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tracking control of a magnetic
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Abstract
Magnetic levitation systems are able to provide frictionless, reliable, fast and economical operations in wide-range appli-
cations. The effectiveness and applicability of these systems require precise feedback control designs because the mag-
netic levitation is an unstable process and have highly nonlinear dynamics. In this article, a robust sliding mode–based
cascade control approach is proposed for effectively tracking the reference position of a magnetic levitation system. The
magnetic levitation plant is described with electrical and mechanical models, and the control problems of these parts are
treated with cascade controllers. An integral sliding mode and an output feedback sliding mode controllers are designed
for use in the cascade loops. The performance of the sliding mode controllers is compared with a proportional–inte-
gral–velocity plus proportional–integral control structure. It is shown that the proposed control structure is able to pro-
vide a highly satisfactory tracking performance and can eliminate the effects of the inductance-related uncertainties and
operating point originated disturbances. The experimental results are provided to validate the efficacy and feasibility of
the approach.
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Introduction

Magnetic levitation technology provides contactless
movement and removes friction problem. It has been
used in many industrial systems including high-speed
maglev trains, frictionless bearings, electromagnetic
cranes, levitation of wind tunnel models, vibration iso-
lation of sensitive machinery, levitation of molten metal
in induction furnaces, rocket-guiding projects, levita-
tion of metal slabs during manufacture and high-
precision positioning of wafers in photolithography.1–9

This technology is capable of serving reliable and high-
speed operations with the use of feedback controllers.
On the other hand, it is difficult to provide a high con-
trol performance with standard controllers for the mag-
netic levitation systems because of their open-loop
unstable and highly nonlinear dynamics, and the exis-
tence of parameter uncertainties originated by the
inductance of the electromagnetic coil.

Recently, many works have been reported for con-
trolling magnetic levitation in the literature. The
designed control techniques include feedback
linearization-based controllers (including input–output

and input-state linearization techniques),6,7,10–13 linear
state feedback control design,7,14 the gain scheduling
approach,15 observer-based control,4,16 cognitive tech-
niques,17–19 sliding mode controllers,9,20,21 backstep-
ping control,22 model predictive control,23,24 adaptive
and H-inf controllers25 and proportional–integral–deri-
vative (PID) controllers.16,26 In short, many known lin-
ear and nonlinear control methods were designed for
magnetic levitation systems. In the linear controller
designs, the approximate linear model found by per-
turbing the system dynamics about a desired operating
point is used, and thus, the controllers are usually valid
around the operating point. The performance of the
linear controllers can be improved with some kind of
gain scheduling procedure to change operating points,
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but the stability may not be guaranteed. Since the gov-
erning differential equations are highly nonlinear, the
nonlinear controllers seem more attractive. However,
many nonlinear control designs need exact knowledge
about the plant nonlinearities to ensure a good perfor-
mance. The modeling and parameter uncertainties in
the magnetic levitation plant model make practical
implementations of the nonlinear controllers difficult.

In this work, a practical cascade control approach
constructed with robust sliding mode controllers is pro-
posed for controlling a magnetic levitation plant. The
cascade control allows us to design a fast and high-gain
inner loop current controller to deal with the effects of
plant disturbance and uncertainties. The sliding mode
control (SMC) methodology has the ability to render
robustness in the presence of parameter uncertainties
and operating point variations An integral SMC is
designed for the outer loop (mechanical part) of the
system and an output feedback SMC is proposed for
the inner loop (electrical part) control. The effective-
ness of the method is compared with a proportional–
integral–velocity (PIV) plus PI controller and demon-
strated with experimental tests. It is shown that the
SMC plus SMC-based cascade controller can provide
highly satisfactory tracking performance with a small
tracking error for the magnetic levitation system in the
existence of uncertainties.

This article is organized as follows: section
‘‘Magnetic levitation and modeling’’ describes the pos-
sible models of the maglev system. Section ‘‘Controller
design’’ presents our proposed robust control scheme
and a traditional PIV plus PI control structure in
detail. The experimental results are illustrated in sec-
tion ‘‘Experimental results.’’ Finally, the concluding
remarks are provided in section ‘‘Conclusion.’’

