate (%)

Approximate 175.44 172.14 169.36  166.38  163.75  154.93
optimal price
$)

Proportion of lost 10.71 9.92 9.29 8.66 8.13 6.56
customers (%)

Manufacturer’s 22.73 23.28 23.74 24.23 24.66 26.08
market share
(%)

Independent 66.56 66.80 66.97 67.11 67.21 67.36

retailer’s market
share (%)

means lower amount of on-hand inventory held by the independent
retailer at the end of the period. Another reason is that as the price
decreases, the manufacturer-controlled retailer’s market share also in-
creases. In this case, the demand observed by the manufacturer-
controlled retailer is on the upswing, which attenuates the negative
impact stemming from the decreasing selling price.

Since the product in question is a slow-moving A item, the reorder
points are relatively low. In this case, reimbursement rates below 100 %
might be unsatisfactory for the independent retailer because of a
possibly low amount of remaining on-hand inventory it holds at the end
of each period. Therefore, the manufacturer and the independent
retailer might negotiate reimbursement rates above 100 % at the
beginning of the selling horizon to make the price protection contract
more appealing for the independent retailer. However, both parties have
to be pleased with the expected total profit they make throughout the
selling horizon. For this reason, we also have to observe the effect of the
changes in the reimbursement rate on the expected total profits. For this
purpose, we form 100 demand subscenarios by generating demand re-
alizations from the true distributions in the forward step just as we do to
obtain a lower bound for the optimal value of the SAA problem. How-
ever, the way how the demand realizations are generated is different in
this case.

Given the price set by the manufacturer in the first period, we can
easily calculate the retailers’ market shares employing the aforemen-
tioned equations (5.1) and (5.2). Since the number of potential cus-
tomers in a given period is Poisson distributed, the demand observed by
each retailer is also Poisson distributed. Then, we can determine the
mean demand observed by a given retailer multiplying the known mean
number of potential customers in the first period by its market share
derived from the corresponding choice probability function. This means
that when sequentially solving the mathematical models, we have to
generate a Poisson random variate representing the demand observed by
each retailer given the price set in the given period. In this way, we draw
a sample of 100 profit values for each retailer. Then, we construct one-
sided and two-sided confidence intervals of the expected total profit
made by each retailer with a confidence level of 80 % to observe the
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impact of various reimbursement rates.

As can be observed in Figure 5.1, as the reimbursement rate rises, the
bounds over the independent retailers’ expected total net profit increase
until the reimbursement rate reaches a specific value and then they start
decreasing. This means that extremely high reimbursement rates are less
favorable than moderate reimbursement rates. If it is more highly
weighted how much profit the independent retailer makes throughout
the selling horizon, then the best choice turns out to be 400 % among all
the tried alternatives. The reimbursement rates of 150 % and 550 %
return almost the same results and they are not dominated by the
reimbursement rate of 400 %. This means that they are also good choices
for the independent retailer’s profitability.

The evolution of the bounds over the manufacturer’s expected total
net profit is shown in Figure 5.1. The confidence intervals of the man-
ufacturer’s expected total profit are mostly overlapping until the reim-
bursement rate reaches 70 %. We do not observe any dramatic shift of
the manufacturer’s expected total profit as the value taken on by the
reimbursement rate ranges between 100 % and 850 %. We can state that
the changes in the value of reimbursement rate do not have an enormous
influence on the manufacturer’s expected total profit. Therefore, it is less
critical to reckon with the manufacturer’s minimum allowable expected
total profit than the independent retailer’s minimum allowable expected
total profit when selecting a compromise value for the reimbursement
rate. If it is more highly weighted how much profit the manufacturer-
controlled retailer makes throughout the selling horizon, then the best
choice turns out to be 60 % among all the tried alternatives. The reim-
bursement rates of 40 %, 70 % and 150 % are also some good options for
the manufacturer’s profitability. If both parties lean towards relin-
quishing some revenue, then the reimbursement rates of 150 % and 70
% can be good options as a compromise solution. Of course, one of the
most important things is to settle on the minimum allowable expected
profit for each retailer because it also has an influence on the best
compromise solution.

