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This work deals with the existence and uniqueness of a nontrivial solution for the third-order p-Laplacian m-point eigen-
value problems on time scales. We find several sufficient conditions of the existence and uniqueness of nontrivial solution
of eigenvalue problems when � is in some interval. The proofs are based on the nonlinear alternative of Leray–Schauder.
To illustrate the results, some examples are included. Copyright © 2014 John Wiley & Sons, Ltd.
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1. Introduction

The theory of dynamical systems on time scales is undergoing rapid development as it provides a unifying structure for the study
of differential equations in the continuous case and study of finite difference equations in the discrete case; see [1–13] and the
references therein.

Anderson [14] studied the third-order nonlinear boundary value problem

x000 D f .t, x.t//, t1 � t � t3,

x.t1/ D x0.t2/ D 0, �x.t3/C ıx00.t3/ D 0.

He proved the existence of solutions to nonlinear problem by using the Krasnoselskii and Leggett–Williams fixed-point theorems.
Jiang and Agarwal [15] considered the following singular third-order boundary value problem

y000 D f .y/, 0 < x < C1,

y.0/ D 0, y.C1/ D 1, y0.C1/ D y00.C1/ D 0,

where f .y/ D .1 � y/�g.y/, � > 0, g.y/ is positive and continuous on .0, 1�. They had a unique solution by using a priori estimates.
Li [16] studied the existence of single and multiple positive solutions to the nonlinear singular third-order two-point boundary

value problem

u000.t/C�a.t/f .u.t// D 0, 0 < t < 1,

u.0/ D u0.0/ D u00.1/ D 0,

where � is a positive parameter. Under various assumptions on a and f , he established intervals of the parameter �, which yield the
existence of at least one, at least two, and infinitely many positive solutions of the boundary value problem by using Krasnoselskii’s
fixed point theorem of cone expansion-compression type.
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Liu et al.[17] considered the existence of at least one or two nondecreasing positive solutions for the following singular nonlinear
third-order differential equation

x000.t/C�˛.t/f .t, x.t// D 0, a < t < b,

x.a/ D x00.a/ D x0.b/ D 0.

They used Green’s function and the fixed-point theorem of cone expansion and compression type.
Sun [18] investigated the existence of positive solutions for the nonlinear singular third-order three-point boundary value problem

u000.t/��a.t/F.t, .u.t// D 0, 0 < t < 1,

u.0/ D u0.�/ D u00.1/ D 0.

He established various results on the existence of single and multiple positive solutions to boundary value problem by using a fixed
point theorem of cone expansion-compression type due to Krasnoselskii.

Yao [19] considered the existence of a positive solution for a semipositone second-order boundary value problem

u00.t/ D�q.t/f .t, u.t/, u0.t//, 0 < t < 1,

˛u.0/ � ˇu0.0/ D d, u.1/ D 0,

where d > 0, ˛ � 0, ˇ � 0, ˛ C ˇ > 0, and q.t/f .t, u, v/ � 0 on a suitable subset of Œ0, 1� � Œ0,C1/ � .�1,C1/. The proofs are
based on the Leray–Schauder fixed point theorem and the localization method.

Yao [20] found a successively iterative scheme of positive solution for the nonlinear third-order two-point boundary value problem

u000.t/C q.u00.t//f .t, .u.t// D 0, a.e. t 2 Œ0, 1�,

u.0/ D A, u.1/ D B, u00.0/ D C.

The main tool is monotone iterative technique on Banach space.
Zhou and Ma [21] found the existence of positive solutions and established a corresponding iterative scheme for the following

third-order generalized right-focal boundary value problem with p-Laplacian operator:

.�p.u
00//0.t/C q.t/f .t, .u.t// D 0, 0 � t � 1,

u.0/ D
mX

iD1

˛iu.�i/, u0.�/ D 0, u00.1/ D
nX

iD1

ˇiu
00.�i/.

The main tool is the monotone iterative technique.
The boundary value problems with p-Laplacian operator [21–24] and higher-order nonlinear boundary value problems [14–19, 21]

have been studied extensively in the literature. But, there are not much concerning third-order p-Laplacian dynamic equations on time
scales, see [25].

In this paper, we consider the existence and uniqueness of a nontrivial solution for the third-order p-Laplacian m-point eigenvalue
problems on time scales

.�p.u
�r//r C �f .t, u.t/, u�.t// D 0, t 2 .0, T/T , (1.1)

u.0/ D 0, u�.T/ D
m�2X
iD1

aiu
�.�i/, u�r.0/ D 0, m � 3, (1.2)

where �p.u/ is p-Laplacian operator, that is, �p.u/ D jujp�2u, for p > 1, with .�p/
�1 D �q and 1=p C 1=q D 1,� > 0 is a parameter.