Magnetic levitation and modeling

The magnetic levitation system is used to levitate a fer-
romagnetic object in air through the electromagnetic
force generated by an electromagnet. The system we
work on is composed of an electromagnet, a steel ball, a
position measurement sensor, a data acquisition board,
a power source and a computer. The photograph of the
experimental setup of the magnetic levitation system for
single-axis control is shown in Figure 1.

The magnetic levitation plant (Quanser model) is
composed of an electromagnet, a steel ball, a ball post
and a ball position sensor. The ball can only be con-
trolled through vertical x-axis. The attraction force is
controlled by the computer-controlled electromagnet
mounted directly above the levitation ball. The photo
detector consists of an NPN silicon photodarlington.
The electromagnet is composed of a tightly wound sole-
noid coil made of 2450 turns of 20 AWG magnet wire.
Electromagnet coil input supply is 624 V with a maxi-
mum of 3 A coil current. The data acquisition board is
a successive approximation type, 12-bit analog and

digital conversion board capable of 4 kHz sampling. In
this work, the controllers are implemented at a sam-
pling rate of 1 kHz. The other plant parameters used in
experimental studies are summarized in Table 1.

To use in analysis and control design, the model of
the magnetic levitation system can obtained by applying
the first principle–based approach to the mechanical
and electrical parts of the system as seen in Figure 2.
The electromagnet is modeled with the RL network
while the mechanical part is expressed in terms of acting
forces. The ball position of the mechanical part of the
system is controlled via the coil current, I, whereas the
coil current of the electrical part of the system is regu-
lated with the applied voltage. Therefore, the voltage
applied to the electromagnet indirectly controls the ball
position. In the following sections, we describe and ana-
lyze the mathematical models of the system.

Modeling of the mechanical part

Using the notation and conventions given in Figure 2,
the mechanical model of the plant can be obtained. By
applying Newton’s second law of motion to the ball,
the force balance equation of the ball is given with the
following second-order model

m€x=mg� f(x, I) ð1Þ

Figure 1. Experimental setup of a single-axis magnetic
levitation system.

Table 1. Magnetic levitation plant parameters.

Symbol Description Value

L Coil inductance 412.5 mH
R Coil resistance 10 O
Rs Current sense resistance 1 O
k Electromagnet force constant 6.53 3 1025 N m2/A2

m Steel ball mass 0.068 kg
KB Position sensor sensitivity 2.83 3 1023 m/V
Nc Number of turns in coil wire 2450
m0 Magnetic permeability

constant
4p 3 1027 H/m
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where x is the air gap (in m), m is the mass of the ball
(in kg), g is the gravitational constant (in m/s2) and
f( � ) is the force generated by the electromagnet (in N).
The attractive force generated by the electromagnet is
given by27

f(x, I)= � I2

2

dL

dx
ð2Þ

The inductance L has its largest value when the
ball is next to the coil, but decreases to a constant L1 as
x goes to infinity. While several approximations can
be used to express the inductance,7,16 it can be
assumed that

L(x)=L1 +
L0x0
x

=L1 +
k

x
ð3Þ

where L0 is a constant around the operating point x0.
Obviously, this assumption causes parameter uncer-
tainty in the plant model, but results in a simplified
model. Substituting equation (3) into equation (2), one
can obtain

f(x, I)=
k

2

I

x

� �2

ð4Þ

where k is the electromagnetic force constant (in N m2/
A2) and I is the coil current (in A). Now, the operating
point (or equilibrium point) of the system can be speci-
fied when all the time-derivative terms in equation (1)
are set to 0, _x= €x=0

I0 = x0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mg=k

p
ð5Þ

where the operating point of the coil current, I0, is
expressed as a function of operating position x0. This

operating point (x0, I0) will be used to analyze the sys-
tem and to determine control gains.

