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Reactivity, precursor concentration, and external neutron source strength determine control, operation
and performance of nuclear reactors. These main reactor quantities are not directly measurable and must
be calculated or estimated using reactor kinetics. This study presents efficient and robust nonlinear esti-
mation algorithms for predicting these fundamental reactor quantities. The effectiveness of the proposed

estimators is assessed through chirp and step test signals in the presence of parameter uncertainties and

measurement noise.
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1. Introduction

Nuclear data acquisition and process information system devel-
opments are crucial for control and operation of nuclear reactor
dynamics. Nuclear reactor dynamics are usually expressed with
reactor kinetics equations. The reactor kinetics models are com-
monly used in many practical situations including fast transient
analysis (e.g. reactor accidents) and short-term operating transient
analysis (e.g. power-level reactivity effects). They are constructed
with reactivity, neutron generation time, delayed neutrons, and
external neutron source, which are common to all types of fis-
sion reactors (Hetrick, 1993). It is well-known that reactivity
measurement is important for monitoring the reactor condition,
quantification of the worth of fuel bundles, and controlling the
reactor. The delayed neutrons contribute less than 1% of the
neutron reproduction in fission reactors, but they are extremely
important for the controllability of nuclear reactors. The external
neutron source is necessary for reactor startup and for maintain-
ing criticality in source-driven subcritical systems. One challenge
is that reactivity, external neutron source, and delayed neutron
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concentrations are not directly measurable quantities and must be
calculated or estimated through reactor kinetics.

Estimation methods play an important role in nuclear indus-
try since there are many quantities, e.g. reactivity, which cannot
be ascertained directly by an ordinary sensor process. Two differ-
ent classes of estimators are used: open-loop state estimators and
dynamic estimators. Unlike the open-loop estimators, the dynamic
estimators respond to a given state measurement and adjust esti-
mates of other states to drive the predicted measured state to the
actual state. Dynamic estimators use mathematical models and
feedbacks from measurable states, and thus, they provide the best
estimates (Martin and Edwards, 2000). The application areas of the
estimators include estimation of state variables and parameters for
data reconciliation (Albuquerque and Biegler, 1996; Grauf et al.,
2000; Martin and Edwards, 2000), for online condition monitor-
ing (Ablay and Aldemir, 2013; Hashemian and Feltus, 2006; Hines
and Davis, 2005; Humberstone et al., 2011; Li and Bernard, 2002;
Rasmussen et al., 2002; Zavaljevski et al., 2004), for critical param-
eter estimation (Ablay and Aldemir, 2011; Cadini and Zio, 2007,
Marseguerra et al., 2003; Perez-Cruz and Poznyak, 2007; Qaiser
et al., 2009; Wang et al., 2001), and for use in automatic control
design (Dong et al., 2009; Na and No, 1992; Park and Cho, 1992;
Reddy et al., 2008). The accuracy of estimated quantities in these
practical applications usually depends on the accuracy of the math-
ematical models of systems. Therefore, estimators must be robust
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in the presence of disturbances, modeling and parameter uncer-
tainties. Moreover, simple and flexible design characteristics are
the other significant properties that an estimator must have in
practical point of view.

The aim of this study is to provide simple, efficient and robust
dynamic-estimation algorithms for reliable reactivity, external
neutron source, and precursor estimations in nuclear reactors. Pro-
posed estimation approaches are based on mathematical models
of nuclear reactors and nonlinear estimation theory. The provided
estimators are simple, but robust in the existence of disturbance
or parameter uncertainty. These estimation approaches can be sig-
nificant for online condition monitoring, data reconciliation and
nuclear reactor control.

The paper is organized as follows: Section 2 describes the char-
acterization and modeling of nuclear reactors. Section 3 provides
estimation algorithms for reactivity, external source and precur-
sor estimations. The implementation results and conclusion of the
study are given in Sections 4 and 5, respectively.

2. Problem formulation and preliminaries

In the following subsections, dynamical information about
nuclear reactor models and integral filters that will be used to
construct state estimators is provided.