Some basic knowledge and definitions about time scales can be found in [5, 6].
Motivated by the results mentioned earlier, in this paper, we shall show existence and uniqueness of nontrivial solutions of (1.1) and

(1.2). Our proofs are based on the nonlinear alternative of Leray–Schauder.
The conditions we used in the paper are different from those in [15–17, 19, 20, 26]. For the methods used in [14, 16–18], un.t/ is linear

with respect to u, and thus, the corresponding Green’s function G.t, s/ exists. However, with regard to problems (1.1) and (1.2), when
p ¤ 2, �p.u/ is not linear with respect to u, and thus, the corresponding Green’s function G.t, s/ does not exist. So, the methods used
in [14, 16–18] are not applicable to problems (1.1) and (1.2). When the nonlinear term does not satisfy the usual conditions used in
[11, 21–23, 27, 28], we concentrate on the case. The results in the paper improve those presented in [25]. The results are even new for
the special cases of difference equations and differential equations, as well as in the general time scale setting.

The following conditions will be used in this paper:

(H1) 0, T 2 T , 0 < �1 < �2 < � � � < �m�2 < 	.T/, ai 2 Œ0,1/ satisfy 0 �
Pm�2

iD1 ai < 1 i D 1, 2, : : :m � 2;
(H2) f 2 Cld.Œ0, T� � R � R/.
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2. Preliminaries and lemmas

For convenience, we list the following well-known definitions, which can be found in [5, 6].

Definition 2.1
A time scale T is a nonempty closed subset of the real numbers R. For t < supT and r > infT , define the forward jump operator 

and backward jump operator 	, respectively, by


.t/ D inff� 2 T j� > tg 2 T ,

	.r/ D supf� 2 T j� < rg 2 T ,

for all t, r 2 T . If 
.t/ > t, t is said to be right scattered, and if 	.r/ < r, r is said to be left scattered; if 
.t/ D t, t is said to be right dense,
and if 	.r/ D r, r is said to be left dense. If T has a right scattered minimum m, define Tk D T � fmg; otherwise, set Tk D T . If T has a
left scattered maximum M, define T k D T � fMg; otherwise, set T k D T .

Definition 2.2
For f : T ! R and t 2 T k , the delta derivative of f at the point t is defined to be the number f�.t/ (provided it exists), with the property
that for each � > 0, there is a neighborhood U of t, such that

jf .
.t// � f .s/ � f�.t/.
.t/ � s/j � �j
.t/ � sj,

for all s 2 U.
For f : T ! R and t 2 Tk , the nabla derivative of f at t, denoted by fr.t/ (provided it exists) with the property that for each � > 0,

there is a neighborhood U of t, such that

jf .	.t// � f .s/ � fr.t/.	.t/ � s/j � �j	.t/ � sj,

for all s 2 U.

Definition 2.3
A function f is left-dense continuous (ld continuous), if f is continuous at each ld point in T and its right-sided limit exists at each
right-dense point in T . The set of ld-continuous functions f will be denoted by Cld.T /.

Definition 2.4
If G�.t/ D f .t/, then we define the delta integral by

Z b

a
f .t/
t D G.b/ � G.a/.

If Fr.t/ D f .t/, then we define the nabla integral by

Z b

a
f .t/rt D F.b/ � F.a/.

Lemma 2.1
If 1 �

Pm�2
iD1 ai ¤ 0, then for h 2 Cld.Œ0, T�, R/,

.�p.u
�r//r C �h.t/ D 0, t 2 .0, T/, (2.1)

u.0/ D 0, u�.T/ D
m�2X
iD1

aiu
�.�i/, u�r.0/ D 0, (2.2)

has the unique solution

u.t/ D�

Z t

0
.t � s/�q

�
�

Z s

0
h.�/r�

�
rs

C t

"R T
0 �q

�
�
R s

0 h.�/r�
�
rs �

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 h.�/r�
�
rs

1 �
Pm�2

iD1 ai

#
.

(2.3)

Proof
From (2.1), using the properties of the integral in Section 8.4 of Reference [5], we have

u.t/ D �

Z t

0
.t � s/�q

�
�

Z s

0
h.�/r� � C1

�
rsC C2tC C3. (2.4)
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A. DOGAN

Because u�r.0/ D 0 and u.0/ D 0, we obtain C3 D 0, C1 D 0. We solve for C2. By u�.T/ D
Pm�2

iD1 aiu�.�i/, it follows that

�

Z T

0
�q

�
�

Z s

0
h.�/r�

�
rsC C2 D

m�2X
iD1

ai

"
�

Z �i

0
�q

�
�

Z s

0
h.�/r�

�
rsC C2

#
.

Solving the aforementioned equation, we have

C2 D

R T
0 �q

�
�
R s

0 h.�/r�
�
rs �

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 h.�/r�
�
rs

1 �
Pm�2

iD1 ai

.

