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This work deals with the existence and uniqueness of a nontrivial solution for the third-order p-Laplacian m-point eigen-
value problems on time scales. We find several sufficient conditions of the existence and uniqueness of nontrivial solution
of eigenvalue problems when A is in some interval. The proofs are based on the nonlinear alternative of Leray-Schauder.
To illustrate the results, some examples are included. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

The theory of dynamical systems on time scales is undergoing rapid development as it provides a unifying structure for the study
of differential equations in the continuous case and study of finite difference equations in the discrete case; see [1-13] and the
references therein.

Anderson [14] studied the third-order nonlinear boundary value problem

X" = f(t,x(1)), Hh<t<t,
x(t)) =x'(t;) =0, yx(t3) + 8x"(t3) = 0.

He proved the existence of solutions to nonlinear problem by using the Krasnoselskii and Leggett-Williams fixed-point theorems.
Jiang and Agarwal [15] considered the following singular third-order boundary value problem

y" = f(y), 0 <x < 400,
y(0) =0, y(H+oo)=1,  y(+00) =y"(4+00) =0,

where f(y) = (1 — y)*g(y), A > 0, g(y) is positive and continuous on (0, 1]. They had a unique solution by using a priori estimates.
Li [16] studied the existence of single and multiple positive solutions to the nonlinear singular third-order two-point boundary
value problem

u” ()+Aa)f(u(t)) =0, 0<t<T,
u(0)y =d’(0) =u”(1) =0,

where 1 is a positive parameter. Under various assumptions on a and f, he established intervals of the parameter A, which yield the
existence of at least one, at least two, and infinitely many positive solutions of the boundary value problem by using Krasnoselskii's
fixed point theorem of cone expansion-compression type.
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Liu et al.[17] considered the existence of at least one or two nondecreasing positive solutions for the following singular nonlinear
third-order differential equation

X" () +Aa(Df(t,x(t)) =0, a<t<b,
x(a) = x"(a) = x'(b) = 0.

They used Green’s function and the fixed-point theorem of cone expansion and compression type.
Sun [18] investigated the existence of positive solutions for the nonlinear singular third-order three-point boundary value problem

u” (t)—Aa(bF(t, (u(t)) =0, 0<t<1,
u(0) =dv'(n) =u’(1) =0.

He established various results on the existence of single and multiple positive solutions to boundary value problem by using a fixed
point theorem of cone expansion-compression type due to Krasnoselskii.
Yao [19] considered the existence of a positive solution for a semipositone second-order boundary value problem

u” (t) =Aq)f(t, u(t), U’ (1)), 0<t<T,
au(0) — Bu’'(0) =d, u(1) =0,

whered >0, « >0, 8 >0, « + 8 > 0,and g(t)f(t,u,v) > 0 on a suitable subset of [0, 1] x [0, +00) X (—0o0, +00). The proofs are
based on the Leray-Schauder fixed point theorem and the localization method.
Yao [20] found a successively iterative scheme of positive solution for the nonlinear third-order two-point boundary value problem

u” () + qu” @)t (u(®) = 0, ae telo,1],
u(0) = A, u(l) =B, u’ () =C.

The main tool is monotone iterative technique on Banach space.
Zhou and Ma [21] found the existence of positive solutions and established a corresponding iterative scheme for the following
third-order generalized right-focal boundary value problem with p-Laplacian operator:

(@) (®) +qOf(t, (u®) =0, 0=<t=1,

u@© =Y auE), U =0, ()= Bu"®).
i=1

i=1

The main tool is the monotone iterative technique.

The boundary value problems with p-Laplacian operator [21-24] and higher-order nonlinear boundary value problems [14-19, 21]
have been studied extensively in the literature. But, there are not much concerning third-order p-Laplacian dynamic equations on time
scales, see [25].