2.1. Reactor model

The prediction of time behavior of the neutron population in a
nuclear reactor core is important for transient analysis and accident
consequences analyses of fission reactor. The point reactor kinetics
(PRK) equations are a one-speed diffusion model and a very pow-
erful tool for describing time behavior of a nuclear reactor (Hetrick,
1993; Nahla, 2010; Sathiyasheela, 2010; Theler and Bonetto,
2010). The time-dependent and nonlinear PRK equations are
given by:

6
dN(t)  p(t)— B
= TN(t)-ﬁ-;)niC,‘(f)-i-S(f) 1)

dc(f) - %N(t)-xiq(t), i=1,..6
where N (in watts) is the neutron power, C; (in watts) represents
the precursor concentration for ith delayed neutron precursor, p
(in Ak/k)is the net reactivity, S (in watts per second) is an effective
neutron source strength provided by external sources, A; (in 1/s)
is the decay constant for ith delayed neutron precursor, f; is the
fractional yield of ith precursor group, 8 is the total precursor yield
fraction 8= +,...,+ g, and A (in s) is the mean neutron genera-
tion time which is about 108 s for fast reactors and about 103 s for
thermal reactors. The net reactivity p (in Ak/k) depends on the size
of reactor, amounts and densities of various materials, and neutron
cross sections. Since all these parameters are affected by temper-
ature, pressure and fission fragments, reactivity depends on the
power history of a reactor. Thus, net reactivity of nuclear reactors is
summation of the external reactivity input and reactivity feedback
which is a function of neutron power, in general. Namely,

p(t) = pc(t) — aN(t) (2)

where p. is the external reactivity input and « is the reactivity
feedback coefficient.

For simplification, we can also consider the case in which all
delayed neutrons are represented by one effective delayed group
by defining an averaged decay constant as

6
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Then, the PRK can be simplified as
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where A is the averaged decay constant and C represents the effec-
tive precursor concentration. It is often convenient to use simplified
PRK (4) while it becomes useless for very small reactivities.

It is possible to reduce the set of coupled differential equations
(1) to a single integro-differential equation in terms of N. For this
aim, a solution to nonhomogenous precursor concentration equa-
tions can be obtained as

(4)

t
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where initial conditions G are equal to
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Substituting (6) into (5), the solution of precursor equations is
as follows:
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Substituting (7) into the neutron power Eq. (1), a nonlinear
integro-differential form of the PRK can be obtained as:

dN(t)  p(t)- B
d A
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where @ is the integral equation. For one effective delayed group
representation (4), Eq. (8) can be rewritten as:
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where A is defined in Eq. (3). The nonlinear integro-differential
equations givenin (8)and (9)will be used for reactivity and external
source estimations for nuclear reactors, respectively.

2.2. Integral Filters

Integral filters are commonly used in practical control appli-
cations to filter out the effects of noise in measurements and
to calculate derivative of references or measurements. Mathe-
matically, these filters can be composed of nth order differential
equations, but the first and second order filters are usually used in
control systems. A first order low pass filter is constructed as

dz(t)
e~
where z is a small enough positive time constant and g is a noisy

signal which may or may not be differentiable. It is obvious that if
7 is sufficiently small, the output of low-pass filter is

z(t) ~ g(t) (11)

This means that the low-pass filter eliminates the high fre-
quency component (or noisy part) of signal g, but preserves
slow-varying component of function g.

T —z(t) + g(t) (10)
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Now, consider a second order low-pass filter defined by the
following equation (Lu and Hedrick, 2000):
T d%2(t) _dz(t)

T = -1~ —2(6) +8(1) (12)

Such a filter exists because its roots always have negative real
parts for 7>0, i.e. 512 =(—1%1). Again, if 7 is sufficiently small, the
output of low-pass filter approaches the slow-varying component
of signal, i.e. z(t) ~ g(t). The second order low-pass filter eliminates
the high frequency component (or noise) of the signal g with a
higher precision compared to the first order low-pass filter.

Similarly, higher-order low-pass filters can be constructed. The
advantage of higher-order low-pass filters are the stronger noise
rejection and higher precision by comparison to low order low-
pass filters. However, the computational burden and time delay in
the signals increase with the order of filters.

3. State and parameter estimations using the reactor model

Simple precursor concentration, source term and reactivity esti-
mation algorithms for nuclear reactors are provided below. It
should be noted that in the following algorithms, the second order
filter can be used for more accurate estimations while the first order
filter is designed for simplicity. Furthermore, the time dependency
of the error functions will not be shown in notations for simplicity.
In estimators, since a constant gain § appears only in the estimation
algorithms, it can be selected arbitrarily large.