Another significant contractual parameter to be assessed is mark-
down rate. We solve problem instances for various feasible values of
markdown rate by setting discount rate to 60 %, reimbursement rate to
70 % and refund per returned product to 200$. The influence of the
changes in the markdown rate on the approximately optimal price the
manufacturer sets, the retailers’ market shares and the proportion of the
lost customers in the first period is shown in Table 5.4.

We can infer from Table 5.4 shown above that as the markdown rate
rises, the manufacturer proposes to increase the price. Since higher
markdown rates mean higher market shares for the independent retailer
and the manufacturer controlled retailer’s market share is negatively
correlated, the manufacturer’s goal is to counteract the financial loss
arising from the decreasing market share by increasing the price. At the
same time, since the independent retailer’s market share rises, the
amount of the remaining on-hand inventory the independent retailer
holds at the end of the period is expected to be relatively low. Therefore,
the manufacturer also tends to reduce the reimbursement cost. In order
to observe the impact of markdown rate on the retailers’ expected total
net profits, we draw a sample of 100 profit values for each retailer in the
same way as we do for the reimbursement rate. Then, we construct one-
sided and two-sided confidence intervals of the expected total profit
made by each retailer with a confidence level of 80 %.

As can be seen in Figure 5.2, as markdown rate increases, the con-
fidence interval of the manufacturer’s expected total net profit shifts
down until the markdown rate reaches a specific value and then it stars
shifting up. The reason for such a trend is that the increase in the price
and the amounts of replenishment orders placed by the independent
retailer counterbalance the negative impact of the decrease in the
manufacturer’s market share at a specific value of the markdown rate.

As markdown rate increases, the confidence interval of the inde-
pendent retailer’s expected total net profit shifts down as shown in
Figure 5.2 because the price at which the independent retailer sells the
product to the end customer decreases although its market share
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Fig. 5.1. The evolution of the bounds of expected total net profits in relation to reimbursement rate.

Table 5.4
The influence of markdown rate on the approximate optimal price and market
shares.

Markdown rate 0 10 20 30 40 50

(%)

Approximate 158.31 160.49 163.53 169.39 183.52 216.84
optimal price
$)

Proportion of lost 12.24 10.17 8.08 6.39 5.45 5.32
customers (%)

Manufacturer’s 43.88 34.10 24.69 16.31 9.03 3.50
market share
(%)

Independent 43.88 55.73 67.23 77.30 85.52 91.18

retailer’s market
share (%)

increases. It seems to be the best option that both retailers sell the
product at the same price by setting the markdown rate to 0 % since it
provides the highest profit for the manufacturer and the possibly highest
profit for the independent retailer. The markdown rate of 10 % is almost
as profitable for the independent retailer as the markdown rate of 0 %.

However, the increase of the markdown rate from 0 % to 10 % drasti-
cally cuts down the manufacturer’s expected total net profit. We can also
deduce that the independent retailer makes larger profit than the
manufacturer does until the markdown rate reaches 50 %. Therefore, if
the profit made by the manufacturer is more highly weighted, there are
no many options to choose from.

If the discount rate is fixed at 40 %, then there are more options in
which the manufacturer makes larger profit than the independent
retailer does. In case the discount rate is set to 40 %, the bounds of the
one-sided and two-sided confidence intervals of the manufacturer’s and
the independent retailer’s expected total net profits are as shown in
Table 5.5. As can be seen in the table, the markdown rates of 0 % and 10
% dominate the markdown rates of 20 % and 30 % since the increase in
the markdown rate from 10 % weighs down both retailers’ profitability.
If a profit of around 1610$ is sufficient for the independent retailer, then
the markdown rate of 10 % can be chosen since at that value, the
manufacturer seems to make the possibly highest profit. Otherwise, a
markdown rate between 0 % and 10 % has to be selected for the inde-
pendent retailer to make higher profit but in that case, the manufacturer
has to renounce some of its revenue. This means that the minimum
allowable expected total net profits and the profit made by which
retailer is more highly weighted are very critical evaluation measures in
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Fig. 5.2. The evolution of the bounds of the expected total net profits in relation to markdown rate.
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Table 5.5

The influence of the markdown rate on the bounds of the confidence intervals of
the manufacturer’s and the independent retailer’s expected total net profits in
case of the discount rate of 40%.