In this paper, we consider the existence and uniqueness of a nontrivial solution for the third-order p-Laplacian m-point eigenvalue
problems on time scales

(Gp(uAV))Y + Af(t,u(t), u () = 0, te (0,7, (1.1)
m—2
u© =0, ut(M=> autE), u*v©O) =0 m=3, (12)
i=1
where ¢, (u) is p-Laplacian operator, that is, ¢,(u) = |ulP~2u, forp > 1, with (¢,) ™' = ¢gand 1/p + 1/g = 1,1 > Ois a parameter.

Some basic knowledge and definitions about time scales can be found in [5, 6].

Motivated by the results mentioned earlier, in this paper, we shall show existence and uniqueness of nontrivial solutions of (1.1) and
(1.2). Our proofs are based on the nonlinear alternative of Leray-Schauder.

The conditions we used in the paper are different from those in [15-17,19, 20, 26]. For the methods used in [14, 16-18], u"(t) is linear
with respect to u, and thus, the corresponding Green'’s function G(t, s) exists. However, with regard to problems (1.1) and (1.2), when
p # 2, ¢p(u) is not linear with respect to u, and thus, the corresponding Green’s function G(t, s) does not exist. So, the methods used
in [14, 16-18] are not applicable to problems (1.1) and (1.2). When the nonlinear term does not satisfy the usual conditions used in
[11,21-23,27,28], we concentrate on the case. The results in the paper improve those presented in [25]. The results are even new for
the special cases of difference equations and differential equations, as well as in the general time scale setting.

The following conditions will be used in this paper:

(H1) 0,TeT, 0<é& <& <o <Ep—y < p(T), a € [0,00) satisfy 0 < Z,'f:]za,- <1 i=12...m—=2;

(H2) f € Cig([0, T] x R x R).
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2. Preliminaries and lemmas

For convenience, we list the following well-known definitions, which can be found in [5, 6].
Definition 2.1
A time scale T is a nonempty closed subset of the real numbers R. For t < sup T and r > inf T, define the forward jump operator o
and backward jump operator p, respectively, by
o(t)=inflt e T|t >t} €T,
p(r)=sup{t e T|t <r}eT,
forallt,r € T.Ifo(t) > t, tis said to be right scattered, and if p(r) < r,ris said to be left scattered; if o (t) = t, t is said to be right dense,

and if p(r) = r,ris said to be left dense. If T has a right scattered minimum m, define Ty = T — {m}; otherwise, set Ty = T.If T hasa
left scattered maximum M, define T* = T — {M}; otherwise, set T = T.

Definition 2.2
Forf: T — Randt € T the delta derivative of f at the point t is defined to be the number f2 (t) (provided it exists), with the property
that for each € > 0, there is a neighborhood U of t, such that

f(a(t)) — f(s) — FA () (0 (1) —5)| < €lo(t) —s],
foralls € U.

Forf: T — Randt € Ty, the nabla derivative of f at t, denoted by fV (t) (provided it exists) with the property that for each ¢ > 0,
there is a neighborhood U of t, such that

If(p(®)) = £(5) = FY (©)(p(t) = 5)| < €lp(t) — s,

foralls € U.

Definition 2.3
A function f is left-dense continuous (Id continuous), if f is continuous at each Id point in T and its right-sided limit exists at each
right-dense point in T. The set of Id-continuous functions f will be denoted by Cj4(T).

Definition 2.4
If G2 (t) = f(t), then we define the delta integral by

b
/ f(t)At = G(b) — G(a).
a
If FY (t) = f(t), then we define the nabla integral by

b
/ f()Vt = F(b) — F(a).