3.1. Reactivity estimation

The reactivity is the control input of nuclear reactors. As
described in Section 2, the reactivity consists of intrinsic feedback
reactivity and external reactivity input which is provided by shim
control mechanisms for controlling reactor power. Computation
of reactivity feedback is one of the central problems of nuclear
reactors. The reactivity measurements are obtained through the
reactor kinetics and counting methods in critical reactors (Ansari,
1991; Cacuci, 2010; Gallmeier and Steichele, 1994; Hu et al., 2013;
Perez-Cruz and Poznyak, 2007; Racz, 1992; Wright, 2005). Since the
external neutron source term can be ignored in high-power reac-
tors, a simple reactivity estimation algorithm can be obtained by
using neutron power dynamics (8) as:

dN(t)

YO g Br
5 = 4 N - SN + o(0) (13)

Y(t) = &rsign(N(t)en)

where N is the estimation of N, the integral equation @ is defined in
Eq. (8), 8- is a constant estimator gain, and the error state is defined
by ey = N — N. The sign (-) function is the unit vector defined by:

. e
sign(e) = — 14
gn(e)= (14)
The time derivative of power error state (from (8) to (13)) is
obtained as:
den _ p(t) — (1)
— = T IN(t 15
- N (15)
where N(t) is measurable. Convergence of error dynamics can
be determined by the Lyapunov theorem (Khalil, 2002) which
states that for a Lyapunov function defined by a positive defi-
nite, quadratic and scalar function of state variables, its derivative
must be negative for stability. This approach obviates the need to
solve the differential equations when evaluating their convergence
(or stability) properties. Since there are no generally applicable
rules for defining Lyapunov functions, trial/error and mathemat-
ical/physical insight are often used. To analyze convergence of the

error dynamics (15), a Lyapunov function is defined as L = eﬁ,/z,
and then we have
deny _ p(t) — (1) 1

N = 1 Ney < Z(Ip(t)l — &r)INen| (16)

If the estimator gain &, is selected large enough to satisfy
8r>|p(t)], it will be eyéy < 0 such that the power error converges
to zero, ey — 0. To extract the reactivity, we need to use a low-
pass filter as defined in Section 2.2. After the power error reaches
zero, the reactivity is equal to the low-pass filtered value of the
discontinuous function §,sign(Ney), i.e. for a first order filter,

dz(t)

T = ~2(t) + 8rsign(New) (17)

where the reactivity p(t) is extracted from z(t) after ey — 0.

3.2. External neutron source estimation

The external neutron source is necessary for reactor startup and
an important power source for low-power nuclear reactors, e.g.
space reactors (Shtessel, 1998; Upadhyaya et al., 2005). The effect of
external source changes in time due to decay process (Neeb, 1997),
and external source contributes to tritium level in coolant (Shaver
and Lanning, 2010). Hence, external source estimation may be use-
ful for tracking its level in low-power reactors and tritium level
traction in the coolant for high-power reactors. A simple external
neutron source estimation algorithm can be obtained from neutron
power dynamics when the reactivity is known. This assumption is
specifically valid for source-driven subcritical systems since reac-
tivity can be measured by Feynman-alpha (Pazsit et al., 2004),
Rossi-alpha (Mufioz-Cobo et al., 2011), Cf-252 (Mihalczo et al.,
1990), and source modulation (Wright, 2005) methods. Consider
a power estimation algorithm

dN() — Mﬁ(t)+¢(t)+8ssign(e1\,) (18)
dt A

where N is measurable, p is assumed to be known, @ is the inte-
gral equation given in (9), and §; is a constant estimator gain. It
should be noted that since external source has very small variations
(nearly constant), use of one effective delayed group representa-
tion (9) provides good estimation results and simplicity. From Egs.
(9) and (18), the dynamic of power estimation error ey = N — N is
governed by

dey  p-B

a - A en +S — dssign(en) (19)

Similar to Section 3.1, for a Lyapunov function L = e,z\,/2, we have

de — -
N _ PP | Sen — Solent < ( p—F

NG T A A

lenl +1SI - 5s> len|
(20)

Here, if the estimator gain s is selected large enough to satisfy

8s > p;\—ﬂ len| + S|, it will be eyéy < 0 such that the power error

convergences to zero, ey = 0. To obtain the source term, we need to

use an integral (low-pass) filter as defined in Section 2.2. Once the

error reaches zero, the source term is equal to the low-pass filtered

value of the discontinuous function §ssign(ey), i.e. for a first order

filter,

r% = —z(t) + dssign(en) (21)
5(t) = z(t)

where z(t) is equal to the source term S(t) after ey — O.
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3.3. Precursor concentration estimation

The one delayed group PRK model has a measurable state vari-
able, neutron power, and an unmeasurable state variable, precursor
concentration. Therefore, the precursor estimation is a classical
state estimation problem that can be solved with a state estima-
tor design. Assume that nuclear reactor is at high power so that
the extraneous neutron source is negligible. A simple and efficient
estimation algorithm for precursor concentration as described in
Ablay and Aldemir (2011) by using six-group precursor Eq. (1) is
given by:

W0 _ 0P

n Gi(t) + Scsign(N(t) — N(t))

i—1 (22)

Mm

dGi(t)

= Z'N(t) - & Gi(t)

where (N, C;) are estimations of (N,C;) and 8 is a constant estimator

gain. The estimation errors for neutron power and precursor con-

centration are definedasey = N — Nand ec; = G; — G, respectively.