Substituting this in (2.4), we obtain

u.t/ D�

Z t

0
.t � s/�q

�
�

Z s

0
h.�/r�

�
rs

C t

"R T
0 �q

�
�
R s

0 h.�/r�
�
rs �

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 h.�/r�
�
rs

1 �
Pm�2

iD1 ai

#
.

It is easy to see that the BVP .�p.u�r//r D 0, u.0/ D 0, u�.T/ D
Pm�2

iD1 aiu�.�i/, u�r.0/ D 0 has only the trivial solution. Hence, u
in (2.3) is the unique solution of (2.1) and (2.2). This completes the proof.

Let X D CldŒ0, T� be endowed with the ordering x � y if x.t/ � y.t/ for all t 2 Œ0, T�, and kuk D maxt2Œ0,T� j u.t/ j is defined as usual
by the maximum norm. We present the norm Y D C1

ldŒ0, T� by

kuk1 D kuk C ku�k D max
t2Œ0,T�

ju.t/j C max
t2Œ0,T�

ju�.t/j.

Obviously, it follows that .Y , kuk1/ is a Banach space.

Lemma 2.2 ([29])
Let X be a real Banach space and � be a bounded open subset of X , 0 2 �, A : � ! X be a completely continuous operator. Then
either there exist x 2 @�, � > 1 such that A.x/ D �x, or there exists a fixed point x� 2 �.

3. Main results

For notational convenience, we denote

'.s/ D �q

�Z s

0
.p.�/C q.�//r�

�
,

 .s/ D �q

�Z s

0
r.�/r�

�
,

where p, q, r are nonnegative functions and p, q, r 2 L1Œ0, T�,

L1 D

Z T

0
.T � s/'.s/rsC

 
2 �

Pm�2
iD1 ai C T

1 �
Pm�2

iD1 ai

!Z T

0
'.s/rsC

 
T C 1

1 �
Pm�2

iD1 ai

!
m�2X
iD1

ai

Z �i

0
'.s/rs,

L2 D

Z T

0
.T � s/ .s/rsC

 
2 �

Pm�2
iD1 ai C T

1 �
Pm�2

iD1 ai

!Z T

0
 .s/rsC

 
T C 1

1 �
Pm�2

iD1 ai

!
m�2X
iD1

ai

Z �i

0
 .s/rs.

Theorem 3.1
Assume that (H1), (H2) hold, f : Œ0, T� � R � R is ld-continuous R D .�1,C1/, f .t, 0, 0/ 6� 0, for t 2 Œ0, T�, there exist nonnegative
functions p, q, r 2 L1Œ0, T� such that

jf .t, u, v/j � p.t/jujp�1 C q.t/jvjp�1 C r.t/, a.e. .t, u, v/ 2 Œ0, T� � R � R, (3.1)

and there exists t0 2 Œ0, T� such that p.t0/ ¤ 0 or q.t0/ ¤ 0. Then there exists a constant �� > 0 such that for any 0 < � � ��, problems
(1.1) and (1.2) have at least one nontrivial solution u� 2 C1

ld.Œ0, T�, R/.
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Proof
In view of Lemma 2.1, we know that problems (1.1) and (1.2) have a solution u D u.t/ if and only if u solves the operator equation

u.t/ D Au.t/ :D�

Z t

0
.t � s/�q

�
�

Z s

0
f .� , u.�/, u�.�//r�

�
rs

C t

"R T
0 �q

�
�
R s

0 f .� , u.�/, u�.�//r�
�
rs �

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 f .� , u.�/, u�.�//r�
�
rs

1 �
Pm�2

iD1 ai

#
,

in Y . Therefore, we only have to search for a fixed point of A in Y . It follows from the Arzela–Ascoli theorem on time scales [30] and
Lebesgue’s dominated convergence theorem on time scales [31] that A : Y ! Y is completely continuous.

Because jf .t, 0, 0/j � r.t/, a.e. t 2 Œ0, T�, we know that
R T

0  .s/rs > 0, from p.t0/ ¤ 0 or q.t0/ ¤ 0, we can easily find
R T

0 '.s/rs > 0.
Let

n D
L2

L1
, � D

˚
u 2 C1

ldŒ0, T� : kuk1 < n
�

.

Assume u 2 @�, � > 1 such that Au D �u. Then

�n D �kuk1 D kAuk1 D kAuk C k.Au/�k.