In order to simplify analysis of the magnetic levita-
tion plant, the system can be linearized around the equi-
librium point (x0, I0). By applying the Taylor series
approximation about equilibrium point (x0, I0), model
(1) can be written as

€x= g� kI20
2mx20

+
kI20
mx30

x� kI0

mx20
I ð6Þ

Substituting equation (5) into equation (6), we get a
linear model for the mechanical part of the system as

€x=
2g

x0
x� 2g

I0
I ð7Þ

The transfer function of equation (7) is then

Gb(s)=
X(s)

I(s)
= � Kbw

2
b

s2 � w2
b

ð8Þ

where Kb =(x0=I0) and wb =
ffiffiffiffiffiffiffiffiffiffiffiffi
2g=x0

p
. The open-loop

transfer function model (8) of the magnetic levitation
system indicates that the open-loop system is unstable
since the poles are located at s1, 2 =6wb. Hence, a feed-
back controller is needed to stabilize the system and to
provide a good tracking performance.

Modeling of the electrical part

The electrical model of the system can be expressed in
two ways, that is, one is a linear model for the constant
coil inductance assumption and the other one is a non-
linear model for the time-varying inductance. By apply-
ing Kirchhoff’s voltage law to the electromagnet
modeled by the RL network as seen in Figure 2, we can
get the model of the electrical part directly as

dI

dt
= � R+Rs

L
I+

1

L
V ð9Þ

where I is the coil current (in A), L is the coil inductance
(in H), R is the coil resistance (in O), Rs is the current
sense resistance (in O) and V is the supply voltage (in
V). The transfer function of the linear model is

Ge(s)=
I(s)

V(s)
=

Ke

tes+1
ð10Þ

where Ke =1=(R+Rs) is the DC gain, and
te =L=(R+Rs) is the time constant of the electrical
subsystem. On the other hand, when the time-varying
inductance is taken into account, the electrical model
takes the following nonlinear form

dI

dt
= � R+Rs

L
I+

k

L

_x

x2
I+

1

L
V ð11Þ

The nonlinear model (11) implies that the ball cannot
contact with the electromagnet during operations, that
is, x 6¼ 0. Since the coil inductance value is dependent
on the ball position, x, and we assume that it is a

Figure 2. First principle–based dynamical modeling of the
magnetic levitation system.
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constant around the operation point (x0=I0), there
exists a parameter uncertainty on the coil inductance of
the model. Thus, we need to design a robust controller
to eliminate the effects of the parameter uncertainty.

Controller design

Since the inner electrical part of the system is much
faster than the outer mechanical part due to their natu-
ral behaviors, a cascade control structure can perform
better than a traditional control structure. It is also
possible to design advanced control methods in the cas-
caded loops to acquire superior performances.
Therefore, this work focuses on a cascade control of
the magnetic levitation system for achieving stability,
robustness and a highly satisfactory position tracking
performance. In the following sections, a cascaded
SMC controller will be proposed and its performance
will be compared with a traditional PIV plus PI
controller.

Design of a PIV plus PI cascade controller

The PIV plus PI-based cascade controller for the mag-
netic levitation system is illustrated in Figure 3. The
PIV controller is designed for controlling the outer
position loop, while the PI controller is considered for
controlling the inner current loop.

First, let us design a PI controller for the inner cur-
rent loop as

V(t)= kpe Ir(t)� I(t)ð Þ+ kie

ð
Ir(t)� I(t)ð Þdt ð12Þ

If we take Laplace transform of equation (12) and
substitute it into the electrical model (10), the closed-
loop transfer function for the electrical part turns out
to be

I(s)

Ir(s)
=

Kekpes+Kekie)

tes2 + (Kekpe +1)s+Kekie
ð13Þ

Now, assume that the desired performance require-
ments of the inner current loop are described by a
damping ratio 1e and a natural frequency of wne. To
achieve these desired performance requirements, since
the transfer function of the inner loop is of second-
order, the following characteristic equation can be
constructed

s2 +2zewnes+w2
ne=0 ð14Þ

and using pole placement method, which compares the
characteristic equation of closed-loop system (13) with
the desired characteristic equation (14), the appropriate
PI control gains, kpe and kie, for the inner current loop
can be calculated as

kpe =
2zewnete � 1

Ke
, kie =

w2
nete

Ke
ð15Þ

Second, a PIV controller with set point weighting for
controlling the outer mechanical part can be designed by