Markdown rate (%) 0 10 20 30

Upper bound of two-sided CI of 2133.8 2300.8 22189 2217.1
manufacturer’s expected total profit
$)

Lower bound of two-sided CI of
manufacturer’s expected total profit
$)

Lower bound of one-sided CI of
manufacturer’s expected total profit
$)

Upper bound of two-sided CI of
independent retailer’s expected total
profit ($)

Lower bound of two-sided CI of
independent retailer’s expected total
profit ($)

Lower bound of one-sided CI of
independent retailer’s expected total

profit ($)

1978.5 2154 2095.9 2090.3

2005.2 2300.8 2117 2112.4

1948.4 16743 1346.7 780.4

1880.9 1610.9 1290.5 733.1

1892.5 1621.8  1300.2 741.2

the selection process of the markdown rate to determine the best
compromise solution.

The third contractual parameter of which the retailers have to
compromise on the value is discount rate. Just as in the analyses of the
preceding two contractual parameters, we solve problem instances for
various feasible values of discount rate by setting markdown rate to 10
%, reimbursement rate to 70 % and refund per returned product to 200$.
The influence of the changes in the discount rate on the approximately
optimal price the manufacturer sets, the retailers’ market shares and the
proportion of the lost customers in the first period is shown in Table 5.6.

As we can observe from Table 5.6, the manufacturer lessens the price
as the discount rate goes up. The manufacturer increases its market
share by taking this action, thereby observing higher demand. Likewise,
the independent retailer’s market share also increases as the discount
rate increases implying that the replenishment orders placed by the
independent retailer are larger in this case. Larger replenishment orders
mean the independent retailer’s less remaining on-hand inventory at the
end of each period so the manufacturer reduces the reimbursement cost
it incurs, as well. Therefore, the increase in the demand observed by the
manufacturer and the increase in the amounts of replenishment orders
placed by the independent retailer partly mitigates the negative impact
of the decrease in the selling price and the discounted price offered to
the independent retailer.

As discount rate increases, the confidence interval of the manufac-
turer’s expected total net profit shifts down as can be observed in
Figure 5.3. On the contrary, the confidence interval of the independent
retailer’s expected total net profit shifts up because although the marked
down price at which it sells the product to the end customer decreases,
the downturn in the discounted price offered by the manufacturer for

Table 5.6
The influence of discount rate on the approximate optimal price and market
shares.

Discount rate (%) 20 30 40 50 60 70

Approximate 186.03 176.59 170.12 165.30 160.49 155.17
optimal price
(€]

Proportion of lost 19.07 15.23 12.98 11.51 10.17 8.86
customers (%)

Manufacturer’s 29.24 31.20 32.43 33.28 34.10 34.94
market share
(%)

Independent 51.69 53.57 54.59 55.21 55.73 56.20

retailer’s market
share (%)

13

Expert Systems With Applications 212 (2023) 118801

replenishment orders is more precipitous. Therefore, the independent
retailer’s profit per product increases in this case. Furthermore, the rise
in the discount rate also triggers a rise in the independent retailer’s
market share, as well and the opposite impact of the decreasing reim-
bursement revenue does not hurt the independent retailer too much.

The manufacturer’s expected total net profit is negatively correlated
with the independent retailer’s expected total net profit as can be
inferred from Figure 5.3. This means that there exists no dominated
solution and there is a trade-off between the options. As the independent
retailer’s expected total net profit is higher than the manufacturer’s
expected total net profit at the discount rate of 50 %, the manufacturer’s
expected total net profit surpasses when the discount rate is set to 40 %.
This means that there exists a balance point between these values. If the
manufacturer’s expected total net profit is more highly weighted, then
the discount rate has to be below this balance point. On the contrary, if
the independent retailer’s expected total net profit is more highly
weighted, then the discount rate has to be above the balance point.
However, in the selection of the best compromise solution, the minimum
allowable profits are also significant evaluation measures as explained
before.