Because

kAuk D max
t2Œ0,T�

j Au.t/ j�

Z T

0
.T � s/�q

�
�

Z s

0
j f .� , u.�/, u�.�// j r�

�
rs

C T

R T
0 �q

�
�
R s

0 jf .� , u.�/, u�.�//jr�
�
rs

1 �
Pm�2

iD1 ai

C T

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 jf .� , u.�/, u�.�//jr�
�
rs

1 �
Pm�2

iD1 ai

�

Z T

0
.T � s/�q

�
�

Z s

0

h
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

i
r�

�
rs

C T

R T
0 �q

�
�
R s

0

�
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

�
r�
�
rs

1 �
Pm�2

iD1 ai

C T

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0

�
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

�
r�
�
rs

1 �
Pm�2

iD1 ai

�

Z T

0
.T � s/�q

�
�

	
kukp�1

1

Z s

0
.p.�/C q.�//r� C

Z s

0
r.�/r�


�
rs

C T

R T
0 �q

�
�
h
kukp�1

1

R s
0 .p.�/C q.�//r� C

R s
0 r.�/r�

i�
rs

1 �
Pm�2

iD1 ai

C T

Pm�2
iD1 ai

R �i

0 �q

�
�
h
kukp�1

1

R s
0 .p.�/C q.�//r� C

R s
0 r.�/r�

i�
rs

1 �
Pm�2

iD1 ai

�

Z T

0
.T � s/

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

C T

R T
0

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

1 �
Pm�2

iD1 ai

C T

Pm�2
iD1 ai

R �i

0

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

1 �
Pm�2

iD1 ai

D �q.�/kuk1

8<
:
Z T

0
.T � s/'.s/rsC

T
hR T

0 '.s/rsC
Pm�2

iD1 ai

R �i

0 '.s/rs
i

1 �
Pm�2

iD1 ai

9=
;

C �q.�/

8<
:
Z T

0
.T � s/ .s/rsC

T
hR T

0  .s/rsC
Pm�2

iD1 ai

R �i

0  .s/rs
i

1 �
Pm�2

iD1 ai

9=
; ,
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and

k.Au/�k D max
t2Œ0,T�

j.Au/�.t/j �

Z T

0
�q

�
�

Z s

0
jf .� , u.�/, u�.�//jr�

�
rs

C

R T
0 �q

�
�
R s

0 jf .� , u.�/, u�.�//jr�
�
rs

1 �
Pm�2

iD1 ai

C

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0 jf .� , u.�/, u�.�//jr�
�
rs

1 �
Pm�2

iD1 ai

�

Z T

0
�q

�
�

Z s

0

h
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

i
r�

�
rs

C

R T
0 �q

�
�
R s

0

�
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

�
r�
�
rs

1 �
Pm�2

iD1 ai

C

Pm�2
iD1 ai

R �i

0 �q

�
�
R s

0

�
p.�/ju.�/jp�1 C q.�/ju�.�/jp�1 C r.�/

�
r�
�
rs

1 �
Pm�2

iD1 ai

�

Z T

0

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

C

R T
0

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

1 �
Pm�2

iD1 ai

C

Pm�2
iD1 ai

R �i

0

�
�q.�/kuk1'.s/C �q.�/ .s/

�
rs

1 �
Pm�2

iD1 ai

D �q.�/kuk1

(Z T

0
'.s/rsC

R T
0 '.s/rsC

Pm�2
iD1 ai

R �i

0 '.s/rs

1 �
Pm�2

iD1 ai

)

C �q.�/

(Z T

0
 .s/rsC

R T
0  .s/rsC

Pm�2
iD1 ai

R �i

0  .s/rs

1 �
Pm�2

iD1 ai

)
,

we have

kAuk1 � �q.�/kuk1L1 C �q.�/L2.

Select �� D
�

1
2L1

�p�1
. Then when 0 < � � ��, we obtain

�n D �kuk1 D kAuk1 �
1

2L1
L1kuk1 C

L2

2L1
.

As a result,

� �
1

2
C

L2

2nL1
D 1.

This contradicts � > 0, by Lemma 2.2, A has a fixed point u� 2 �, because f .t, 0, 0/ 6� 0, then when 0 < � � ��, problems (1.1) and
(1.2) have a nontrivial solution u� 2 C1

ldŒ0, T�. The proof is complete.

Corollary 3.1
Assume that (H1), (H2) hold, and f : Œ0, T� � R � R! .�1, 0� or f : Œ0, T� � R � R! Œ0,C1/ is ld continuous, f .t, 0, 0/ 6� 0, for t 2 Œ0, T�
and there exist nonnegative functions p, q 2 L1Œ0, T� such that

jf .t, u1, v1/ � f .t, u2, v2/j � p.t/ju1 � u2j
p�1 C q.t/jv1 � v2j

p�1,

a.e. .t, ui , vi/ 2 Œ0, T� � R � R .i D 1, 2/,
(3.2)

and there exists t0 2 Œ0, T� such that p.t0/ ¤ 0 or q.t0/ ¤ 0. Then there exists a constant �� > 0 such that for any 0 < � � ��, problems
(1.1) and (1.2) have a unique nontrivial solution u� 2 C1

ldŒ0, T�.