Ir(t)= kpb bspxr(t)� x(t)
� �

+ kibð
xr(t)� x(t)ð Þdt� kvb _x(t)

ð16Þ

To use this controller, we can first obtain the closed-
loop transfer function of the mechanical part as

X(s)

Xr(s)
=

Ir(s)

Xr(s)

V(s)

Ir(s)

I(s)

V(s)

X(s)

I(s)
=

Ir(s)

Xr(s)

V(s)

Ir(s)

I(s)

V(s)
Gb(s) ð17Þ

Here, it is assumed that Ir(s)= I(s) due to the fast
inner control loop, and thus, we have

V(s)

Ir(s)

I(s)

V(s)
=1 ð18Þ

For this reason, the closed-loop transfer function of
the mechanical part becomes

X(s)

Xr(s)
=

Ir(s)

Xr(s)
Gb(s) ð19Þ

Substituting the transfer function of the PIV control-
ler (16) into equation (19), we get

X(s)

Xr(s)
=

2gx0(kpbbsps+ kib)

�I0x0s3 +2gx0kvbs2 +2g(x0kpb+ I0)s+2gx0kib

ð20Þ

To calculate the gains of the PIV controller, if we
assume that the desired performance requirements of
the system are given by a damping ratio 1b and a natu-
ral frequency of wnb, then since the transfer function
(20) is of third-order, a desired characteristic equation
can be constructed from the desired requirements as

(s2 +2zbwnbs+w2
nb)(s+ p0)=0 ð21Þ

Then, by comparing the characteristic equation of
system (20) with the desired characteristic equation
(21), the control gains of the PIV controller are
found as

kpb= � (2p0zbwnbx0 +w2
nbx0 +2g)I0

2x0
, kib = � p0w

2
nbI0

2g

kvb = � (p0 +2zbwnb)I0
2g

, bsp =1+
I0

kpbx0

ð22Þ

Here, there are three significant points that we have
to clarify. First, the third pole (p0) must be two to five
times farther than the dominant pole to obtain a good

Figure 3. PIV plus PI cascade control scheme of the magnetic
levitation system.
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feedback response. Second, set point weighting, bsp, is
used to eliminate the changes in the force created due
to gravitational bias. Hence, the set point weighting is
applied to the proportional controller to have a good
steady-state response. Third, due to the noise in the
measurements, a second-order derivative filter is
designed to filter out noise when acquiring the velocity
state from the position measurement as

Gd(s)=
w2
ds

s2 +2zdwds+w2
d

ð23Þ

By considering the derivative filter (23), the charac-
teristic equation of the closed-loop system can be
obtained as

s5 +2zdwds
4 + (w2

d � w2
b � Kbkpbw

2
b)s

3

� (2zdwdw
2
b +2zdwdKbkpbw

2
b +Kbkibw

2
b +Kbkvbw

2
dw

2
b)s

2

� (w2
dw

2
b+Kbkpbw

2
dw

2
b+2zdwdw

2
bKbkib)s� (Kbkibw

2
dw

2
b)=0

ð24Þ

where the filter parameters 1d and wd should be selected
appropriately using the known control parameters
given in equation (22). It is clear that the stability of
equation (24) is ensured if the roots of the derivative fil-
ter (24) are selected as two to five times farther than the
dominant pole of the closed-loop system (21). However,
to achieve the desired system dynamics the roots of
equation (24) should be selected as 30 times farther than
the closed-loop dominant poles.

Design of an SMC plus SMC cascade controller

SMC methodology is well-known with its robustness
against system uncertainties and with its high control
performance through suitable designs. In this section,
an SMC plus SMC cascade controller is designed for
controlling the magnetic levitation plant. The proposed
control structure is illustrated in Figure 4. It is very
unusual to design SMC methods in cascade forms, but
we will show that it is possible to get a highly satisfac-
tory control performance with cascade SMCs.