The last critical contractual parameter to be analyzed is the refund
per product returned by the independent retailer at the end of the selling
horizon. Just as in the analyses of the previous three contractual pa-
rameters, we solve problem instances for some values of refund by
setting markdown rate to 80 %, reimbursement rate to 70 % and dis-
count rate to 60 %. The influence of the changes in the refund on the
approximately optimal price the manufacturer sets, the retailers’ market
shares and the proportion of the lost customers in the first period is
shown in Table 5.7.

As we can observe from Table 5.7, the manufacturer increases the
price as the refund per product rises until it reaches a specific value. That
value seems to be between 50 and 100 in this case. Then, the approxi-
mate optimal price shows a decreasing pattern until the refund reaches
another breaking point. That breaking point is above the first breaking
point and less than 100 in this case. After the refund surpasses the sec-
ond breaking point, the approximate optimal price seems to increase
very slightly as the refund rises. After the second breaking point, the
manufacturer tries to increase the revenue generated by selling the
product to the end customer at higher prices in purpose for covering the
increase in the refund per product. However, since the independent
retailer’s market share decreases as the price set by the manufacturer
increases, the independent retailer is likely to be possessed of higher
amount of remaining on-hand inventory at the end of the selling hori-
zon. This might lead to a rise in total refund. For that reason, the
manufacturer is conservative in pricing and avoids dramatic increases
after the second breaking point.

After the second breaking point, the market shares fluctuate and the
deviations are unnoticeably small. Since the low values of refund do not
weigh on the manufacturer’s profitability too much, the manufacturer
tends to increase the price more steeply compared to the higher values of
refund although it decreases the manufacturer’s and the independent
retailer’s market shares.

As refund increases, the confidence interval of the manufacturer’s
expected total net profit shifts down as can be observed in Figure 5.4
since the total refund increases and the manufacturer’s actions can
partly compensate for that increase. Obviously, the most preferable
value of refund is 0$ among the evaluated alternatives for the manu-
facturer but the independent retailer is possibly dissatisfied with this
value since its expected total net profit is low in that case. On the con-
trary, the confidence interval of the independent retailer’s expected
total net profit shifts up. Apparently, the best choice is 250$ among the
evaluated alternatives for the independent retailer but the
manufacturer-controlled retailer might be dissatisfied this time since it
is required to forgo some profit in that case. We can easily deduce that
the balance point is not reached yet and refund can be increased more
until the independent retailer’s expected total net profit becomes level
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Fig. 5.3. The evolution of the bounds of the expected total net profits in relation to discount rate.

Table 5.7
The influence of refund on the approximate optimal price and market shares.
Refund ($) 0 50 100 150 200 250
Approximate optimal price ($) 185.0037 185.4432 176.1405 176.1416 176.1427 176.1437
Proportion of lost customers (%) 13.3392 13.4718 10.8913 10.8916 10.8919 10.8922
Manufacturer’s market share (%) 21.1127 21.0375 22.6126 22.6124 22.6123 22.6121
Independent retailer’s market share (%) 65.5481 65.4907 66.4961 66.4960 66.4958 66.4957
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Fig. 5.4. The evolution of the bounds of the expected total net profits in relation to refund per returned product.

with the manufacturer’s expected total net profit. If the manufacturer’s
profit is more highly weighted, then the refund has to be less than that
balance point. Otherwise, the refund has to be more than or equal to the
balance point. Of course, the minimum allowable profits are critical
evaluation measures in search for the best compromise solution.