Proof
Indeed, let u2 D v2 D 0, then

jf .t, u1, v1/j � p.t/ju1j
p�1 C q.t/jv1j

p�1 C jf .t, 0, 0/j, a.e. .t, u1, v1/ 2 Œ0, T� � R � R.

We conclude from Theorem 3.1 that problems (1.1) and (1.2) have a nontrivial solution u� 2 C1
ldŒ0, T�.
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But in this case, we favor to concentrate on the uniqueness of a nontrivial solution for problems (1.1) and (1.2). Let A be given in
Theorem 3.1, which will verify that this leads to a contradiction. Indeed,

kAu1 � Au2k D max
t2Œ0,T�

jAu1.t/ � Au2.t/j

D max
t2Œ0,T�

ˇ̌̌
ˇ�
Z t

0
.t � s/�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�
rs

C

Z t

0
.t � s/�q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�
rs

C
t

1 �
Pm�2

iD1 ai

Z T

0

	
�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�

rs

�
t
Pm�2

iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0

	
�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�

rs

ˇ̌̌
ˇ

�

Z T

0
.T � s/

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

C
T

1 �
Pm�2

iD1 ai

Z T

0

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

C
T
Pm�2

iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

�

Z T

0
.T � s/�q.�/�q

�Z s

0

ˇ̌̌
f .� , u1.�/, u�1 .�// � f .� , u2.�/, u�2 .�//

ˇ̌̌
r�

�
rs

C
T
R T

0 �q.�/�q

�R s
0

ˇ̌
f .� , u1.�/, u�1 .�// � f .� , u2.�/, u�2 .�//

ˇ̌
r�
�
rs

1 �
Pm�2

iD1 ai

C
T
Pm�2

iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0
�q.�/

� �q

�Z s

0

ˇ̌̌
f .� , u1.�/, u�1 .�// � f .� , u2.�/, u�2 .�//

ˇ̌̌
r�

�
rs

�

Z T

0
.T � s/�q.�/

� �q

�Z s

0

	
p.�/ju1.�/ � u2.�/j

p�1 C q.�/
ˇ̌̌
u�1 .�/ � u�2 .�/

ˇ̌̌p�1


r�

�
rs

C
T

1 �
Pm�2

iD1 ai

Z T

0
�q.�/

� �q

�Z s

0

	
p.�/ju1.�/ � u2.�/j

p�1 C q.�/
ˇ̌̌
u�1 .�/ � u�2 .�/

ˇ̌̌p�1


r�

�
rs

C
T
Pm�2

iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0
�q.�/

� �q

�Z s

0

h
p.�/ j u1.�/ � u2.�/ j

p�1 Cq.�/ j u�1 .�/ � u�2 .�/ j
p�1

i
r�

�
rs

�

Z T

0
.T � s/�q.�/ku1 � u2k1'.s/rs

C
T

1 �
Pm�2

iD1 ai

Z T

0
�q.�/ku1 � u2k1'.s/rs
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C
T
Pm�2

iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0
�q.�/ju1 � u2k1'.s/rs

D �q.�/ku1 � u2k1


Z T

0
.T � s/'.s/rs

C
T

1 �
Pm�2

iD1 ai

"Z T

0
'.s/rsC

m�2X
iD1

ai

Z �i

0
'.s/rs

#)
.

On the other hand,

k.Au1/
� � .Au2/

�k D max
t2Œ0,T�

j .Au1/
�.t/ � .Au2/

�.t/ j

�

Z T

0

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

C
1

1 �
Pm�2

iD1 ai

Z T

0

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

C

Pm�2
iD1 ai

1 �
Pm�2

iD1 ai

Z �i

0

ˇ̌̌
ˇ�q

�
�

Z s

0
f .� , u1.�/, u�1 .�//r�

�

� �q

�
�

Z s

0
f .� , u2.�/, u�2 .�//r�

�ˇ̌̌
ˇrs

�

Z T

0
�q.�/�q

�Z s

0

ˇ̌̌
f .� , u1.�/, u�1 .�//

� f .� , u2.�/, u�2 .�//
ˇ̌̌
r�
�
rs

C
1

1 �
Pm�2

iD1 ai

	Z T

0
�q.�/�q

�Z s

0

ˇ̌̌
f .� , u1.�/, u�1 .�//

� f .� , u2.�/, u�2 .�//
ˇ̌̌
r�
�
rs

C

m�2X
iD1

ai

Z �i

0
�q.�/�q

�Z s

0

ˇ̌̌
f .� , u1.�/, u�1 .�//

� f .� , u2.�/, u�2 .�//
ˇ̌̌
r�
�
rs
i

� �q.�/ku1 � u2k1


Z T

0
'.s/rs

C
1

1 �
Pm�2

iD1 ai

"Z T

0
'.s/rsC

m�2X
iD1

ai

Z �i

0
'.s/rs

#)
.