Lemma 2.1
If 1 — Y7 a; # 0, then for h € Ci4([0, T], R),

(o WV)Y + Ah(t) = 0, teO,T), 2.1)

m—2
u0 =0, WM =) autE) u*V(©0) =0 (22
i=1

u(t) =—/0 (t— g (A[O h(r)Vt) Vs

has the unique solution

\ 2 & (2.3)

o[ J0 80 0SS h@)VT) Vs = X7 a1y g (3 Jo h(@)VT) Vs |

-y a
Proof
From (2.1), using the properties of the integral in Section 8.4 of Reference [5], we have
t s
u(t) = —/ (t—95)¢q (A/ h(t)Vt — C1) Vs + Gt + G. (2.4)
0 0

. ______________________________________________________________________________________________________|
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Because uV (0) = 0and u(0) = 0, we obtain Gz = 0, C; = 0. We solve for C,. By u(T) = 372 au (&), it follows that

T s m—2 & s
_/0 &q ()L/O h(t)Vr) Vs+ G = ; a; |:—/0 @q (A/o h(r)Vr) Vs + C2i| .

Solving the aforementioned equation, we have

Jo ba (A Js h(@)VT) Vs = S22 ay [ g (A J3 h(x) V) Vs

1— 1a,

G =

Substituting this in (2.4), we obtain

ut) = — /t(t—s)zﬁq (A /Sh(f)vf) Vs

{fo ¢q (A [Sh(x)VT) Vs — 0 a,f0’¢q (A f3 h(x)VT) V5i|
1_21 1 a’ '

It is easy to see that the BVP (¢, (u2Y))Y = 0, u(0) = 0, u(T) = Y72 au® (&), u”V(0) = 0 has only the trivial solution. Hence, u
in (2.3) is the unique solution of (2.1) and (2.2). This completes the proof. O

Let X = Cu[0, T] be endowed with the ordering x < y if x(t) < y(t) forall t € [0, T], and ||u|| = max¢c[o,r] | u(t) | is defined as usual
by the maximum norm. We present the norm Y = C,[0, T] by

A A
lullv = llull + [u™ ] = max [u®)] + max |u™(2)].
te[0,7] te[o,T]

Obviously, it follows that (Y, ||u||;) is a Banach space.

Lemma 2.2 ([29]) _
Let X be a real Banach space and 2 be a bounded open subset of X,0 € Q, A : & — X be a completely continuous operator. Then
either there exist x € 922, A > 1 such that A(x) = Ax, or there exists a fixed point x* € Q.

3. Main results

For notational convenience, we denote

0(5) = ¢4 ( /0 (p(x) + q(r))w) ,

V) = b, ( / S r(r)vf),

where p, g, r are nonnegative functions and p,g,r € L'[0, T],

T 2-Y"2a+T\ [T T+1
L, _/0 (T S)(p(S)VS+(—Z, 7, )/0 <p(s)Vs—|—(1 S al)Za,/ @(s)Vs,

i=1

(T 2" a4 T
L= (T_SWS)VS+(1—Z, e )[ 1//<s)Vs+(1 - 10,)2::,[ Vs

Theorem 3.1
Assume that (H1), (H2) hold, f : [0, T] x R x R is Id-continuous R = (—o0, +00), f(t,0,0) # 0, fort € [0, T], there exist nonnegative
functions p, g, r € L'[0, T] such that

IFt,u,v)| < p@®)|ulP" +q)|vP~! +r(t), ae. (tuv)e[0,T]xRxR, 3.1)

and there exists t; € [0, T] such that p(tp) # Oor q(to) # 0.Then there exists a constant A* > 0 such thatforany 0 < A < A*, problems
(1.1) and (1.2) have at least one nontrivial solution u™ € C},([0, T], R).

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 1634-1645
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Proof
In view of Lemma 2.1, we know that problems (1.1) and (1.2) have a solution u = u(t) if and only if u solves the operator equation

u(t) = Au(t) = — [ (=9 (k / fru(o), uA(r))Vr) Vs

[fo b (0. Jy o u(0) A @)V ) Vs = T 5 b (0 [ F(z,u(e), u> (1) V) vs}
1 _ZI 1 a' '

in Y. Therefore, we only have to search for a fixed point of A in Y. It follows from the Arzela—Ascoli theorem on time scales [30] and
Lebesgue’s dominated convergence theorem on time scales [31] that A : Y — Y is completely continuous.