In conclusion, the algorithm takes an acceptably small number of
iterations to converge. The maximum observed number of iterations in
the data collection process is six and it has occurred only once. The
running time of a single iteration of the algorithm has been around one
and half an hour and we have observed reasonable amount of deviations
when different combinations of values have been assigned to the prob-
lem parameters. The running time dwindles from iteration to iteration
because of the extra upper bound constraints added to each constraint
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set in the backward step of the algorithm. Compared to the approximate
dynamic programming algorithms proposed to get around three curses
of dimensionality, the running time per iteration is longer since the al-
gorithm traverses all the possible pairs of inventory levels with which
the retailers can start a given period instead of visiting a single state on
each iteration. However, it deals with the estimation of the post-decision
profit-to-go functions of a given period in a more skillful way by deriving
upper bound functions of retail price set in the previous period instead of
visiting a single retail price on each iteration. Considering that
approximate dynamic programming algorithms are bound to necessitate
an undue number of iterations for a decent approximation, a longer
running time per iteration of the variant SDDP algorithm is tolerable.
By the inferences from the analyses done in this section, the selection
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of a compromise value for the discount rate and the markdown rate is
essential to ensure high profitability for both the manufacturer and the
independent retailer given the approximately optimal pricing strategy
proposed in this study. The changes in the values of reimbursement rate
and refund per returned product do not have a massive impact on the
manufacturer’s expected total profit since the manufacturer can keep a
tight grip on the market shares by updating its pricing strategy. How-
ever, the selection of ideal values for these two contractual parameters is
significant to provide the independent retailer with high enough prof-
itability so that it is convinced to keep the inventory of the product. The
most critical thing is to avoid inordinately high values of reimbursement
rate since the independent retailer sustains financial loss in that case.
The retailers have to determine their minimum allowable profit values
that they will stipulate in the contract negotiations because those values
are very critical in the selection of the best compromise values of the
contractual parameters. In the selection process, trade-offs have to be
reckoned with scrupulously, as well. Furthermore, the weights assigned
to the retailers’ expected total net profits have a conspicuous impact on
the best compromise values. Therefore, whether the price protection
contract is as profitable for both parties as expected or not depends on
the retailers’ profit expectations implying that the suitable selection of
the contractual parameter values and the accuracy in the requirements
of the price protection contract are very decisive.

6. Summary and conclusion

In high-tech industry, products suffer rapid obsolescence because of
perpetual technological developments and the frequent introduction of
more advanced products. Therefore, they depreciate over time and
sellers observe high demand uncertainty. Manufacturers prefer collab-
orating with some retailers to sell soon-to-be-obsolete products to a wide
range of customers from lower-income segments. However, the depre-
ciation of these products obliges sellers to reduce the price over time so
retailers have to be convinced to stock this kind of products with some
incentives. For this purpose, manufacturers offer retailers price
commitment policies to protect them financially.

The effectiveness of price commitment policies in channel coordi-
nation and in the attainment of a win—-win outcome for involved actors is
widely discussed in the literature. However, generally, researchers
commit themselves to studying cases where wholesale prices and retail
prices are assumed to be fixed and known in advance implying that
demand distributions are independent from pricing decisions with the
purpose of determining optimal order policies. However, it is also
intriguing whether or not the evaluated price commitment policies and
return policies are capable of coordinating a supply chain and providing
a win-win outcome in an environment where retail price is a decision
variable and it has an influence on the demand distribution. As a starting
point for such analyses, we commit ourselves to examining the impact of
price protection and end-of-life return opportunity on the optimal retail
price and the actors’ profits. However, we do not deal with the deter-
mination of the optimal inventory replenishment policy and the optimal
return policy.

In this paper, we focus on determining a manufacturer’s optimal
pricing strategy in a non-increasing price environment where a
manufacturer-controlled retailer and an independent retailer sell a slow-
moving A item. The distribution of the number of potential customers in
the market is assumed to be Poisson since it is the best fit to the demand
observed for slow-moving A items. These two retailers are committed to
complying with the terms of a price protection contract by which they
compromise on the values of some contractual parameters. The retailers
are assumed to follow (R, S) inventory replenishment policy and the
values of the inventory replenishment policy parameters are known in
advance.

The retail price at which the independent retailer sells the product to
the end customer is determined through Retail Fixed Markdown Policy.
The wholesale price is dependent on the retail price set by the
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manufacturer. That price is calculated by discounting the retail price set
by the manufacturer by a fixed rate. Furthermore, the manufacturer is
committed to reimbursing the independent retailer for only a part of its
on-hand inventory if it decreases the retail price in any period. The
manufacturer also offers the independent retailer a refund for the
returned products at the end of the selling horizon.