Then

kAu1 � Au2k1 � �q.�/ku1 � u2k1L1.

Selecting �� D
�

1
2L1

�p�1
, when 0 < � � ��, we obtain

kAu1 � Au2k1 �
1

2
ku1 � u2k1.

This is a contradiction.

Theorem 3.2
Assume that (H1), (H2) hold, and f : Œ0, T� � R � R! R is ld continuous R D .�1,C1/, f .t, 0, 0/ 6� 0, for t 2 Œ0, T� and

0 � L D lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jujp�1 C jvjp�1
< C1. (3.3)

Then there exists a constant �� > 0 such that for any 0 < � � ��, problems (1.1) and (1.2) have at least one nontrivial solution
u� 2 C1

ld.Œ0, T�, R/.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 1634–1645

1
6

4
1



A. DOGAN

Proof
Let 0 < � < 1 such that LC 1 � � > 0. By (3.3), there exists H > 0 such that

jf .t, u, v/j � .LC 1 � �/.jujp�1 C jvjp�1/, juj C jvj � H, for t 2 Œ0, T�.

Let K D maxt2Œ0,T�,jujCjvj�H jf .t, u, v/j. Then for any .t, u, v/ 2 Œ0, T� � R � R, we obtain

jf .t, u, v/j � .LC 1 � �/.jujp�1 C jvjp�1/C K .

From Theorem 3.1, we know that problems (1.1) and (1.2) have at least one nontrivial solution u� 2 C1
ld.Œ0, T�, R/.

Corollary 3.2
Assume that (H1), (H2) hold, and f : Œ0, T� � R � R ! R defines that a function of three variables is ld continuous R D
.�1,C1/, f .t, 0, 0/ 6� 0, for t 2 Œ0, T� and

0 � L D lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jujp�1
< C1,

or

0 � L D lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jvjp�1
< C1.

Then there exists a constant �� > 0 such that for any 0 < � � ��, problems (1.1) and (1.2) have at least one nontrivial solution
u� 2 C1

ld.Œ0, T�, R/.

Remark 3.1
Theorem 3.2 and Corollary 3.2 include the case that f is jointly sublinear at .�1,C1/, that is,

lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jujp�1 C jvjp�1
D 0,

or

lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jujp�1
D 0,

or

lim sup
jujCjvj!C1

max
t2Œ0,T�

jf .t, u, v/j

jvjp�1
D 0.

4. Examples

In the section, we give some examples to explain our results. We only study the case T D R, .0, T/ D .0, 1/.

Example 4.1
We consider the third-order eigenvalue problem

.�3.u
00//0 C �

�
u2t sin t

1C t2
� t.cos u0/2 C t.1C t/

�
D 0, t 2 .0, 1/, (4.1)

u.0/ D 0, u0.1/ D
1

2
u0
�

3

4

�
, u00.0/ D 0. (4.2)

It is easy to check that f : Œ0, T� � R � R! R is continuous. In this case, p D 3, m D 3, a1 D
1
2 , and �1 D

3
4 . Noticing

ˇ̌̌
ˇu2t sin t

1C t2
� t.cos u0/2 C t.1C t/

ˇ̌̌
ˇ � t

t2 C 1
juj2 C tju0j2 C t2,

it follows from a direct calculation that

'.s/ D �q

�Z s

0

�
�

1C �2
C �

�
d�

�
D

	
1

2

�
ln.1C s2/C s2

�
 1
2

,
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L1 D

Z T

0
.T � s/'.s/dsC

 
2 �

Pm�2
iD1 ai C T

1 �
Pm�2

iD1 ai

!Z T

0
'.s/ds

C

 
T C 1

1 �
Pm�2

iD1 ai

!
m�2X
iD1

ai

Z �i

0
'.s/ds

D

Z 1

0
.1 � s/

	
1

2

�
ln.1C s2/C s2

�
 1
2

ds

C

 
2 � 1

2 C 1

1 � 1
2

!Z 1

0

	
1

2

�
ln.1C s2/C s2

�
 1
2

ds

C

 
1C 1

1 � 1
2

!
1

2

Z 3
4

0

	
1

2

�
ln.1C s2/C s2

�
 1
2

ds

� 0.1617C 2.3858C 0.5462 � 3.0937.

Therefore, �� D
�

1
2L1

�2
� 0.0261. Then by Theorem 3.1, we know that problems (4.1) and (4.2) have a nontrivial solution u� 2

C1.Œ0, T�, R/ for any � 2 .0,���.