Because |f(t,0,0)| < r(t), a.e.t € [0, T], we know that fOT ¥ (s)Vs > 0, from p(ty) # 0orq(ty) # 0, we can easily find fOT ©(s)Vs > 0.
Let

n=-=, Q={ueCy0T]:|ulh <n}.
Assume u € 92, u > 1suchthat Au = pu.Then
pn = plully = [Aully = [Aul| + [|(Au) 2.

Because

T s
Aul = [max [ Au(t) |< / (T—5)¢q (A / | f(z,u(x),u™ (1)) | vf) Vs
fo g (A Js If (z,u(x),u” ())|V7) Vs

2 [y dq (A fs If(z, u(r) u®(t))|Vt) Vs
1_21 1 G,

.
< f (T = 35)¢q (/\ / [p(r)lu(r)l"‘1 +g(0)|u @) PP +r(r)] vf) Vs
0 0
TfoT $q (A [5 [POIu@P" + q(0)|[u® (0P~ 4+ r(x)] VT) Vs

LT

-y g
4T 3 ai [y dq (A fy [P@lu@)P! + t?(T)IUA(f)I”_1 +r(z)] Vz) Vs
1_21 1 G,

T s s
= [[T-90, (A [nun‘:“ [ e +aonves [ r(r)Vr]) Vs
0 0 0

TfOT do (2 [1ulE™" J5 (p(@) + a(@) VT + [ r(0)Ve]) Vs
1 _Zl 1 a'
S 0 g (A Il f3 (@) + (@) Ve + [y rVe ) ¥

11— 1a,

.
= /O (T —5) [paM)llullip(5) + pg(M) ¥ (5)] Vs
n TfoT [dqM)llullre(s) + ¢q(x)1//(s)] Vs

1_21 1 G,
X a5 [$eMlulie® + ¢g(y(5)] Vs
-3 a
" TJ3 e6)Vs+ X1 a [y o(5)Vs ]
=¢q<x)||u||1{[0 (T=9)¢(6)Vs + .
T T[S v vs+ 0 a,fo’l//(s)Vs]
+80{ [(T=9pevs+ ,
0 1_21 1 a'

. ______________________________________________________________________________________________________|
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and
T s
(A2 | = [max (A2 (1) < / bq (A / |f(r,u(r),uA(t))|Vr) Vs
fo g (A [ If(x,u(v), uA(rmvf)
1 _Zl 1 G,
L XAy ¢a (A fg If(z,u(),ut (0)IV7) Vs
11— 27:12 aj
T s
<[00 (3 [ [ponucorr— + qoiet@p + 1] ve ) vs
0
fo $q (A f5 [P@u()P~" + q(r)luA(f)l" '+ r(1)] Vr) Vs
1 _Zl 1 G,
N Sr2ai [y dq (A fy [POIu@)P + q(0)[u® ()P~ + r(1)] V) Vs
-y a
.
< [ [baM)llulli0(s) + (MY ()] Vs
fo [dq(Vllullio(s) + ¢q(l)1/f(3)]
1 _Z =1 al
D i a,fo’[¢q(X)IIUII1<p(S)+¢q(k)w(5)]
1_21 1 a/
T Vs + i[5 o(s)V
:¢q(A)||U||1 {/; (p(S)VS—F fo (P(S) 5‘I _ZZI 1aalfo (/)(S) s
T fo Y()Vs+ Y0 a, b 1//(5)Vs
+6a() {/0 Y(s)Vs + S ,
we have

IAully < dg(MllulliLs + (ML,

p—1
Select A* = (21?) .Thenwhen 0 < A < 1*, we obtain

1 L,
n=pulully = ||Au|ly < —Li|ju —.
22 wllully lAull; < 2, lull + T

As aresult,
1 Ly Lo_ .
T
This contradicts i« > 0, by Lemma 2.2, A has a fixed point u* € Q, because f(t,0,0) # 0, then when0 < A < 1*, problems (1.1) and
(1.2) have a nontrivial solution u™ € C},[0, T]. The proof is complete. O