We model the problem through stochastic programming approach. If
the mathematical model presented in Section 3 can be solved to opti-
mality, then it provides the actual optimal pricing strategy. However,
the solution process is troubled by three curses of dimensionality as
explained in Section 4. The complexity of the model precludes the
derivation of closed-form expressions for the post-decision profit-to-go
functions. For that reason, an applicable approach is essential to specify
an approximately optimal pricing strategy. For this purpose, we propose
the variant SDDP algorithm to the manufacturer to determine its
approximately optimal pricing strategy and analyze the impact of the
changes in the values of critical contractual parameters on the approx-
imately optimal retail price and the true expected total profits of both
the manufacturer and the independent retailer given that pricing
strategy.

We adapt the SDDP algorithm the implementation of which is
extended and analyzed by Shapiro (2011) for the case of infinite random
data process to our model in Section 4. Unlike in the SDDP algorithm
proposed by Shapiro (2011), we take the conditional expectation of each
pre-decision profit-to-go function given the number of potential cus-
tomers in the market. In that way, we could generate demand re-
alizations for the number of potential customers since the mean number
of potential customers is assumed to have been estimated and to be
known in advance. In this case, we derive upper bound functions for the
conditional expectations of the pre-decision profit-to-go functions and
take the sample average of those functions over the generated re-
alizations to derive the upper bound functions for the post-decision
profit-to-go functions. The original SAA problem solved in Shapiro
(2011) is linear but the SAA problem we solve is nonlinear. For that
reason, we employ Lagrangian duality instead of LP duality when
deriving the upper bound functions. Furthermore, we draw a sample of
demand scenarios by solving the models sequentially in the forward step
unlike the way it is done in Shapiro (2011) because the mean demand
observed by each retailer in a given period depends on the price set by
the manufacturer.

We implement the algorithm for some values of reimbursement rate,
discount rate, markdown rate and refund per returned product. The
algorithm takes at most six iterations to converge. The amount of time
that each iteration takes depends on the number of realizations gener-
ated at the beginning of the backward step. However, the size of the
sample drawn in the forward step does not have a substantial impact on
the running time. The findings on the impact of an increase in the value
of each critical contractual parameter on approximately optimal price
and the retailers’ true expected total net profits are summarized in
Table 6.1 shown below.

The inferences that we have drawn are as follows:

The selection of compromise values for all the critical contractual
parameters necessitates setting the manufacturer’s and the inde-
pendent retailer’s minimum allowable expected total profit values,
The selection of a compromise value for the discount rate and the
markdown rate is essential to ensure high profitability for both the
manufacturer and the independent retailer given the approximately
optimal pricing strategy proposed in this study,

The changes in the values of reimbursement rate and refund per
returned product do not have a massive impact on the manufac-
turer’s expected total profit since the manufacturer can keep a tight
grip on the market shares by updating its pricing strategy,

The selection of compromise values for reimbursement rate and
refund per returned product is significant to provide the independent
retailer with high enough profitability,
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Table 6.1
Impact of an increase in the values of the critical contractual parameters on
approximately optimal price and the retailers’ true expected total net profits.

Approximately CI of CI of
optimal price manufacturer’s independent
expected total retailer’s
net profit expected
total net profit
Reimbursement Slightly decreasing Alternating First shifting up,
rate then shifting
down
Markdown rate Increasing Following
trajectory or Shifting down
inverted
trajectory
Discount rate Decreasing Shifting down Shifting up
Refund First alternating, Shifting down Shifting up

then slightly
increasing

The critical thing is to avoid inordinately high values of reimburse-
ment rate since the independent retailer sustains financial loss in that
case,

Compared to the approximate dynamic programming algorithms
proposed to get around three curses of dimensionality, the running
time per iteration is longer since the algorithm traverses all the
possible pairs of inventory levels with which the retailers can start a
given period instead of visiting a single state on each iteration,
Considering that approximate dynamic programming algorithms are
bound to necessitate an undue number of iterations for a decent
approximation because of the clumsy way how the value functions
are updated from iteration to iteration, a longer running time per
iteration of the variant SDDP algorithm is tolerable.