An integral SMC for the outer mechanical part. The integral
sliding mode controller is designed for the outer loop
to control the ball position of the magnetic levitation
system. Here, similar to equation (18), first we assume
that Ir =1 to decrease the complexity of the designs.
Thus, we focus on the mechanical part of the system
to control the ball position. To design an integral

sliding mode controller, an integral sliding surface s1
is first defined for the second-order mechanical model
of system as

s1 = _e+ le+ l0

ð
edt ð25Þ

where e= xr � x and l, l0 =0. The integral action is
designed to ensure accurate position tracking. In order
to design an appropriate controller, the time-derivative
of the sliding surface (25) is written as below with the
mechanical dynamics (8)

_s1 = €xr � w2
bx+Kbw

2
bI+ l( _xr � _x)+ l0(xr � x) ð26Þ

If a sliding mode exists, then during the sliding
mode, that is, s1 = _s1 =0, the equivalent current term,
Ieq, can be obtained as follows

Ieq = � 1

Kbw
2
b

€xr � w2
bx+ l( _xr � _x)+ l0(xr � x)

� �
ð27Þ

Now, the SMC law can be written as

I= Ieq � Im sat
s1
e

	 

ð28Þ

where

sat(s)=
sgn(s=e), if sj jø e
s=e, if sj j\ e

�
ð29Þ

where e . 0 and the sgn( � ) is the signum function. The
saturation function, sat( � ), is used to eliminate chatter-
ing on the system output. Note that a second-order slid-
ing mode algorithm (e.g. super-twisting algorithm) can
also be considered to reduce chattering, but a complete
chattering elimination is not possible with second-order
SMCs under modeling errors and measurement noise.28

The equivalent current controller is used in the control
structure because it is necessary to keep the system tra-
jectory on the sliding surface and to help eliminating
possible chattering phenomenon.

The stability of the system under the integral SMC
must be achieved. First, if a positive definite Lyapunov
function is defined by

V1 =
s1

2

2
ð30Þ

then its derivative must be negative definite for stability,
that is

_V1 = s1 _s1

= s1 €xr � w2
bx+Kbw

2
bI+ l( _xr � _x)+ l0(xr � x)

� �
= s1 �Kbw

2
bIm sat(s1)

� �
ð31Þ

It is clear from equation (29) that the controller con-
sists of the outer and inner parts. For the outer part of
the controller, that is, for s1j jø e, we haveFigure 4. SMC plus SMC cascade control scheme for the

magnetic levitation system.
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_V1 = � Kbw
2
bIms1 sgn(s1=e)

= � Kbw
2
bIm

s1=e
s1=ej j s1

= � Kbw
2
bIm s1j j

ð32Þ

Since Kb and wb are positive, if we choose Im . 0,
then _V1 \ 0: That is to say, whenever s1j jø e, s1(t)j j
will strictly decrease until it reaches the set s1j j\ e in
finite time and remains inside the set subsequently. For
the inner part of the controller, that is, inside the set
s1j j\ e, the derivative of the Lyapunov function can
similarly be written as

_V1 = � Kbw
2
bIms

2
1=e ð33Þ

Again if Im . 0, then _V1 \ 0. Consequently, the
practical stability of the outer part with the proposed
integral SMC controller is guaranteed whenever the
control gain Im . 0.

Robustness of the integral sliding mode position
controller. If we assume that there is an uncertainty in
the system dynamics due to the operating point varia-
tion and linearization, the dynamics of the mechanical
part (8) can be written as

€x� w2
b + d1(x0)

� �
x+ Kbw

2
b + d1(x0)

� �
I=0 ð34Þ

where it is assumed that (Kbw
2
b + d1(x0)). 0 and d1(x0)

represents the system uncertainties. Now, the derivative
of the sliding surface (25) can be given by