Corollary 3.1
Assume that (H1), (H2) hold, and f : [0, T] x Rx R — (—o0,0] or f : [0, T] X R x R — [0, +00) is Id continuous, f(t,0,0) # O, fort € [0, T]
and there exist nonnegative functions p, g € L'[0, T] such that

[£(t, ur,va) — £t uz, v2)| < p(©)|ur — uaP~" + q(©)|vi — va P,

. (3.2)
ae. (tu,v) €[0,T]xRxR (i=1,2),

and there exists ty € [0, T] such that p(ty) # 00or q(ty) # 0. Then there exists a constant A* > 0 such thatforany 0 < A < A*, problems
(1.1) and (1.2) have a unique nontrivial solution u* € C},[0, T].

Proof
Indeed, let u; = v, = 0, then

IF(t,ur, vi)| < p(O|ur P~ + q(t)|v; P~ + |£(£,0,0)|, a.e.(t,u;,vi) €[0,T] xR xR

We conclude from Theorem 3.1 that problems (1.1) and (1.2) have a nontrivial solution u™ € C},[0, T].
_______________________________________________________________________________________________|
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But in this case, we favor to concentrate on the uniqueness of a nontrivial solution for problems (1.1) and (1.2). Let A be given in
Theorem 3.1, which will verify that this leads to a contradiction. Indeed,

[Aur — Aua || = max |Aus (t) — Aua ()]
te[o,T]

_ / t(t—s)(ﬁq (x / f (o), u1A(r))Vr) Vs
0 0
+ /O (t —5)¢g ()L /0 ' f(r,uz(r),uzA(t))Vr) Vs
t T s A
+ Tlmz_‘lzal\/o‘ |:¢q (/’\,/0' f(T,U‘| (T),U] (T))VT)
— ¢q (A / ’ f(z, uz(r),uzA(T))V‘E):| Vs
0
_tya E"[ ( )
s /0 bq / f(z,ur (x), U (1)) VT
— ¢g ()L / ' f(z, UZ(T),UZA(‘[))V‘E):| Vs
T ‘ s
< / (T—5) |¢g (A / f(r,u1(r),u1A(t))Vr)
— ¢q( / f(z,uy(z), uj (r))Vr) Vs
T 27:12 aj /0
— g ()L / ' f(r,uz(r),uzA(t))Vr) Vs
TZ, Ca [ ( ’ A )
1_2:’ ; G,/ @q A/(; f(t,ui (), ur (r))Vr

— ¢g (A /0 f(f,uz(r),uzA(r))Vr) Vs

= max
te[0,7]

bq (A /0 f(z,ur (v), ué(r))Vr)

T
< [0 ([ ) = e, n(0) 1) Ve ) Vs

T fo Ba(M)g (5 |f(x,un(2), u%(z)) — f(z,ux(1),up (1)) V1) Vs
1 _Zl 1 G,

m—2
TZI ‘I al / ¢q(/\)

it

i
< [0 (T = $)gq(X)

(| v ) vs

X g ( /0 POl ()~ w P +40) [ui @ ~ud @] Vr) Vs

i
o [ a0

X @q (/; p(D)|ui(z) — ux() [P —I—q(r)‘ (r)—u2 (‘[)‘ Vr) Vs
m— 2
TZI ‘I al [ ¢q(/\)

o (/o ["(”'“1“)—“2&) P +a() [t (D) - up () 7 1]Vr)v

i
< [0 (T = g 1t — t2|1@($) Vs

+ g |, #aln oo

. ______________________________________________________________________________________________________|
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—_— Muy —u s)Vs
1—2?:1201‘ A gVl 2ll1e(s)

i
— $aW)lur — 2l { /0 (T~ $)p(s)Vs

T 7 m—2 &
+?,m=_1204 |:/O' (P(S)Vs + ; G,'/O ¢(5)V5:|

On the other hand,

Aun)® = Aup) = max | (Aun)® (0 = (Au) (1) |

T s
< /0 bq (A /0 f(f,u1(r),u1A(r))Vt)