Example 4.2
We consider the third-order eigenvalue problem

.�3.u
00//0 C �.1C t/ D 0, t 2 .0, 1/, (4.3)

u.0/ D 0, u0.1/ D
1

2
u0
�

1

2

�
, u00.0/ D 0. (4.4)

It is easy to check that f : Œ0, T� � R � R! Œ0,1/ is continuous. In this case, p D 3, m D 3, a1 D
1
2 , and �1 D

1
2 . Noticing

jf .t, u1, v1/ � f .t, u2, v2/j D j.1C t/ � .1 � t/j � ju1 � u2j
3�1 C jv1 � v2j

3�1,

it follows from a direct calculation that

'.s/ D �q

�Z s

0
.1C 1/d�

�
D .2s/

1
2 ,

L1 D

Z T

0
.T � s/'.s/dsC

 
2 �

Pm�2
iD1 ai C T

1 �
Pm�2

iD1 ai

!Z T

0
'.s/ds

C

 
T C 1

1 �
Pm�2

iD1 ai

!
m�2X
iD1

ai

Z �i

0
'.s/ds

D

Z 1

0
.1 � s/.2s/

1
2 dsC

 
2 � 1

2 C 1

1 � 1
2

!Z 1

0
.2s/

1
2 dsC

 
1C 1

1 � 1
2

!
1

2

Z 1
2

0
.2s/

1
2 ds

� 0.3771C 4.7141C 0.6667 � 5.7579.

Therefore, �� D
�

1
2L1

�2
� 0.0075. Then by Corollary 3.1, we know that problems (4.3) and (4.4) have a unique nontrivial solution

u� 2 C1.Œ0, T�, R/ for any � 2 .0,���.

Example 4.3
We consider the third-order eigenvalue problem

.�3.u
00//0 C �

�
�u

1
2 C t2 sin

p
u4 C u02 C t3.1 � t/ecos t

�
D 0, t 2 .0, 1/, (4.5)

u.0/ D 0, u0.1/ D
1

2
u0
�

1

2

�
, u00.0/ D 0. (4.6)

It is easy to check that f : Œ0, T� � R � R! .�1,C1/ is continuous. In this case, p D 3, m D 3, a1 D
1
2 , and �1 D

1
2 . It is obvious that

lim sup
jujCju0j!C1

max
t2Œ0,T�

ˇ̌̌
�u

1
2 C t2 sin

p
u4 C u02 C t3.1 � t/ecos t

ˇ̌̌
juj3�1 C ju0j3�1

D 0,

select � D 1
2 , it follows from a direct calculation that

'.s/ D �q

�Z s

0

�
1

2
C

1

2

�
d�

�
D .s/

1
2 ,
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L1 D

Z T

0
.T � s/'.s/dsC

 
2 �

Pm�2
iD1 ai C T

1 �
Pm�2

iD1 ai

!Z T

0
'.s/ds

C

 
T C 1

1 �
Pm�2

iD1 ai

!
m�2X
iD1

ai

Z �i

0
'.s/ds

D

Z 1

0
.1 � s/.s/

1
2 dsC

 
2 � 1

2 C 1

1 � 1
2

!Z 1

0
.s/

1
2 dsC

 
1C 1

1 � 1
2

!
1

2

Z 1
2

0
.s/

1
2 ds

� 0.2667C 3.3333C 0.4714 � 4.0714.

Therefore, �� D
�

1
2L1

�2
� 0.0151. Then by Theorem 3.2, we know that problems (4.5) and (4.6) have a nontrivial solution u� 2

C1.Œ0, T�, R/ for any � 2 .0,���.

Acknowledgements

The author would like to thank the anonymous referees and editor for their helpful comments and suggestions.

References
1. Agarwal RP, Bohner M. Basic calculus on time scales and some of its applications. Results in Mathematics 1999; 35:3–22.
2. Anderson D, Avery R, Henderson J. Existence of solutions for a one dimensional p-Laplacian on time-scales. Journal of Difference Equations and

Applications 2004; 10:889–896.
3. Agarwal RP, O’Regan D. Nonlinear boundary value problems on time scales. Nonlinear Analysis 2001; 44:527–535.
4. Atici FM, Guseinov GS. On Green’s functions and positive solutions for boundary value problems on time scales. Journal of Computational and Applied

Mathematics 2002; 141:75–99.
5. Bohner M, Peterson A. Dynamic Equations on Time Scales: An Introduction with Applications. Birkhauser: Boston, Cambridge, MA, 2001.
6. Bohner M, Peterson A. Advances in Dynamic Equations on Time Scales. Birkhauser: Boston, Cambridge, MA, 2003.
7. Dogan A, Graef JR, Kong L. Higher order semipositone multi-point boundary value problems on time scales. Computers and Mathematics with