_s1 = €xr � (w2
b + d1)x+(Kbw

2
b + d1)I

+ l( _xr � _x)+ l0(xr � x) ð35Þ

For the same Lyapunov function V1 = s21=2, the
time-derivative of it is

_V1 = s1 €xr � (w2
b + d1)x+(Kbw

2
b + d1)I

�
+ l( _xr � _x)+ l0(xr � x)Þ

= s1 �d1x� Kbw
2
bIm sat(s1)+ d1Ieq � d1Im sat(s1)

� �
ð36Þ

For the outer part of the controller, that is, for
s1j jø e, by applying Cauchy–Schwarz inequality,
we have

_V1 = � d1xs1 + d1Ieqs1 � (Kbw
2
b + d1)Im

s1=e
s1=ej j s1

ł d1xj j s1j j+ d1Ieq
�� �� s1j j � (Kbw

2
b + d1)Im s1j j

= d1xj j+ d1Ieq
�� ��� (Kbw

2
b + d1)Im

� �
s1j j

ð37Þ

Therefore, if we choose Im ø d1( xj j+ Ieq
�� ��)=

(Kbw
2
b + d1), then it is guaranteed that the system tra-

jectory will enter the inner boundary layer, s1j j\ e, and
stay there. It should be noted that for the magnetic levi-
tation system under study, since the coil current works

in the range of 0ł Ił 3A, the extreme values of the
uncertainty d1(x0) can be

d1 \Kbw
2
b =2g=I0 ) d1 \ 6:54 ð38Þ

Hence, the stability of the uncertain system under
integral SMC is guaranteed for our system as long as
the uncertainty satisfies d1(x0)\ 6:54.

An output feedback SMC for the inner electrical part. SMC
can also be considered to control the coil current due
to its fast response and robustness features. Since the
coil inductance is the function of the ball position, there
exists a parameter uncertainty. The effects of
inductance-related uncertainties can be minimized by
designing a high-gain SMC for controlling electrical
part of the system current. To design an SMC, first a
sliding surface, s2, is given by

s2 = Ir � I ð39Þ

The time-derivative of equation (39) with the non-
linear electrical model (11) is then

_s2 = _Ir +
R+Rs

L
I� k

L

I _x

x2
� 1

L
V ð40Þ

To achieve a sliding mode, that is, s2 = _s2 =0, the
voltage V as the control input of the magnetic levitation
can be designed as29

V=a s2j j1=2 sat(s2)+ u1

_u1 =b s2j j1=2 sat(s2)
ð41Þ

where the sat( � ) function is defined in equation (29).
The stability of the electrical dynamics under the SMC
must be satisfied with appropriate selection of the gains,
a and b. For a positive definite Lyapunov function

V2 =
1

2
s22 +

1

2
u21 ð42Þ

its time-derivative with the electrical model (11), sliding
surface (39) and controller (41) can be written as

_V2 = s2 _Ir +
R+Rs

L
I� h(x, _x, I)� 1

L
V

� �
+ u1 _u1 ð43Þ

where h(x, _x, I)= (k=L)( _xI=x2). Since the controller
consists of the outer and inner parts. For the outer part
of the controller, that is, for s2j jø e, we have

_V2 = s2 _Ir +
R+Rs

L
I� h(x, _x, I)� a

L
s2j j1=2 sgn(s2)

� �
+u0

ð44Þ

where the function u0 can be written as

u0 = � u1s2=L+bu1 s2j j1=2 sgn(s2)

= � bu1s2 1� 1

s2j j1=2

 !

= � gbu1s2

ð45Þ
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with 0ł g \ 1 and it is assumed that b=1=L for sim-
plicity. Now the derivative of the Lyapunov function
(45) satisfies the inequality

_V2ł _Ir
�� ��+R+Rs

L
I+ h(x, _x,I)j j+gb u1j j�

a

L
s2j j1=2

� �
s2j j

=� a

L
s2j j1=2�m

	 

s2j j ð46Þ

where m= _Ir
�� ��+ I(R+Rs)=L+ h(x, _x, I)j j+gb u1j j.