— ¢g (A /0 f(z,u (), uf(r))vr)

1 T ; R
‘—Z, . a,/ & (A/O f(z, ui (0), Uy (r))vf)

— ¢q( / f(r,uy(r), u) (‘E))V‘L’) Vs
N Lﬁa, / éq (x / e (f),u?(r))vf)
Cli 0 0

T- i=1
— ¢g (A / Sf(r, u>(7), UZA(‘E))VI) Vs
0

S/T%(Wq (f

— f(z,ux(v), U (r))‘ vf) Vs

*imyea L o (]

— f(z, ua(c), U (z))’vf) Vs
+f_jm [ onttn ([ e o
— f(z,ux(v), U (z))‘ Vr) Vs]

!
< gaM)llus — sl { [0 ¢(5)Vs

1 &
+ Ty, |:/0 @(s)Vs + Z a,/ Q(S)VS}

i=1

Vs

f(x,un (1), uf (1))

(0),uf (1)

Then
[Aur — Auzlly < ¢g(A)|lur — uzll1Ls.

p—1
Selecting A* = (21?) ,when0 < 1 < A*, we obtain

1
[Aur — Aualy < §||U1 — Uz

This is a contradiction. O
Theorem 3.2
Assume that (H1), (H2) hold, and f : [0, T] x R x R — Ris Id continuous R = (—oo, +00), f(t,0,0) # 0, fort € [0,T] and
f(t
0<L= limsup max M < +o00. (3.3)

44 v]—> 400 tEOTT [UP~T + [v|P~T

Then there exists a constant A* > 0 such that forany 0 < A < A*, problems (1.1) and (1.2) have at least one nontrivial solution
u* e Cd([O T1,R).

|
Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 1634-1645
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Let0 < € < 1suchthatL + 1 —¢ > 0.By (3.3), there exists H > 0 such that

IFt,u,v)| < L +1—e)(uP~" + |v[P™"), |u]+|v| = H, fort € [0,T].
Let K = maxee[o,11,lul+Ivi<H |f(t, u, v)|. Then for any (¢, u,v) € [0, T] x R x R, we obtain
[ft,u,v)| < (L+1—e)(ulP" + [vP™!) + K.

From Theorem 3.1, we know that problems (1.1) and (1.2) have at least one nontrivial solution u* € C},([0, T], R).

Corollary 3.2
Assume that (H1), (H2) hold, and f : [0,T] x R x R — R defines that a function of three variables is Id continuous R =
(—o0, +00), f(t,0,0) #0,fort € [0,T] and

: If(t, u,v)|
0<L= limsup max — _—= <+o0o,
lul+Ivl—+oo tEl0T] [ulP

or

f(t,u,v
0<L= limsup max M
lul+IvI—+oo t€l0T]  [V[P

Then there exists a constant A* > 0 such that forany 0 < A < A*, problems (1.1) and (1.2) have at least one nontrivial solution
u* e C,‘d([O, T],R).

Remark 3.1
Theorem 3.2 and Corollary 3.2 include the case that f is jointly sublinear at (—oo, +00), that is,

lim sup _ftuvl
lul v — oo t€I0T] [U[PTT + [v[P~!

'

or
. f(t,uv
limsup  max H =0,
lul+IvI—+oo t€l0T]  |ulP

or

f(t,u,
limsup  max M =0.

lul+vl—-+oo t€l0T] V[P~

O
4. Examples
In the section, we give some examples to explain our results. We only study the case T =R, (0,T) = (0, 1).
Example 4.1
We consider the third-order eigenvalue problem
sy u’tsint .
(¢3(U )) +A W_t(cosu) +t(1 +t) =O, te (0,1), (4.1)
/ 1 ! 3 g
u@0 =0, U= Eu 2) u”’(0) = 0. (4.2)