From Egs. (1) and (22), the dynamic of power estimation error state

is

d B °

en — .

= pA eN + Z)L,-ecq,- — &¢sign(ey) (23)

i=1

Similar to previous sections, a Lyapunov function can be selected
as L = e2/2, then its derivative is

6
de -
ENT;V = pA'Beﬁ-i-eNZ)hiec,i—fScIeNI
i=1

= —_—

Pl et + ZA eci| =3¢ | lenl (24)

Here, the observer gain & is selected large enough to satisfy
8¢ > 1(p—B)/Allen] + ‘Z?)‘iec,i‘- Hence, the derivative of the Lya-

punov function turns out to be negative definite, eyéy < 0, which
indicates error convergence to zero. For the precursor concentra-
tion, we have the following error dynamics,

dec, /31
dt A

After ey — 0 with increasing time due to large gain J., the
error state ec; will have an exponentially decaying solution,
eci=eci(0)exp(— A;t) for the initial conditions ec;(0). Hence, the
estimation error on the precursor concentration decays to zero, i.e.
eci— 0insome time (around 4/A; s since A;’s are the time constants
for precursor error dynamics).

—en —Aiec (25)

4. Numerical results

The implementation of the estimation approaches is performed
with MATLAB/Simulink programs. The numerical solution method
is the MATLAB’s ODE15s (a variable order solver based on the
numerical differentiation formulas for stiff problems (Shampine
and Reichelt, 1997)) with relative accuracy tolerance of 10~9, since
the MATLAB’s numerical solution methods (ODEs) provide the
best results for PRK solutions according to Aboanber (2006). It
is assumed that the neutron power measurement is exposed to
normally distributed measurement noise with zero mean and a
standard deviation of 0.013 (or around +5% of the normalized
power value). By considering contemporary digital technologies,

Table 1
U-235 neutron data for PRK model.

Group Decay constant, A; (1/s) BilB Delayed fraction, S;
1 0.0126 0.0323 2.10x 10°*
2 0.0301 0.218 142 %1073
3 0.1118 0.195 127 x103
4 0.3014 0.397 2.58 x 1073
5 1.1363 0.115 7.50x 1074
6 3.0137 0.0415 2.70 x 1074
Total delayed neutron fraction, 8 0.0065
Mean neutron generation time, A (s) 3x10°°
Averaged decay constant, A (1/s) 0.0769
Reactivity feedback coefficient, o 0.003

it is convenient to use very high sampling frequency (above GHz or
below nanoseconds level) where digital signals are nearly continu-
ous, so discretization is not needed for the proposed approaches. In
the estimations, the second-order low pass filter given in Eq. (12)
with 7=0.05is used. The PRK model parameters used in simulations
are given in Table 1.

In numerical simulations, the sign(-) function (or unit vector) in
the estimators are replaced with saturation function (Eq. (26)) to
ease numerical calculations by providing a continuous approxima-
tion to the sign(-) function.

sat (g) _ { e/lel,

£ e/e,
where ¢ is known as boundary layer width and is a small constant,
e.g. £=0.01 in the following applications.

The step and chirp signals are used for test input reactivity
signals in simulations. Chirp signal is commonly used for system
identification or for testing the performance of a system (You et al.,
2012). The chirp signal is a sine wave whose frequency increases at
a linear rate with time, and is given by

w(t) = Asin(2m(fg + ut)t) (27)

if le/el>1

if le/el <1 (26)

where amplitude A, starting frequency fy and chirp rate u deter-
mine the features of chirp signal.

4.1. Reactivity estimation

The reactivity estimations for the chirp and step reactivity
inputs are illustrated in Figs. 1 and 2. The estimator parameters
are selected as ;=10 for reactivity estimator (13), T=0.05 for low
pass filter (17) and ¢ = 0.01 for sat(-) function (26). In Fig. 1a, the net
reactivity estimation is given for the chirp reactivity input signal,
pin=0.008 sin 27£(0.01 + 0.4t). Since actual model and estimator
have different initial conditions (Ng=0.6 and Ny = 0.71), the esti-
mator converges to the actual reactivity at around 0.4s. In Fig. 1b,
the input reactivity has a step change at the time t=50s and again
it takes 0.4s for estimator convergence to the actual reactivity.
It is obvious from figures that the proposed reactivity estimator
provides excellent reactivity estimation results.