Since s2j jø e, if we choose a .Lm=
ffiffi
e
p

, then _V2 \ 0.
Namely, whenever s2j jø e, s2(t)j j will strictly decrease
until it reaches the set s2j j\ e in finite time and remains
inside the set subsequently. For the inner part of the
controller, that is, inside the set s2j j\ e, the derivative
of the Lyapunov function is

_V2 = s2 _Ir +
R+Rs

L
I� h(x, _x, I)� a

L
s2j j1=2s2=e

� �
+u1

ð47Þ

with

u1 = � u1s2=L+bu1 s2j j1=2s2=e
= � bu1s2(1� s2j j1=2=e)
= � g1bu1s2

ð48Þ

where 0\ g1 \ 1, and again it is assumed that b=1=L
for simplicity. Finally, we get

_V2 ł �m s2j j �
a

eL
s2j j5=2

ł � (1� u)
a

eL
s2j j5=2

ð49Þ

with 0\ u \ 1 and �m= _Ir
�� ��+ I(R+Rs)=L+

h(x, _x, I)j j+ g1b u1j j. The inequality (49) is satisfied
for all

s2j jø
eL�m

ua

� �2=3

ð50Þ

Hence, the trajectory reaches the ultimate bound set
S= f s2j j\ (e�m=(uaK1))

2=3 \ eg in finite time. This
means that the tracking error also stays around the ori-
gin, but not in the origin in general. Consequently the
practical stability of the electrical system under the pro-
posed SMC controller (41) is guaranteed for the given
ultimate bound. It is clear that the stability condition is
obtained as a .Lm=

ffiffi
e
p

. The stability analysis does not
provide a straightforward condition for the control gain
b because it is used for good tracking performance, and
thus it can be selected arbitrarily to get a good steady-
state response.

Robustness of the sliding mode current controller. From
equation (40), the differential equation of the sliding
surface including uncertainties can be written as

_s2 = _Ir + d0I� d1V� h(x, _x, I) ð51Þ

where h(�) represents the nonlinear part of model (11),
considered as a bounded disturbance, h(x, _x, I)j jł m0,
d0 = ((R+Rs)=L)+D0 . 0, and d1 = (1=L)+D1 . 0
with bounded inductance-related uncertainties D0 and
D1. Using Lyapunov’s stability theorem, one can found
similar stability conditions as described above

a .
L~m

(1+LD1)
, e . s2j jø

eLm̂

ua(1+LD1)

� �2=3

ð52Þ

where ~m ø m and m̂ ø �m due to the bounds of uncertain-
ties and disturbance. Consequently, the practical stabi-
lity of the system can be guaranteed under bounded
uncertainties.

Experimental results

The experimental test results of the proposed cascade
controllers for the magnetic levitation plant are pro-
vided in this section. The desired performance require-
ments are taken as (1) percentage overshoot ł 5% and
(2) maximum settling time ł 0:3 s, for the position con-
trol. This means that the damping ratio should be
1b =0:69 and the natural frequency is found as wnb =
19.3 rad/s. The location of the third pole is selected as
p0 =40. It is also assumed that the operating point of
the system is x0 =6mm which leads to I0 =0:86A.
Therefore, the control parameters based on the desired
performance requirements and operating points are
found from equation (22) as kpb = � 199:7,
ki2 = � 633:2, kvb= � 2:82 and bsp =0:35 for the PIV
with the set point weighting controller. The derivative
filter parameters are selected as 1d =0:9 and
wd =471 rad=s.

For the PI current controller parameters, the desired
performance requirements are taken as (1) percentage
overshoot ł 1:5% and (2) the peak time as
tp =0:015 s. These lead to the damping ratio and natu-
ral frequency to be 1e =0:8 and wne=350 rad=s,
respectively. Hence the PI control gains are found from
equation (15) as kpe=50, 000 and kie =220.