Applications 2010; 60:23–35.
8. Dogan A, Graef JR, Kong L. Higher-order singular multi-point boundary-value problems on time scales. Proceedings of the Edinburgh Mathematical

Society 2011; 54:345–361.
9. Dogan A. Existence of three positive solutions for an m-point boundary-value problem on time scales. Electronic Journal of Differential Equations

2013; 2013(149):1–10.
10. Dogan A. Existence of multiple positive solutions for p-Laplacian multipoint boundary value problems on time scales. Advances in Difference

Equations 2013; 2013(238):1–23.
11. He ZM. Double positive solutions of boundary value problems for p-Laplacian dynamic equations on time scales. Applicable Analysis 2005; 84:

377–390.
12. Hilger S. Analysis on measure chains-a unified approach to continuous and discrete calculus. Results in Mathematics 1990; 18:18–56.
13. Lakshmikantham V, Sivasundaram S, Kaymakcalan B. Dynamical Systems on Measure Chains. Kluwer Academic: Boston, 1996.
14. Anderson DR. Green’s function for a third-order generalized right focal problem. Journal of Mathematical Analysis and Applications 2003; 288:1–14.
15. Jiang D, Agarwal RP. A uniqueness and existence theorem for a singular third-order boundary value problem on Œ0,C1/. Applied Mathematics

Letters 2002; 15:445–451.
16. Li SH. Positive solutions of nonlinear singular third-order two-point boundary value problem. Journal of Mathematical Analysis and Applications 2006;

323:413–425.
17. Liu Z, Ume JS, Anderson DR, Kang SM. Twin monotone positive solutions to a singular nonlinear third-order differential equation. Journal of

Mathematical Analysis and Applications 2007; 334:299–313.
18. Sun YP. Positive solutions of singular third-order three-point boundary value problem. Journal of Mathematical Analysis and Applications 2005;

306:589–603.
19. Yao Q. Positive solutions to a special singular second-order boundary value problem. Mathematical and Computer Modelling 2008; 47:1284–1291.
20. Yao Q. Successive iteration of positive solution for a discontiunuous third-order boundary value problem. Computers and Mathematics with

Applications 2007; 53:741–749.
21. Zhou CL, Ma DX. Existence and iteration of positive solutions for a generalized right-focal boundary value problem with p-Laplacian operator. Journal

of Mathematical Analysis and Applications 2006; 324:409–424.
22. Ma D, Du Z, Ge W. Existence and iteration of monotone positive solutions for multipoint boundary value problem with p-Laplacian operator.

Computers and Mathematics with Applications 2005; 50:729–739.
23. Wang Y, Ge W. Positive solutions for multipoint boundary value problems with a one-dimensional p -Laplacian. Nonlinear Analysis 2007; 66:

1246–1256.
24. Wang Y, Hou C. Existence of multiple positive solutions for one-dimensional p-Laplacian. Journal of Mathematical Analysis and Applications 2006;

315:144–153.
25. Han W, Liu M. Existence and uniqueness of a nontrivial solution for a class of third-order nonlinear p-Laplacian m-point eigenvalue problems on

time scales. Nonlinear Analysis 2009; 70:1877–1889.
26. Hao ZC, Debnath L. On eigenvalue intervals and eigenfunctions of fourth-order singular boundary value problems. Applied Mathematics Letters

2005; 18:543–553.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 1634–1645

1
6

4
4



A. DOGAN

27. He ZM. Triple positive solutions of boundary value problems for p-Laplacian dynamic equations on time scales. Journal of Mathematical Analysis and
Applications 2006; 321:911–920.

28. Sun HR, Li WT. Existence theory for positive solutions to one-dimensional p-Laplacian boundary value problems on time scale. Journal of Differential
Equations 2007; 240:217–248.

29. Guo D, Lakshmikantham V. Nonlinear Problems in Abstract Cones. Academic Press: San Diego, 1988.
30. Agarwal RP, Bohner M, Rehak P. Half-linear dynamic equations. In : Nonlinear Analysis and Applications: To V. Lakshmikantham on his 80th Birthday.

Kluwer Academic Publishers: Dordrecht, 2003; 1–57.
31. Aulbach B, Neidhart L. Integration on measure chain. In : Proceedings of the Sixth International Conference on Difference Equations. CRC: BocaRaton,

FL, 2004; 239–252.

Copyright © 2014 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2016, 39 1634–1645

1
6

4
5


	Eigenvalue problems for nonlinear third-order m-point p-Laplacian dynamic equations on time scales
	Introduction
	Preliminaries and lemmas
	Main results
	Examples
	Acknowledgements
	References