Fig. 2 shows reactivity estimation results for the chirp reactivity
input signal under noisy neutron power measurement. While the
noise on reactor power measurement is about +5% of the normal-
ized power value, the net reactivity is estimated perfectly. Small
fluctuations on the estimated reactivity are due to noisy power
measurement, but its effect is minimized by the second-order low
pass filter. Under noisy power measurement, the time constant
of the low pass filter T must be selected carefully to minimize
the effect of the noise on the estimated reactivity because the
effect of measurement noise is becoming larger when reactivity is
decreasing.
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Fig. 1. Reactivity estimations for (a) chirp input reactivity and (b) step input reactivity excitations.

Fig. 3 displays reactivity estimation error for chirp input reactiv-
ity excitation under noisy neutron power measurement (compare
with Fig. 2b). It is obvious that reactivity estimation error is very
small for constant or slowly varying reactivities as seen in the first
10s of Fig. 3, but becoming larger with increasing frequency of the
reactivity. Hence, we can deduce that the slower reactivity input
variations is, the smaller reactivity estimation error is obtained,
and vice versa.

4.2. External neutron source estimation

The external neutron source estimation is illustrated in Fig. 4 for
the step neutron inputs. The estimator parameters are selected as
8s =300 for external neutron source estimator (18), T=0.2 for low
pass filter (21) and £=0.01 for sat(-) function (26). It is assumed
that the reactivity input is a constant, pj, =8 x 10~3 Ak/k. Fig. 4a
displays the external source estimation result for non-noisy power
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Fig. 2. Reactivity estimation under noisy neutron power measurement, (a) normalized neutron power and (b) chirp input reactivity excitations.
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Fig. 4. Estimation of external neutron source normalized to power, (a) source estimation without noisy power measurement and (b) source estimation under noisy power

measurement.

measurement, and Fig. 4b shows the same estimation when power
measurement is polluted with noise. Since actual model and esti-
mator have different initial conditions (Ng = 0.6 and Ny = 0.71), the
source estimator converges to the actual source at around 0.4 s. The
small fluctuations on the estimated source are due to noisy power
measurement, but again its effect is minimized by the second-order
low pass filter. It is obvious from the figures that the proposed
external source estimator provides excellent estimation results.

4.3. Precursor concentration estimation

The precursor estimation results are illustrated in Figs. 5-7. It
is assumed that the reactivity input is a chirp signal for actual

system, but it is taken as constant for the precursor estimator
as illustrated in Fig. 5. The estimator parameters are selected as
8¢=300 for precursor estimator (22), and ¢ =0.01 for sat(-) function
(26). Fig. 6 displays the precursor estimation result. Because actual
model and estimator have different initial conditions (Ng = 0.6 and
Np = 0.71), the estimated precursors converge to the actual precur-
sors at around 4/A; =317 s for €y, 4/A5 =132 for Cy, 4/A3=35.78s
for C3, 4/A4=13.27s for C4, 4/A5=3.52s for Cs, and 4/Ag=1.32s
for Cs. Note that the settling time here is taken as 4/A for a time
constant A (decay constant). The proposed precursor estimator pro-
vides excellent estimation results even though the actual PRK and
precursor estimator have different initial conditions and reactivity
input values.
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Fig. 5. External reactivity inputs, chirp signal for the PRK system and a constant signal for its estimator.
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Fig. 7. Estimation errors for precursor concentrations.

Fig. 7 illustrates the precursor estimation errors. Similar to the
explanations of Fig. 6, the estimation errors converge to zero with
the settling time 4/A;, e.g. 4/A1=317s for ec1, 4/A,=132s for ec,
and so on. It should be noted that the larger the estimator gain
8¢ is, the smaller precursor estimation errors can be obtained. The
numerical results agree with the theoretical foundations given in
Section 3.3.

5. Conclusion

The paper has investigated robust reactivity, external neutron
source, and precursor estimation algorithms through dynamic-
nonlinear estimators. The estimators are designed based on
nonlinear reactor kinetics equations and nonlinear estimation the-
ory for robust quantity estimations. The estimation algorithms
remove disadvantages of linear estimation approaches including
limited bandwidth and performance degradation during opera-
tion point variations. The results demonstrate that the estimation

approaches provide reliable and accurate reactivity, neutron source
and precursor concentration calculations while there exist initial
condition and parameter uncertainties, and noisy measurements,
which will increase control flexibility and safety of nuclear reactors.
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