The retailers’ expected total net profits can also be weighted differ-
ently and in that way, they can look for the best compromise solution.
This approach also refers to multi-objective optimization. The objective
functions of the models presented in Section 3 can be reformed and the
algorithm proposed in Section 4 can be implemented to determine
approximately Pareto optimal pricing strategy. The assumptions can be

Appendix
Appendix A

Step 0. Initialization:
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relaxed to study some different cases. For example, we can relax the
assumption that the retailers follow (R,S) inventory replenishment
policy and allow them to determine their own replenishment policies. In
this case, we have to optimize the amount of replenishment orders, as
well. In this way, we can determine the optimal inventory replenishment
policies and check whether or not the supply chain can be coordinated in
presence of a price commitment policy that comprises price protection
and end-of-life return opportunity in a selling environment where retail
and wholesale prices are not fixed. We can also allow the independent
retailer to set the retail price at which it sells the product to the end
customer by excluding RFM policy. In both cases, we have to determine
Nash-equilibrium values so a different solution methodology has to be
proposed. We can also analyze a case where the manufacturer collabo-
rates with more than two independent retailers and a case where a fast-
moving A item or a B item is sold throughout the selling horizon. We can
also study a problem in which a manufacturer collaborates with some
retailers to sell multiple products. The effectiveness of some other
privileges such as mid-life return opportunities, special discount policies
etc. in channel coordination and in the achievement of a win-win
outcome can also be analyzed. The existence of a lead time can also
impact retailers’ optimal inventory replenishment policies so we can
also study a case where there exists a fixed or random lead time before
the delivery of replenishment orders. In a much more advanced problem
setting, a methodology can be proposed for continuous pricing and
replenishment instead of periodic pricing and replenishment. Further-
more, the variant SDDP algorithm can be improved in different aspects
to reduce the number of iterations needed till convergence and the
running time of each iteration. Some other existing methodologies can
be evaluated in terms of whether they are applicable and adaptable to
the problem studied in this paper and after the adaptation of another
methodology, we can compare the variant SDDP algorithm to that new
method in terms of efficiency.
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Step Oa. Initialize the number of demand realizations M; to be generated for all.

je {1727"'5N}

Step Ob. Generate a Poisson random variate a;,, with a mean of y; for all.

me {1727"'7Mj}7j € {1727"'7N}

Step Oc. Initialize the trial decision p; for all j € {1,2, ---, N} satisfying:

0<pv<pyai < <pr

Step 0d. Set LPj’an = {(pj,T) eR*:p > 0} forallje {1,2,-,N},

16{1,2,---, max S;"},ne{l,Z,---, max S;}
je{12,+N} je{l.2,+ N}
Step Oe. Set Ix(L,n,p) = 5= S5 5 " Quaa (L, (v,2) ).
an x anx — Yy m y r z 0 anx—y—z
() () (st (st ) (i)

Step Of. Set k = 1.
Step 1. Set 9;(I,n,p) =0 forall t € {1,2,--,N—1}.
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Step 2. Do for s = S§ , S§_; + 1, ""je{1,rzr.l~?)§vf1}s;n;

t=Sy ,Sy.1+1,.. max :
N-LEN-1 0 g N1y

Step 2a. Do foru =1,2,...,My_1; v=0,1,....,an_14; 2 = 0,1,...,an_14 -V
Step 2aa. Set mi = max{s-v,Sy} and ri = max{t-z,S}}.
Step 2ab. Set LF§ .. . = LF{, L .0 {(pn, T) € R* : T < Iy(mi, ri,py) }.
Step 2ac. Solve the Lagrangian dual problem:

min  max  PODy(t,py,2) + T+ A.(Py_, —pPn)
20 (py.T)eLFk

Nomi.ri

and let 1" be the optimal solution of the Lagrangian dual problem.
Step 2ad. Solve:

d = max PODy(t,py,z) +T -2 py

(pw.T)ELFk

N.mi.ri

Step 2ae. Update 8y (s, t,p) using:

— — 1 aAN—1u aN—1u —V
i (5,0,p) = Oy (s,1, (—) 1w 7V
e (50) = Bt gt (1), (12 )

(MS ()" (MSy_, (p) "
. (MS;71 (p))l/N—l.u*v‘fz.