The integral SMC position control parameters are
found as l=60,l0 =2000, Im =50 and e=0:03.
Finally, the SMC current control parameters are taken
as a=150, b=50, 000 and e=0:1 in order to guaran-
tee the stability condition a .Lm=

ffiffi
e
p

.
The experimental results are obtained for a pulse-

like and sinusoidal position reference signals. Since the
variations in the reference trajectories must be selected
as a frequency below the 23 dB point of the electro-
magnet, first we find that the time constant of the coil
is te =0:0375s which results in a bandwidth of
1=te =26:7 rad=s or 4.25 Hz, and then the frequencies
of the reference trajectories are taken as f = 0.25 Hz.

For a pulse-like reference signal with a 0.25-Hz fre-
quency and a 2-mm peak-to-peak amplitude, the
experimental test results are shown in Figures 5–8.
While the operating point is taken as x0 =6mm in con-
trol calculations, the reference trajectory varies from 8
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to 10 mm. Figure 5 shows the position tracking perfor-
mance of the PIV plus PI controller, while Figure 6
shows the performance of the SMC plus SMC control-
ler. It is seen that the SMC + SMC control approach
gives better tracking performance than the PIV + PI
controller since it holds the ball during startup and fol-
lows the reference position trajectory thereafter and has
much smaller tracking error as seen in Figure 7. The
small oscillations around the reference point are due to
the effects of measurement error of the position sensor
(see its sensitivity in Table 1), sampling and measure-
ment noise. It is seen from Figure 7 that the position
error is limited to about 60.4 mm for the PIV + PI
controller, but on the other hand, the tracking error
approaches to 60.1 mm with increasing operation time
for the SMC + SMC controller. Figure 8 shows the
response of the coil current of cascade controllers. The
SMC + SMC controller has a fast variation in the
applied current, which is necessary to eliminate the
effects of inductance uncertainty and to provide a
highly satisfactory tracking performance.

In the second trial, tracking of a 0.25-Hz sinusoidal
reference signal with a 2-mm peak-to-peak amplitude,
xr =9+sin (1:57t), is evaluated. The performance of
the system under the proposed cascade SMC control
law is illustrated in Figures 9–13. The corresponding
position tracking response is given in Figure 9 where it
is clear that the controller holds the ball during startup
and follows the reference position trajectory thereafter.
The reference tracking error, seen in Figure 10, oscil-
lates between 60.1 mm at steady-state for the sinusoi-
dal reference signal. The applied voltage shown in
Figure 11 varies around 14 V. The applied current and
the current tracking error are displayed in Figures 12
and 13, respectively. It is clear that the current error
reaches 0 in a short time and stays around 0 thereafter.

It should be noted that it is not possible to provide a
healthy comparison with the literature since the

Figure 5. Position tracking performance of the PIV plus PI
controller.

Figure 6. Position tracking performance of the SMC plus SMC
controller.

Figure 7. Position tracking error.

Figure 8. Applied coil current for the maglev system.

Figure 9. Sinusoidal tracking performance of the SMC plus
SMC controller.

Figure 10. Sinusoidal tracking error.
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experimental setup is different from the ones used in
the literature. On the other hand, it was reported that
the tracking error oscillates between 60.4 mm with
linear controllers and 60.1 mm with some nonlinear
controllers.7 Therefore, while our experimental setup
is different, the SMC-based cascade controller pre-
sented here provides the best possible results with
60.1 mm tracking error for the single-axis magnetic
levitation plant.

Conclusion

An integral SMC plus output feedback SMC-based
and a PIV plus PI cascade controllers are designed for
tracking control of a magnetic levitation plant. The
proposed cascaded SMC controllers are able to stabi-
lize the magnetic levitation system from tough startup
conditions to the desired operating points. To deal with
the unstable nature and uncertain nonlinear dynamics

of the plant, the magnetic levitation plant is represented
with electrical and mechanical models, and the con-
trol problems of these parts are treated with sliding
mode cascade controllers. The experimental results
show that the proposed control method provides a
highly satisfactory tracking control performance in
the presence of inductance originated disturbance and
uncertainties. The cascaded SMC controllers keep the
current error around 0 and provide a position error
around 60.1 mm at the steady-state, which is very
small compared to the literature. This work also
shows that it is possible to use sliding mode control-
lers in cascade control form for getting good perfor-
mances in the electromechanical systems.
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