Itis easy to check thatf : [0, T] x R x R — Ris continuous. In thiscase,p =3, m =3, a; = %, and & = %. Noticing

u?tsint
1+1t2

t
—t(cosu’)? +t(1 +t)‘ < ] ul? + tju')? + 2,

2+

it follows from a direct calculation that

1

@(s) = ¢q (/05 (H;rz + r) dr) = [% (In(1 +5%) 4—52)]2 ,

. ______________________________________________________________________________________________________|
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T 2-Y" 20,47\ [T
L1=/0 (T—s)(p(s)ds+(1z'ij,f2:)/() 0(s)ds
= Zui=1 Y
T+1 & (&
S ; d
(i) B o
= /1(1 —5) |:% (In(1 +52)+52)]Eds
0
2—-141\ 171 :
+(1i;)/0 [5 (In(1+52)+52)] ds
1+1\1 [if1 Sk
+(1_;)2/0 [E(In(1+s)+s)} ds

~ 0.1617 + 2.3858 + 0.5462 ~ 3.0937.

2
Therefore, A* = (21T1) a~ 0.0261. Then by Theorem 3.1, we know that problems (4.1) and (4.2) have a nontrivial solution u* €

C'([0,T],R) forany A € (0, A*].

Example 4.2
We consider the third-order eigenvalue problem

(¢3(u”) +A(1+1) =0, t(0,1), (4.3)
/ _ 1 ’ 1 77 _
u@0 =0, U= Su (2) u”(0) = 0. (4.4)

Itis easy to check thatf : [0, T] x R x R — [0, 00) is continuous. In this case,p = 3, m = 3, a; = % and & = % Noticing

f(t,ur,vi) =G upv) = |1+ ) — (1T =0)| < |ur — w7 + vi — w227,

it follows from a direct calculation that

0(5) = g (/O (+ 1)dr) — 29},
_ T 2-— Z,m=_12 a+T T
Ly _[0 (T =s)p(s)ds + (1_2::”:_120’)/(; @(s)ds

T+1 \& 8
+ (+_2) Sa / 0(s)ds
i=1 0

m
1— i=1 a;

' 2-341) [ 1+1
:/ (1—s)(2s)2ds + 4 [(25)%ds+ +1
0 1-3 0 1-3

~ 0.3771 + 4.7141 + 0.6667 ~ 5.7579.

1 (71
)2/0 (2s)2ds

2
Therefore, A* = 21T1 ~ 0.0075. Then by Corollary 3.1, we know that problems (4.3) and (4.4) have a unique nontrivial solution
u* € C'([0,T],R) forany A € (0,A*].

Example 4.3
We consider the third-order eigenvalue problem

(B3 (")) + A (—u% L 2sinVur +u? 80— t)em”) —0, te(01), (4.5)
0)=0 ’1—1/ ! () =0 (4.6)
uo) =0, “()_E”(E)’ W' (0) = 0. .

Itis easy to check thatf : [0, T] x R x R — (—o00, +00) is continuous. In this case,p =3, m = 3, a; = %, and & = % It is obvious that

l—u% + t2sin VUt £ 0 + 3(1 — t)eost
limsup  max —o,
|ul v |—=—+o0 te[0,T] |u|3—1 + |u/|3_1

it follows from a direct calculation that

0(5) = g ([O (% + %) dr) ~ )},

. ______________________________________________________________________________________________________|
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T 2-YTPa+TY (T
Ly _/0 (T s)w(s)ds—l—( 1—2,’-7:120,' )/(; o(s)ds

T+1 & /ff
+ | ——— a;i @(S)dS
(1 - ;n=12 a,-) ; 0

e 1 2-341\ 1 1T+1\1 [z
- [[a-s0 ds+(1_;)/0 © ds+(1_;)2/0 (5)3ds

~ 0.2667 + 3.3333 + 0.4714 ~ 4.0714.

2
Therefore, A* = ( ! ) ~ 0.0151. Then by Theorem 3.2, we know that problems (4.5) and (4.6) have a nontrivial solution u* €

2Ly

C'([0,T],R) forany A € (0, A*].
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