(PRDy(s,t,p,v,z) +d" +4".p)

Step 2b. Set v, | (s,t,p) = Iy 1(s,t,p).
Step 3. Do forj = N-2, N-3,..., 1; s = S]{", S]’-” +1,..., max Sg';
ge{1.2,j}

t=8,8 +1,..., max S:
(A ge{12.4} ¢
Step 3a. Do for u =1, 2,...,Mj; v=0,1,...,a;,; 2 = 0,1,...,aj, -V:
Step 3aa. Set mi = max{s—v,S}’}l} and ri = max{t—z,SJTH}.

Step 3ab. Set.LFY .. =LF<] ..n
r‘l{(pjﬂ, T) ER:T< u;‘H (mi, ri,pjﬂ) }

Step 3ac. Solve the Lagrangian dual problem:
min max POD;, (I,Pj+1 ) Z) +T+ A.(ﬁj - p,-H)

20 k
- (PH =T) ELFT | i

and let 1" be the optimal solution of the Lagrangian dual problem.
Step 3ad. Solve:

d = max POD;, (t;levZ) +T—/1*.p,-+l,

T &
(l’/+1 T )gu'jﬂ miri

Step 3ae. Update 9;(s, t,p) using:

B6ut) = Bst.0) g () (20 (asy )

(M) (5;)) "

. (PRD,-H (s,t,p,v,2) +d +1"p )
Step 3b. Set u¥(s, t,p) = (s, t,p).
Step 4. Determine a new candidate approximately optimal retail price for the first period:
Step 4a. Set LF gn e = LF{gn s N {(p1,T) € R?: T < uf(S7.S7.p1) }-
Step 4b. Solve:

max  FPP(p,)+T

(p1T)eLFt st

and let (p%,T") be the optimal solution and 9; be the optimal value of the.

problem.
Step 5. Uniformly choose K demand scenarios from the entire set of Hfi 1Mi scenarios with replacement and let D}’ be the number of potential

customers in the market in period j given wth demand scenario.
Step 6. Set 6, = FPP(p¥) forallw € {1,2, - K}.
Step 7. Do forw = 1,2,...,K:
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Step 7a. Set mi; = ST and ri; = S7.
Step 7b. Do for t = 1,2,...,N:

Step 7ba. Calculate the manufacturer-controlled retailer’s and the independent retailer’s market shares in the first period given the price p
using the market share functions and let MS["(p¥) and MS}(pF) be the manufacturer-controlled retailer’s market share and the independent retailer’s
market share, respectively.

Step 7bb. Generate a binomial random variate od,, representing the demand observed by the manufacturer-controlled retailer given the
probability of success of MS™(pk) and the sample size of DY.

Step 7bc. Generate a binomial random variate od, representing the amount of demand observed by the independent retailer given the

MS;(pf)
1-MS}'(pf)

Step 7bd. If t # N, update the retailers’ inventory levels after replenishments in the following period t + I:
Mig,y = max{mi;-odn, S}, } and ri;; = max{ ri;-od, S, }.
Step 7be. If t # N, solve:

probability of success of and the sample size of D} —odp,.

max POD,H(VI',,[),H,Od,) +

(pre1,T)EF 111

+PRD, (miu riqu, od,, Odr) +T

where
Fio = LFf+1.mi,H,ri,+, N {(PHI’ T) € R : SP’;}

and let (pk ;,T") be the optimal solution.
Step 7bf. If t # N, update the total profit by using:

8, = 8, +POD,y (riy, pt., 0d,) +
+PRD, ;. (miy, riy, pf, 0d,, 0d,).

Step 7bg. If t = N, update the total profit by using:
8 = 8y + Quit (miy, rin, ply, (0d,, 0d,))

Step 8. Construct a one-sided confidence interval with a confidence level of 1 —a to determine a lower bound LBy over the optimal value of the
actual SAA problem:

i(ﬁf— 2(1/K>.5w)2 K1

=1 w=

K
1
LBk = —.(SW—Z.
2ok VR

Step 9. If 9 —LBy < €, then terminate the algorithm. p¥ is the approximately optimal retail price for the first period.
Step 10. If 9, —LBy > €, then:

Step 10a. Set pj = pf for allj € {1,2,--,N}.

Step 10b. Set k = k + 1 and return to Step 1.
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